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1 Functions of a real variable

1.1 The real line
Problem 1.1.1
i) Consider the real numbers 0 < a < b, k > 0. Prove the inequalities

a+k
b+k

1) a<\ﬁ<—<b 2) %<

ii) Prove that |a +b| = |a| + |b] <= ab > 0.

iii) Prove the inequality |a — b| > ‘]a\ —
iv) Prove that:

) maxtogy = VI g g gy - R
. . . . x ifx>0
v) Express in a single formula the following function f(z) = (z)4 = 0 ifr<o0

Problem 1.1.2 Decompose the expressions in n as a product of factors to prove that, for all
n € IN we have

i) n? —n is even;
i) m3 —n is a multiple of 6;

i) n? — 1 is a multiple of 6 if n is even.

Problem 1.1.3 Use the induction technique to prove the following formulas:

" 1 - “ 1)(2 1
Z n+ ), Z2j—1 —n2 iit) n(n+1)@2n + )
j=1 J=1 ]:1 6
Problem 1.1.4 Prove by induction
L R |
i) Geometrical sum: ZT’J =—— forall ne N, r #1;
r—1

j=0
ii) Bernouilli inequality: (1 + h)™ > 14 nh, for all n € IN, h > —1.

Problem 1.1.5 Prove by induction that for all n € IN we have
i) 10™ — 1 is a multiple of 9;
ii) 10" — (—1)™ is a multiple of 11.

Problem 1.1.6

i) Prove that a number is a multiple of 4 if and only if its two last figures make up a
multiple of 4.

i) Prove that a number is a multiple of 2¥ if and only if its k last figures make up a multiple
of 2F.
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iii) Prove that a number is a multiple of 3 (or 9) if and only if the sum of its figures is a

N

multiple of 3 (or 9). In other terms, n = Zaj 107 is a multiple of 3 (or 9) if and only if
j=0

N

> aj is a multiple of 3 (or 9).

j=0

iv) Prove that a number is a multiple of 11 if and only if the sum of its even placed figures
N

minus the sum of its odd placed figures is a multiple of 11, i.e.: Z(—l)jaj is a multiple
j=0
of 11.

Hints: i) write the number in the form n = 10¥a + b, with a > 0, 0 < b < 10*; 4i) and iv) use
problem 1.1.5.

Problem 1.1.7 Prove by induction and using Newton’s binomial that for all n € IV we have
that

i) n® —n is a multiple of 6;

i) n® — n is a multiple of 5.

Problem 1.1.8 Prove that:

i) if n € IN is not a perfect square, \/n ¢ @);
i) V2+V3 ¢ Q.

Hint: i) write n = 2%r, where r does not contain any square factor.

Problem 1.1.9 Find the set of x € IR that verify:

i) A={|z—3l <8}, i) B={0<l|z—-2/<1/2},
iii) C={2?>-5x+6>0}, iv) D={23(z+3)(xz—5)<0},
2r + 8 . 4
’U) E—{m>o}7 UZ) F—{;<.’E},
vii) G={4r <2z +1<3z+2}, viii) H = {|z? —2z| < 1},
ir) I={|lr—1||lz+2|=10}, z) J={|lr—1+]z—-2]>1}.

Problem 1.1.10 Given two real numbers a < b, let us define, for each ¢t € IR the number
x(t) = (1 — t)a + tb. Describe the following sets of numbers:

i) A={xz(t):t=0,1,1/2}, i) B={ax(t):te(0,1)},

i) C={xz(t) :t<0}, iw) D={z(t):t>1}.
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Problem 1.1.11 Find the supremum, the infimum, the maximum and the minimum (if they
exist) of the following sets of real numbers:

i) A={-1}U|2,3);

i) B={3}uU{2} U{-1}U]0,1];

ii) C={x=2+1/n:nelN}

w) D={z=n>+1)/n:ne N}

v) E={r€R:32%2-102+3<0};

vi) F={ze€R: (x—a)(x—0b)(z—c)(x—d) <0}, with a<b<c<d fixed;
vii) G={x=2"P4+5"17:pqge N}

viti) H={xz=(-1)"+1/m : n,m e IN }.

Problem 1.1.12 Represent in IR? the following sets:

i) A={lzx—y|<1}, ii) B={zt<y<uz},

i) C={z+yeZ}, iv) D={]2z|+ |yl =1},

v) E={(z-1°+(y+2)? <4}, vi) F={[1-z=ly—1]},
vii) G = {42 +y*> <4, 2y >0}, viiil) H={1<z*’+y*<9,y>0}.

Problem 1.1.13 Prove that the straight lines y = mxz + b, y = nx + ¢ are orthogonal if
mn = —1.

Problem 1.1.14 Consider the plane triangle defined by the points (a,0), (—b,0) and (0, c),
with a,b,c > 0.

i) Compute the intersection point of the three altitudes.

ii) Calculate the intersection point of the three medians.

ii1) When do these two points coincide?

