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3 Sequences and series

3.1 Real numbers sequences

Problem 3.1.1

i) Let {x,} be a convergent sequence and {y,} a divergent one; What can we say about
the product sequence {z,y,}, sum sequence {z,, + y, }, and quotient sequence {y,/x,} (if
xn # 0 for all n € IN)?

ii) Prove that if {x,} is convergent, then the sequence {|z,|} is also convergent. Is the
reciprocal true?

iii) What can we say about a sequence of integer numbers that is convergent?
iv) Show that every convergent sequence is bounded.

Problem 3.1.2 Given the following sequences in a recurrent way, write down the general term
and compute the limit.

anp +1
2 ?

i) by =1, bpp1=/2by.

Z) apg = 0, an+1 =

Problem 3.1.3 Compute the following limits:

. . n .. . _3/n
7) Jim Ya, (a>0), i7) Jim n 7T,
n n b
i) lim YVa" +0", (a,b>0), w)  lim (W)” (a,b>0),
n—00 n—00 2
v) lim n(x/n2+1—n), vi) lim (Vn2+1—+vn+1),
n—oo n—oo
n2-1
vii)  lim 2 T2 vit))  lim |2
n—oo 2N 4 37 n—co \ n? — 3n

Problem 3.1.4 Calculate the following limits:

1/n _ _sinl/n
i) lim Esinmr, 1) lim n(e .e )
n=s00 1 n—co 1 —nsinl/n
141441
iii)  lim 2 n ) lim o
n—00 logn n—oo /nl
2 N .on?
v) lim =, vi)  lim oo,
n—1 3
14+2vV2+3v3+--- v
vit)  lim vid))  lim V24 3VB 4t ny/n
n—00 (n — 1)” n—00 n2

Problem 3.1.5 Compute the following limits:

b b la —b
i) lim (cos — + asin —)n; 1) lim “f a4 u", if lim u, =0, a>0.
n—oo n n n—oo a—+ up n—oo
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Problem 3.1.6 Compute the following limits:

.
Zsmg 0o

- - k 1
. . k=1 .. 1/n . oLt
i) nh_)néo Tlogn i7) nanolo 1:[ ii1) nh_)nolo]; —ysin .
Problem 3.1.7 If lim a, = ¢, find
n—oo
a
ap + 22 4+t 4n
2 n

.
o0 log(n + 1)

Problem 3.1.8 Let {a,} be a sequence of positive terms verifying nlingo (an, —n) = L.

i) Show that lim In _1q,

n—oo n

i1) Prove that nangonlog(an/n) =1L.

an
Problem 3.1.9 Let {a,} be a sequence of positive numbers verifying lim = /. Compute,

n—oo  q,

by means of Stolz’s test, the limit

n

n2 aTL

lim _ .
n—oo ai-ag---Qap

Problem 3.1.10 Prove the formulas, for n — oo,
1
i) sin(mn +o(1) =o(1), i) sin(mv/n2 +1) = (—1)"sin (5 ) + o).
Hint: use problem 2.4.5.

Problem 3.1.11 Prove that the following sequences are monotonic, analyze if they are bounded,
and compute the limits if they exist.

i) W\W\f f\/2+\f\/2+ 2+f

i0)  Upy1 =3+ — 'v) Unt+1 = 3+ 2uUp,
ul +6
7 )

V) Uppl = a)ugp=1/2, b)ug=3/2, ¢)uy=3.

Problem 3.1.12 Consider the sequence defined as a,1+1 = /14 3a, — 1, ap = 1/2.
i) Prove that it converges and compute its limit.

-1
ii) Compute lim dn4l 7 2
n—oo @, — 1

b
Problem 3.1.13 Let the sequence be defined as b,11 =1 — ?n, with by = 0.

i) Show that is an alternating sequence, that is, sign(b,4+1 — by,) = —sign(b, — bp—1).

ii) Compute the limit ¢ if it exists.
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iti) Show that |by41 — €] = 3|bp, — £].
iv) Prove that Tim b, = ‘.

Hint: iii) [b, — €] = ($)™ |bo — 4.

Problem 3.1.14 Consider the sequence defined by ¢, +1 = f(cn), where f(x) =

Prove that converges by means of the following steps:

— =0.
1 + .’E’ Co

i) Compute the limit £ if it exists.

ii) Prove that if x € [1/2,1], then f(z) € [1/2,1].

iii) Prove that ¢, € [1/2,1] for all n > 1.

iv) Show that |f'(z)| < k < 1 for every = € [1/2,1]. This implies that
|Cn+1 - £| S k‘n|61 — f| — 0.

Problem 3.1.15
i) Use the technique of the previous problem for the sequence

1 4
d0:§7 dn+1:2+d77n207

n

on the interval [3,10/3].

.. . dn+1 -/

C te lim ————.
ii) Compute Jim. -
Problem 3.1.16 Consider the sequence of real numbers defined recurrently

Tp—1(1 4+ xp_1)
1422, 1 '

1 =1, Ty =

Prove that converges and compute its limit.

Problem 3.1.17 Describe the behaviour of the recurrent sequences of the previous problems,
sketching in two cartesian axes each pair of consecutive terms (spider’s web diagram).
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3.2 Series of real numbers

Problem 3.2.1 Analyze the convergence of the following series of positive terms:

o0

| ey R o
? ) (1) , 111
) nz::l <2n— 1 ) (3n —1)2 ) z:: 2n4

) ) | sin n| ) is, (1)
v v , vi in(—),
n=1 n2

o0
= n n—|—1) —n?+n

> 1 X 3n—1 = n
vii) g arcsin(—), vii7) E , i) g ,

) i( Yn— 1", ) i (1+ l)"23—", i) i (1+ l)"2<a—“,

n=1 n=1 n n=1 n
o) 1 %) ng o)
xiit) _— Tiv) e xv) [Vn?+1—n],
2 Tlog)" 2 Togn) P
L o= n+1 NN | R 1
Vi) Z log( p )s Vi) Z —ogn TViiL) Z Tlogn)ean”
n=2 n=1 n=2

Hints: (in general it can be applied more than one test); i), viii), x), xi), xiii), xiv), root’s
test; ix), quotient’s test; i), i), iv), v), vi), vii), TV), TVI), TVIi), TViT), comparison; xii),
compute the limit (see 2.1.21 i7)).

