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4 Integration in one variable

4 Integration in one variable

4.1

Antiderivatives

Problem 4.1.1 Find the following antiderivatives:

1.

4.

10.

13.

16.

19.

22.

25.

28.

31.

34.

37.

40.

/ ztg?(2z) du,

/ :c+3

1 — ;v—l—l

/sin2x0085x
tg3x

/ dx

costz

/congsdx,

/ X
3+v2x+5

/\/\/5+1dx,

/ SN cosd 1 dz,

/tg2 rdz,

/ sinx 4+ 3cosx
sinxcosz + 2sinx

/4x4 — 2% — 4622 — 202 + 153
x3 — 222 — 9x + 18

1+ Vx
[,
Jr
/ dx
cos? x

/x2(1 — 2732 da,

dzx,

2. /tg3 zsect z d,

5. /(xi)gd:c

sinz — cosx
8. dzx

sinx + cos T

11. /sin2:cd:n,
14. /COSGI‘dCL‘,

17. /Mxildm,
r+1

20, / Vet2 .
I+vVx+2

23. /sin5xda:,
26. /tg3xdx,

29. .
sinx + 2cosx

32. /cos(log x)dz,

$2
.| Gy oo

dx
38 [ —
/ (x+1)Vr+2

41. /\/e"” — ldz,

/sina:+3cosx
—_— dx

\/E—'—ldm,
z+3

2+ 1
\/7

&

9. /e”C sin Tz dx,
12. /sin4xd:c,

15. /sianCOSQxdx,
18. /arctg Vx dx,
21, [Vererds,
24. / cos® z sin® z d,
27. /xgmdx,
30. /tg2(3x) sec’(3x) dr,
33. /e%f:;”dx,
36. /:zﬂ—gmdx’

T

2
42, /de,
x?(x —1)
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43. /H V\/lg_\/idx,

46. /sec6 rdz,

dx
49- / Crovite

52. /nr:2 log x dzx,
55. /tg4:r: dx,
58. /sin(log x)dz,

61 /dﬂf
' Ver — 1’

X

d
64 / Y1 —2x)2 -1 -2z’

67. /:Um log x dx,

70. /COSQ(IOgI) dz,

44.

47.

50

93.

56.

99.

62.

68.

71. /(log z)3 de,

1 .
/ S sy dx, 45. /xQ\/:p — ldx,
1+ cosx
a3 dx
——d 48. _—
/ (1+22)3 “ /egﬁ — 4e—’
d
. /71 n Sxf_x’ 51. /ex cos 2z dx,
/ sin®z cos’z dzx, 54. / cos'x dx,
d
/sec31: dzx, 57. /735 )
1 —sinz
dx T
—_— 60. /7 dx,
=2 Vit a2
e

/

/

4z $5 o 2$3
————dz, 63. /
e 4 2e® 4 2 v

——d
xd — 222 +1 )

dx 66 / dx
229 — 22’ ' (x —1)2(z2+x+1)
cos® 9
—— dx, 69. /:L’ sin Va3 dz,
sin*

72. /x(log z)? dx.

Hint: IBP means integration by parts and CV change of variables.

. IBP dv = tg?(2x)dx.

. CVit=tgux.

. CV t=/x.
.CVi={1-(z+1)>2

1
2
3
4
5.
6
7
8

Partial fraction decomposition.

. CV z = sect.
.CVit=cosz.

The derivative of the denominator almost
appears in the numerator.

9. IBP twice using dv = e*dz.

10. CV t =tgx.

11, 12, 13, 14 and 15. Use the double angle
formulas.

16. CV t = /2x + 5.
17.CVit=/(z-1)/(x+1).

18. CV z = t3, after do IBP with dv = t2dt.

19. CVt=/vx + 1.

20
21

22.

dv
23
24
25
26
27
28

30.
31.
32.
33.
34.
35.
36.

.CVit=vz+2.
. CV t=/e? +2.
CV t = sin x, after do IBP twice with
= eldt.
. CVt=cosz.
. CV t =sinx.
Ctg?x =sec?x — 1.
.CVt=tgu.
. CVit=+v1-—22
and 29. CV t = tg(z/2).

CV t = sin(3z).

Partial fraction decomposition.
IBP twice using dv = dz.

CV it =¢€".

CVit=+1+zl/3

CV z=tgt.

Complete the square.
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37. It is immediate. 55. CV t =tgx.