Problem 1.1.15

i) Consider the parabola G = {y = 22} and the point P = (0,1/4). Find A € IR such that
the points of G are equidistant from P and the horizontal line L = {y = A}.

i1) Conversely, find that the set G such that its points are equidistant from a point P = (a, b)
and a straight line L = {y = A}, is the parabola y = az? + Bz +~. Find «, 3, 7.

Problem 1.1.16

i) Find the set of points in the plane such that the sum of their distances to the points
F1 = (¢,0) and F = (—¢,0) is 2a, (a > ¢).

i1) Same question, substituting sum by difference (with a < ¢).



1 Functions of a real variable 4

1.2 Elementary functions

Problem 1.2.1 Find the domain of the following functions:

N () = xg_;m i) f@) = VIR 4 Va1,

1 .
iii) f(:n):m, w) f(z)=\1-V4—2a2

0 1) = T vi) f(x) = log(z — o),
vit)  f(z) = lig_x””, viii)  f(z) = arcsin(log 7).

Problem 1.2.2

i) If both f and g are odd functions, what are f + g, f-g and f o g?
it) What if f is even and g is odd?

Problem 1.2.3 Study the symmetry of the following functions:

x . ¢ —x
Z) f(x)*xg 17 “) f(x>*x2+17
iii)  f(x) = Slzm, iv)  f(x) = (cos 333)(sin:n2)e_x4,
1
v r)= ————, vi z)=1lo 2+1—1x).
) @)= e ) f(e) =gV )
Hint: vi) is odd.
. . ar +b .
Problem 1.2.4 For which numbers a,b,c,d € IR does the function f(z) = 1 d satisfy

fof =1 (identity) on the domain of f?

r+3

T om ® bijective, defined from IR — {—1/2}

Problem 1.2.5 Check that the function f(x) =
to IR — {1/2} and find its inverse.

Problem 1.2.6

i) Study which of the following functions are injective, finding their inverses when they
have them, or give an example of two points with the same image otherwise.

a) f(x)="Tr—4, b) f(x)=-sin(Tz —4),
) f@)=@H1Pe2 A f@) =i

e) flz)=2"-3z+2, N @) =5

g9) flx)=e™", h) f(x) =log(x +1).
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ii) Prove that the function f(z) = 22 — 3x + 2 is injective on (3/2, 00).

iii) Prove that the function f(x) = is injective on (1,00) and find f~1(1/2/3).

x
2 +1
iv) Study whether the previous functions are surjective and bijective on their domain D(f)

in IR.
Problem 1.2.7 Prove that asinx + bcosz can be written as Asin(z + B), and find A and B.

Problem 1.2.8 Calculate

. 1 1
i) arctg 5 + arctg 3

i7) arctg 2 + arctg 3,

1 1 1
1i1) arctg 3 + arctg £ + arctg 3

Hint: use the formula for the tangent of a sum and study the signs.

Problem 1.2.9 Simplify the following expressions

i) f(x) = sin(arccosz), ii)  f(z) = sin(2arcsinx),
iii)  f(x) = tg(arccos x), iw)  f(z) = sin(2arctg x),
v) f(x) = cos(2arctgx), vi) f(z) = etlosT,

Problem 1.2.10 Solve the following system of equations, for x,y > 0,

x¥ =y*

y = 3.
Problem 1.2.11 Describe function g in terms of f in the following cases (¢ € IR is a constant).
Plot them for f(x) = 2% and f(z) = sinz.

) g@)=fa)+e i) gla) = fla+ o),
i) g(x) = f(cx), iv)  g(x) = f(1/2),
v)  g(@) = f(le), vi) g(x) = |f(@),
vii)  g(e) = 1/(2), vii) g(z) = (f(x))+ = max{f(x),0}.

Problem 1.2.12 Sketch, with as few calculations as possible, the graph of the following func-
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tions:

fl@)=(z+2)* -1,
flz) =2 + 1/,
f(z) = min{z, 2},
@)= Vo —[a],
fz) = la? = 1],

f(l') = 1Og($2 - 1)7

i)
i)
vi)
viii)
z)

flz) = v -z,

fl@)=1/1+a?),
fx) = le* =1,
f(x) =1/[1/z],
flz) =1—e™,

f(z) = zsin(1/z).

Hint: [x] = n denotes the integer part of z, i.e., the biggest integer n < z.

Problem 1.2.13 Let us define the hyperbolic functions

xT —T X —X
. et —e e’ +e
sinhx = — coshy = ———

i) Study their symmetry.

ii) Prove the formulas

a) cosh? x —sinh?z =1, b) sinh 2z = 2sinh z cosh x.

#i) Simplify the function f(x) = sinh™! z.
iv) Sketch the graph of the functions sinh 2 and cosh x.