Problem 3.2.2 Prove that the series

0 b
Z(ma—l _2n+1)

n=1

is convergent if and only if a = b.
Problem 3.2.3

oo
i) Analyze the convergence of the series Z n(l+a)"e ", for different values of a > —1.
n=1
00 n"

ii) Do the same for the series Z T for different values of a > 0.

n

nle
i11) Do the same for the series Z — o> for different values of a € IR.
n

Hints: ii) and 4ii) use Stirling’s formula.
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Problem 3.2.4 Analyze the absolute and conditional convergence of the following alternating
series:

i) ;(_W, i) 2sin(7m+1/n),

logn
ii1) Z(—l)”(arctg 1/n)?, iv) Z(—l)”(arctgn)Q,
n=1 n=1
v) (Va2 1], vi) Do (-1)" log(—).
n=1 n=1

g n - (-1
V1) nZ::l(—l) (1 —cos(1/n)), Vi) ;W.

Problem 3.2.5 Use the Taylor expansion of the function arctgx to study the convergence of
the series

> 1 1
n; (arctg% — ﬁ)

Problem 3.2.6 Compute how many terms are necessary to approximate the following sums
with an error less than 1073:

R R |
i) ;(n!)’ 1) ;ﬁ

Problem 3.2.7 Compute the sum of the following series:
0 3n+1 _ 2n—3

i)Y i) 22%, iii) Y~

. ~Vn+1—yn > n(n+ 2)
W NI 0 L[t

n

Problem 3.2.8 Compute the sum of the following series:

i)zmwwwuwmm,u>z%m%2
n=0 n=1

Hint: decompose the sums in two or three summands respectively.
Problem 3.2.9

[oe)

i) Prove that the series Z b,10™", where b, € {0,1,...,9} for n > 1 and by € Z, con-
n=0

verges. What represents this series and why is it important?

ii) Compute the previous sum in the cases:

1 n=2k

@) ba=9, n=0; b b”:{z n=2k+1
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Problem 3.2.10 Let {a,} be a sequence of positive terms verifying lim (a, —n) =L > 0.
n—oo

i) Prove that the series Z n®log(an/n) converges if and only if a < 0.
n=1
ii) Compute the limits
. L a; 1/n . n Qi i 1/n
P = lim [H(—,)} ) Q= lim [H(—,)} .

n—oo
i=1 i=1

Hint: use problem 3.1.8.

Problem 3.2.11
i) Prove that the equation tgx = = has an unique solution \,, on each interval

(2n—1)7/2,2n+1)7/2), n=1,2,3,--

o0
1
ii) Prove that the series Z z is convergent.

n=1""7

Problem 3.2.12 Study the convergence of the series
o0 1 o0
. 1 - b s 2 2 1).
a) nZ::lsm(ﬂn( + 2n2))’ ) nz::lsm (mvn?+1)

Hint. use problem 3.1.10.

Problem 3.2.13 Let the sequence defined as z,11 = /1 + 2z, — 1, 29 = 1.

i) Prove that is convergent and compute its limit.

ii) Compute the limits

. Tn+1 .
a) lim 2 b) lim nwx,.
n—oo I, n—o00

iit) Study the convergence of the series
(o] o
a) Z T, b) Z z2.
n=0 n=0
Hint: ii.b) apply Stolz conveniently; iii) apply part ii).

3.3 Taylor series

Problem 3.3.1 Find the interval of convergence of the following power series:

n oo n

71) Z 2nn2’ “) Z nr ’ Z“) Z nlon—l’
n=1 n=1 n=1
iv) Z —, v) 2(3 —2x)", Vi) Z —_—
n=1 \/ﬁ n=1 n=1 vV 277,
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Problem 3.3.2 Expand in power series the function fi(x) =

Problem 3.3.3

Problem 3.3.4
functions:

i)

Problem 3.3.5

Problem 3.3.6

(1_1:1:)]67f0rk:1, 2, 3.

Compute the radius of convergence and the sum of the following power series:

oo xn o0
Y —, i) > (n+1)27"™
n=1 n=0

Expand in power series, showing the domain where the series is valid, of the

f(z) =sin®z, i) f(z) = PR with a,b > 0,
f(z) =log \/E, ) f(x) = 2%:@’ v) f(z) = %’

Compute the sum of the following series

i)

NE
NE

n=1 2mn! n=1
L o= 1 , = (=)
i11) Z o iv) Z i1

—_

n=1

3

Let Cy be a circle of radius r.

i) Obtain a rectangle @, inscribed in Cp, of maximum area.

ii) Let now C7 be the maximum interior circle to that rectangle, concentric with Cy, and
inscribe a rectangle ()1 of maximum area in Cj. Compute the sum of the areas of the
sequence {C), }>2, of circles obtained by iterating the process.

0077"r

Problem 3.3.7 Given the function f(z) = 3 —, compute the values of f(0), f(1) and f(2).
n!

n=1

Problem 3.3.8 Find a function f(z), with power series expansion, verifying

fl@) = fz)+z,  f0)=2.