38. CV o +2=t> 56. CV t = sinz.

39. CV t = (22 +1)V/2. 57. Multiply and divide by 1 + sin x.
40. CV x =sint. 58. CV t =logz.

41. CVit=+e" — L 59. CV t = sinz.

42. Partial fraction decomposition. 60. CV t2 =1+ 22

43. CV t = /1 vz 61. CV 2 = e — 1.

44. Multiply and divide by 1 — cos . 62. CV ¢t =e”.

45. CV t = /x — 1. 63. Partial fraction decomposition.
46. CV t = tg . 64. CV 12 =1 — 2z,

47. CV t =1 4+ 22, 65. CV z = 3sint.

48. CV t = ¢e”. 66. Complete the square.

49. CV t?2 =1 +z. 67. IBP dv = x3z.

50. CV 3 =1—uz. 68. CV ¢ =sinuz.

51. IBP twice using dv = e®dx. 69. CV 2 = 3.

52. IBP dv = z2dzx. 70. CV t = logz and use the double angle
53. CV t = cosz. formulas.

54. Use the double angle formulas. 71. IBP dv = dx.

72. IBP dv = zdzx.

Problem 4.1.2 Find a continuous function f such that f(0) = 0 and

4 — g2
Fay={ @t °<°
eve x> 0.

b
Problem 4.1.3 Compute / x dx using upper and lower sums associated to regular partitions

of the interval [a, b].

Problem 4.1.4

a

i) Prove that, if ¢ is an odd and integrable function on [—a, a], then / g = 0. Apply the
—a
result to compute

10
/ sin[sin{ (z — 8)3}]dz .
6

a a
ii) Prove that, if h is an even and integrable function on [—a, a], then h=2 / h.
—a 0
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Problem 4.1.5 Prove and interpret the following identities:

.
~—

b+c
/ flx)dx = . f(x—c)

1) /f dx—/ch-b—x

i) [ 1#(a) - f(-a))dz =0,

/ ' fo)de| < / | (@) d,

dﬁ bdx /“b dx

~—

W

v)

1

Problem 4.1.6 Let f be a periodic function of period 7', integrable on [0,7]. Prove that:
b b+nT
/a /II+TLT
a+T T
[ =[5
a 0

Problem 4.1.7 Evaluate the following limits associating them to some definite integral:

i) for all integer n, we have

ii) for all a € [0,T"), we have

i) lim [

n n n
n—00

n2—|—1+n2—{—4+.”+n2—|—n2 ’

. . 1 1 1
i1) lim [ + + 4 },
n—oo |n + 1 n-+2 n—+mn

Ve Vet 4 e
iit) lim ,
n—00 n

1 1 1
w lim + L )
) n—oo l\/RZ \/TL2 —12 n2 — (n _ 1)2]

Problem 4.1.8 Compute the limit
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Problem 4.1.9 Evaluate F(x) = / f(t)dt with x € [—1, 1], for the following functions:
-1

. -1 —-1<z<0 .. _
i) f(x)z{ | 0<ao<l i) flz) = |z|e ol
) x? -1<z<0
" fo) = le =12 g f(x)_{xQ—l 0<z< 1
x+2 —2<zxr<-1
1 —-1<z<0 , <z <
v) f()—{$+1 0<m<ls vi)  f(x) = 1 “l<z<1
- —z+2 1<z <2,

vi7) f(z) = max{sin(7x/2), cos(mx/2)}.

Problem 4.1.10 Compute the following definite integrals, changing the limits of integration
when making a change of variables:

log 2 2\ /pr2 _
i) Ver —1dx, i) / vam =1
0 1 xT
4.2 The Fundamental Theorem of Calculus

Problem 4.2.1 Let F(z) = / f(t)dt with f integrable.

i) Prove that if |f| < M then |F(z) — F(y)| < M|z — y|, implying the continuity of F.

ii) Is F differentiable necessarily? Under what conditions can we say that is differentiable?

Problem 4.2.2 Differentiate the following functions:

23 et 23 dt
Y P = Sat i) Fa)= | —%
) Fa)= [, Sa i) P = [ e
(EQ
fll sin® tdt dt efl te VEdt S
i Fle) — . Fle) —
i) (z) /3 1+ sin®¢ + 2’ ) (z) 2 log s

v) F(z)= / 22 f(t)dt, where f is continuous on IR,
0

vi) F(z)=sin (/; sin (/Oy sin® tdt) dy) .

Problem 4.2.3 Compute the maximum and the minimum on [1, 00) of the function:

T e
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Problem 4.2.4

i) Show that the equation

xT
/ et dt =1
0

has a unique solution on IR and that such solution lies on the interval (0, 1).
ii) Find and classify the local maxima and minima on (0, c0) of the function

2

G(x):/ sint St dt .
0

VT/2
Problem 4.2.5 Find the tangent line to the graph of y = / tg(t?) dt at x = /7 /4.
2

T

Problem 4.2.6 Calculate the following limits:

T t2
/ e dt —x
. . 0 . .
7 lim ~—b—— 11 lim
) z—0 x3 ’ ) r—0 xt

T
CcoS X / sin 3 dt
0

Problem 4.2.7 Compute one-sided limits at the origin of the function

x2
x —sinx + /0 tg(v/1) dt
@® sint
Problem 4.2.8 Consider the function f(z) = / —~ dt.
0

i) Using the Taylor series of the sine function, find the Taylor series of f around the origin.

ii) Compute lim _J@) .
z—01 —cosx

[ee]
iii) Analyze the convergence of the series Z f(1/n).
n=1

Problem 4.2.9 If the integral / &
+ 82

5 does not depend on z, without computing the
—1/z a

integral, find a.