Problem 1.2.14 Sketch the following curves given in polar coordinates:

) r=1, 6elo,7, i) 0=31/4, r>2
iti) r=2sin6h, 6€l0,7], iv) r=460, 0¢c]|0,2n],
v) r=e  0e[-2rm 2n], vi) r=sech, 0¢€]l0,7/2],
vii) r=1-—sinf, 6¢€l0,2n], vigi) 1= (cos20)y, 0 €]|0,2n],
ir) r=|cos20|, 6¢€]0,2n], x) r=(sin30);, 6€]0,2n/3].

Problem 1.2.15 Sketch the following subsets of the plane given in polar coordinates:

i) A={l<r<4}, ii) B={m/6<60<m/3},

i) C={r<0,0<6<37/2}, iw) D={r<sech, 0<O<m/4}.
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1.3 Limits of functions

Problem 1.3.1 Using the e—§ definition of limit, prove that:

i) lim 2% = 4, ii)  lim (5z — 1) # 16,
r—2 r—3
i) i T _0 ) lim 7 =3
211 xlg(l)l—i—sian =U, (A% xli% Tr = o.

Problem 1.3.2 Find the following limits simplifying the common factors which might appear:

n__ .n _
i) lim r-e , i) lim M’
r—a I — Q T—a I —a
-8 1—+V1—22
i) lim YEZ8 ) lim — Y
z—64 3 xTr — 4 x—0 x2
1
.
N (= E . . 1 2
1 1 — :
’U) hir(l) h ’ UZ) a:liri(\/f—l x—l)
: ... sinw et —1 o
Problem 1.3.3 Using the limits hn%) — =1, hn%) =1, find the following limits:
r— €T T— €T
. . (sin2z?%)? . . l—cosz
Vo Do
tga? + 2 i — si
i) lim gx +2 x ) lim sin(z + a) sma,
z—0 T +T z—0 T

log(1
lim log(1 + ) Vi) 111%(1 + z)l/e,

)

z—0 T
log(1 — 2
vii)  lim 1081 = 2%) viii)  lim (1 + sinz)?/*,
z—0 sinx z—0
. . e¥ —esin® . tgx—sinx
i) lim ————, z)  lim =,
z—0 T —SInx z—0 T
.sinx
zi) lim ( = )S‘”_I , zii)  lim(cosz)Y/*’,
z—0 \slnx z—0
1—si 2 T—b*
xiii)  lim M, xiv) lim ¢ .
=1 (x—m)? =0

Hint: it may be necessary to use a change of variables and the limit of the composite function.
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Problem 1.3.4 Calculate the following limits:

i a3+ 4x—T Q)i x + sin a3
! xLHolo Tx2 — /226 + $5’ " xLHc}o 5x+6

i) lim VT : w)  lim (\/1‘2 Tdz — x)

T—00 T—00
T4/ + .z

T

v) lim © , vi)  lim © ,
z—o0 e? — 1 z——o0 ¥ — 1
-2 -2
vid)  lim —ee viid)  lim —

w00 \/4z2 41

Problem 1.3.5 Find the one-sided limits:
1\ [t I\ [t
i) lim (7)”, i)  lim (7)“,

t—0+ \t t—0— \{
i) lim el/?, iv)  lim e/t
t—0+ t—0—
Problem 1.3.6 Find the limits
N 2x + T\ ViaZta—3 N T | —el/t
Z) x—1>11100<21;—6) ’ ”) tll}(l)l—i—el/t

Problem 1.3.7

i) Establish the relation between a and b so that

lim 2%/ (=) = lim(cosm)b/xz.

r—1 z—0

ii) If f(z) =log(logz) and a > 0, find lim (f(z) — f(ax)) and lim (f(x) — f(x®)).

Problem 1.3.8
i) Prove that if lin% f(z) =0 then lin% f(z)sinl/z = 0.

x
i) Calculate lim —————.
) Cacuaexlfbﬂsml/x

1.4 Continuity
Problem 1.4.1

i) Prove that if f is continuous at a point a and g is at f(a), then go f is continuous at a.
ii) Prove that if f is continuous, then |f| is also. Is the reciprocal true?

ii1) What can be said of a function that only takes values on Q7

1
Problem 1.4.2 Find X € IR so that the function b(z) = N el is continuous on:
2 —2\z

i) R, ii) [0, 1].



1 Functions of a real variable 9

Problem 1.4.3 Study the continuity of the following functions:

—b5x
. e + cosx
)@ =m0

i) g(x) =e3* 4 % —9;
iii) h(z) = 23 tg(3x + 2);
i) j(x) = Va? =5z + 6;
v) k(x) = (arcsinz)?;

vi) m(x) = (x — 5)log(8x — 3);

Problem 1.4.4 Study the continuity of the following functions:

i) f(x) = — [z];

s - { T 240

— if >0
i) 10 =1 % g
el/z if z <0;

o r={% 158

Problem 1.4.5 Prove the following fixed points theorems:

i) Let f : [0,1] — [0,1] a continuous function. Then there exists ¢ € [0,1] such that
fle)=c.

ii) Let f, g : [a,b] — IR two continuous functions such that f(a) > g(a), f(b) < g(b).
Then there exists ¢ € (a, b) such that f(c) = g(c).





