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1. INTEGRATION IN ONE VARIABLE

Problem 1.1 Find the following antiderivatives:

1
1. /xtg2(2aj) dx 2. /tggaz sectz da 3. / VIt dx
z+3
1 2 1
NCE 5. / L — o .
V31— (z+1)? (x—1) v
sin’z cos®x sinx — coszx
/ — dx 8. / — dx 9. /ex sin mx dx
tgw sinx + cosx
dx ) : 4
10. 7} 11. sin“x dx 12. sin“x dx
costz
13. /0082:E dx 14. /00863: dx 15. /Sin23: cos’x dx
dx z—1 /
16. R — 17. dx 18. arctg Jx dx
/3—1—\/2:1:4-5 /\/:c+1 gV
v+2
19. /\/ rz+ 1ldx 20. / dx 21. /\/2+e~"’dw
Ve 14++vVzx+2
22. /esmxcosgw dz 23. /sin53: dx 24. /00533: sin’z dz
25. /tg% dz 26. /tg?’x dx 27. /x3\/ 1—22dx
28. / ST +3 B dx 29. / ST T OCORT +3cos dz  30. /tg2(33:) sec3(3z) dx
sinxcosx + 2sinx sinx + 2cosx
4ot — 3 — 4622 — 202 + 153 elr
1. d 2. 1 d . —d
i / e e PR TR /COS(Ogm) v /e2x+ex+2 !
V1+ Yz x? 2
4. ~ Y d . ——d . —d
3 / 7z x 35 /(x2+1)5/2 T 36 /x2—2x+2 T
dx dx T
37. 38. S 39. ———d
/0052:1: /(3;+ )Yz + 2 / (22 + 1)5/2 z
9 2
40. /x2(1 — 22)73/2 4y A1. /\/ex “Tdx 42. /”37” da
22(x —1)
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43. /H— Vl_\/i dr
NE
46. /secﬁzn dx

dx
- / 2+2)V1+ax

52. /w2 log x dx

95. /tg4x dx

58. /Sin(log x) dx

61. / _dv
ver —1

64

/ dx
' (=22 —y1—2z
67. /:Emlogzndzn

70. /cosz(logx) dz

44.

47.

50.

53.

56.

59

62.

65.

68.

/ dx
14+ ¥ —x
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1 )
/ﬂdx 45. /x2\/w—1dw
1+ cosx

x3 dx
_ 48. e
/ (1+22)3 d 8 / e’ —de~®

51. /ex cos 2z dx

/singw cos’x dx 54. /cos4ac dzx

/sec?’x dx 57. /dfw
1 —sinz

dzx T
. _— 60. —dx
/x2 1— 22 /\/1—1—3:2

sin“x

e
/e2x+2ex—|—2

dx dx
/x2\/9—x2 06- /($—1)2($2+x+1)

3
/cos4w dx 69. /mzsinv:n?’da:

Az 5 3
x° — 2z

dr 63. ——d

o /3:4—2:E2—|—1 o

71. /(logw)?’dx 72. /x(logz)zdx.

Hint: IBP means integration by parts and CV change of variables.

1. IBP dv = tg?(2z)dz = (sec?(2z) — 1)dx. 18. CV z = t3, after do IBP with u = arctgt.

2. CV t=tg . 19. CV t = /x + 1.

3.CVt=/x. 20. CVt=+z+2.

4.CVt=/1—(z+1)2 21. CV t =+/e* + 2.

5. Do partial fraction decomposition or expand 22. CV t = sin z, after do IBP twice with
22 in powers of x — 1. dv = eldt.

6. CV = = sect. 23. As the integrand is odd in sine, CV t =
7. As the integrand is odd in sine, CV ¢ = cosx. coszx.

8. The derivative of the denominator almost 24. As the integrand is odd in cosine, CV
appears in the numerator. t =sinx.

9. IBP twice using dv = e”dx. 25. tg?x = sec?x — 1, or apply the CV t = tg .
10. As the integrand is even in sine and cosine, 26. CV t = tgx.

CVt=tgux. 27. CV t =1 — 2.

11, 12, 13, 14 and 15. Use double angle formu- 28. CV ¢ = tg(z/2).

las. 29. CV t=tgu.

16. CVt=3++2x+5ort=+2x+5. 30. CV t = sin(3z).

17.CVt=/(z—1)/(z + 1).

31.

The denominator is (z — 2)(z — 3)(z + 3).
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32. IBP twice using dv = dz or use the CV

t =logux.