Problem 4.2.10 Consider the functions f(z) = e — 22 — 1, g(z) = 3 +/ f(t)dt.
0

i) Write down the Taylor polynomial of g around the origin.

it) Determine if g has a maximum, a minimum or an inflection point around the origin.

Problem 4.2.11 Let g be a derivable function verifying the equation

(9®))? g
t:/ smmdx‘
0

T

i) Write down ¢'(¢) in terms of g(t).
i) Compute (g~1)'(z).
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Problem 4.2.12 The equation
9(z)
/ (et2 + e_t2) dt — 23 — 3arctgz = 0,
0

defines a differentiable and one to one function g differentiable on IR. Compute:
i) 9(0), ¢'(0) and (g~")"(0);
-1
ii) Tim @)
z=0 g(x)

Problem 4.2.13 Find the explicit formula of a continuous function, f : IR — IR, verifying

T 1 $16 1‘18
/ f(t)dt:/th(t)dt+?+?+C.
0 T

Next, find the value of C.

4.3 Applications
Problem 4.3.1 Find the area enclosed by the following curves:
i) y=a% y=(z-2)?% y=(2-2)/6

i) 2?2 +y? =1, 22 +y? = 2z,
1—=2 2—x

W) y=1r o ¥=15, ¥=0¥=1
iv) loop of the curve y? = (v — a)(z — b)?, with a < b.
) r(x? —1) _
Problem 4.3.2 Find the area bounded by the graph of f(z) = W and the horizontal
x

axis.

Problem 4.3.3 Find the area enclosed by the following curves given in parametric and polar
coordinates:

i) loop: z=t2+1, y=t{t?—4), —-2<t<2

ii) cycloid: = =a(t —sint), y =a(l —cost), 0 <t < 2w, and axis X;

iii) spiral of Archimedes: r = af, 0 <6 < 27 and the line segment {0 < = < 27a, y = 0};
iv) one leaf of the three-leaved rose: r =acos30, —7/6 <60 <7/6;

v) half of the lemniscate: r = av/cos20, —n/4<6<7/4.

Problem 4.3.4
2 _

x
i) Find the area between the graph of the function f(x) = and its asymptote.

22 +4
ii) Find the area enclosed by the graph of the function f(x) = ] —i—le—x’ its asymptote at
x — +oo and the vertical axis.
iit) Compute the area enclosed by the graph of the function f(x) = _lmz and its

(z+1)2Vx

asymptotes.
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-4
iv) Find the area enclosed by the graphs of the functions fi(x) = (:—EFT and
T x
1
fo(x) = NG for x > 4.

Problem 4.3.5 Let A be the region bounded by the curves y = 2 and y = \/z. Compute
the area of A and the revolution volume obtained by rotating A about the horizontal axis.

Problem 4.3.6 Evaluate the volumes formed by revolving the following regions about the X
axis:

i) 0<y<l4sinz, 0<z<2m

ii) 2 + (y — 2a)? < a? (the graph is a torus);

iii) R < 2% +y? <4R? (an spherical ring);

iv) the surface bounded by the curves y = sinz and y = z, with = € [0, 7};

v) =t—sint, 0 <y <1-—cost, 0<t<2r.

Problem 4.3.7

2 2

i) Compute the volumes formed by revolving the ellipse % + Z—z < 1 about the X and Y
a
axes.

ii) Compute the volume of the solid with base the previous ellipse and whose perpendicular
sections to the OX axis are isosceles triangles of height 2.

Problem 4.3.8

2 2
i) Compute the area of the ellipse % + ?2—2 <1
a
22 g2 2
i) Compute the volume of the ellipsoid — + -5 + — < 1.
a b c

iii) Show that the previous problem (part ¢)) is a particular instance of this one.

Hint: observe that when cutting the ellipsoid in parallel sections to the coordinate planes, we
obtain ellipses.

Problem 4.3.9 Find the length of the following graphs:

i) catenary: y=e"/24e %2 0<z<2;
ii) cycloid: z(t) = a(t —sint), y(t) = a(l —cost), 0<t<2m;
ii) hypocycloid or astroid: /3 4+ y%/3 = 4;

JVaZ — 22
iv) tractrix: y = alog (m> —Va2—2% a/2<z<aq
T
v) cardioid: r=1+cosf, 0<6 <2,

vi) circular helix: z(t) = acost, y(t) = asint, z(t) =bt, 0<t < 2.





