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Problem 1 (3 p.) Consider the function defined as:

[ In(a2?) x € (—oo0,—1)U(1,00)
f(z) = { —r2+1 x € [-1,1]

a) Analyze its continuity and differentiability.
b) Compute its global and local maxima and minima.

c) Sketch its graph.

Problem 2 (1 p.) Let {a,} be a sequence of positive terms verifying lim a, = L, compute the
n—oo
limit ) ) )
lim a1+a2+"'+an.

n—00 n

Problem 3 (2 p.)

a) Study if the following series converges or not

b) Sum the series

Problem 4 (2 p.) Let f(z) be the function defined as

fa) = /0 s,

a) Compute the Taylor series of f(z) around xz = 0 using the Taylor series of log (1 + ).

b) Compute the Taylor series of f/(x) around x = 0. Analyze whether z = 0 is a local maximum
or minimum of f(z).

Problem 5 (2 p.) Find the following antiderivatives

2

dx ¢
_ | dx.
/x4+2m2, /1 og (V) dx




Problem 1

a) Continuity: As In(2?) and —22 + 1 are continuous on their domains, we have to check the
continuity only on {—1,1}:

lim f(z) = lim f(z)=f(1)=0

z—1t z—1—
i f(r) = T f(x) = f(-1) =0

Therefore, f(x) is continuous on R.

Differentiability:

f’(a:):{ 2/x xe(—io

—2x  xe (-1,

lim f'(z) =2# lim f'(z) = -2

z—1+ z—1—
limﬁf’(x) =2# liml_f'(a:) = -2

Therefore, f(z) is differentiable on R — {—1,1}.

b) The critical points of f are the points in the domain where the function is not differentiable,
that is, {—1,1}, and the points whose derivative vanishes, f'(z) = 0 = z = 0. So we have to
study the points {—1,0,1}. Using the first derivative test, we obtain

z | f'(z)

-1 | — — 4+ | local minimum
0| 4+ — — | local maximum
1| — — + | local minimum

Since f(—1) = f(1) =0 and f(z) > 0, these points are global minima. As lim f(x) = oo there

T—00
is no global maximum.

c) The graph of f is




Problem 2

2 2., .. 2 2taZ+-+a2—(a2+a2+--+a2
lim aitayt---+ta, _ L LT %2 » — (a1 + a3 1) — lim = I2.
n—oo n Stolz n—0o0 n — (n — 1) n—oo
Problem 3

a) By the quotient test, it converges:

. Qptl e+ 1 (n!)? . e? n+1
lim = lim lim

= = O < 1.
n=0o an = ()P €V noc (12 Vi
b) It is a telescoping series, therefore,
i VAR A W VI |
en entl )T Tl Ten T e
n=1
Problem 4
a) * Jog(1 + ¢t Ty 2024 (1)
oy = [l (R G
0 t 0 t
1132
= / (1—t/24 -+ ()" .. ) dt =
0
2 Lt v
= A W — .. " .. =
[ 22+3-3+ +(=1) n2+ ]0
4 6 2n o n
_ 2z n+1 L _ n+1®
= P oAyt )T e =) (1) —
n=1
b) f’(a:):2x—x3+§x5+--~:i(—l)“lzx?”_l
9 n ’
n=1
f(0) is a local minimum.
Problem 5 In the first integral we must do partial fraction decomposition:
1 A B C D
_ L BTt A _C—0,B=1/2, D=—1/2 —

x?2(x?2+2) x 2?2 2?42

/ dx / dx 1/da: 1/ dx 1 1 arctan > N

— = === -z | ——=—- rctan — + c.

xt + 22 2222 +2) 2) 22 2) 2242 2z 22 V2

In the second integral we change variables first, v/z = ¢, and then we integrate by parts using u = logt
and dv = 2tdt, hence the integral is

[N

e? e e e 2 1 2
/ log\/fda::/ logt - 2tdt = logt - t* —/ tdt =e* — — 725%—
1 1 1

. 2 2