33. CV t = ¢€".

34. CV t = /14 21/3.
35. CV z =tg t.

36. The denominator is equal to (x — 1) + 1.
37. It is immediate.

38.CVz+2=1t

39. It is immediate. Can be integrated also us-
ing the CV t = 22 + 1.

40. CV z = sint.
41. CV t = v/e® — 1.

42. Decompose in partial fractions.

43. It is immediate. Can be integrated also us-
ing the CV t = /1 — \/x.

44. Multiply and divide by 1 — cos x.

45. IBP twice taking the derivative of the poly-
nomial or use the CV ¢t = vz — 1.

46. CV t =tgx.
47. CV t =1+ 22
48. CV t = €.

49. CV 2 =1+ .
50. CV 3 =1 — .
51. IBP twice using dv = e*dzx.

Solution:
. %xtg@x) + 1 log | cos(2z)| — 3 2% +c.
c:tgbr+ gl +c

2@ +1og |z + 3| —2V3 arctg /T +c.
A= (z+ 1232 -1 (z+1))? +e

@1 % +log |z — 1] +c.

%x\/aﬂ—l—k% log |z + Va? —1]+c
.1 cos’x + £ cos"w + % cos?
. —log|sinz + cos x| + c.

1 T (3
o ¥ (sinme — weos ) + c.

.%tggx—l-tg:z:—l—c.
.§x—%sin2x+c.
.%x—%sin%—k%sinélx—kc.
.§x+zsin2x—|—c.
5 1 3 1
.ﬁx—klzsm%—i-@smélx—@
.gx—3—28in4:17—|—c.

V2245 —3log (3++v22+5) +ec

© 00O U W N

I
W N = o

sin® 2z + ¢.

[ e S e
g O T

t+1

— =
O o

SWVEEDP - (VEL ) e
. —2vVr+2+42log(vVr+2+1)+ec.

N DD
= O

. warctg(x!/3) — %:132/3 +3 log(2%/3 +1) + c.
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52. IBP u = log x.

53. CV t = cosx.

54. Use double angle formulas.

55. CV t = tgx.

56. CV t =sinz.

57. Multiply and divide by 1 4+ sin z.

58. IBP twice using dv = dz or use the CV
t=loguz.

59. CV z = sint.

60. It is immediate (you can also use the CV
t2 =1+ 22).

61. CV * = e?* — 1.

62. CV t =e".

63. The denominator is equal to (z—1)%(z+1)2.
64. CV t6 =1 —2z.

65. CV z = 3sint.

66. 22+ +1= (v + 1/2)? + 3/4.

67. IBP u = logx.

68. CV t =sinz.

69. CV t? = 3.

70. Use double angle formulas. Next do IBP
twice using dv = dx or use the CV ¢t = 2log x.
71. IBP u = (log z)3.

72. IBP u = (log ).

x + cosz + 3 log(1 — cosz) — & log(1 + cosz) + c.

.%+log|t—1|—L—log|t+1|+C, where ¢t = \/(z —1)/(z + 1).

2V2 4 e + V2 log(vV2 F et —v2) — V2 log(v2 + et +v/2) +ec.
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22. —(1 —sinx)?eSn% + .

23. %1 cos®z + % cos3z — cosx + c.
24. % sindx — % sin®z + c.

25.tgx —x +c.

26. 3 tgzx + log | cos z| + c.

27. L (1 - 222 L (1 - 2?32 e

2
28. log | tg §| — 2log (82§ +3) + 35 arctg EH2 4.

29. L log|tgz +2| — & log (tg?z +1) + Lz +c

30. % sec® 3xtg 3z — i sec 3z tg 3r — i log | sec 3z + tg 3x| + c.
31. 222 + 72 + 3log |v — 2| — 4log |z — 3| + 5log |z + 3| + .

32. %xcos(log z) + % zsin(log ) + c. )

33. §e2x —e® — % log (e2x + e —1—2) + % arctg 26\/;1 + c.

34. S (1 +21/3)5/2 —2(1 4+ 21/3)3/2 4 c.

35. $a3(22+ 1) +c.

36. 2arctg(x — 1) +c.

37. tgx + c.

38.log |(z +2)1/3 — 1] — 3 log (z +2)3 + (x +2)V/3+1) + V3 arctg% +c
39. (22 4+ 1) +c

40. z(1 — 2?)~1/% — arcsinz + ¢.

41. 2+/e* —1 — 2arctgv/e® — 1 +c.

42. 5log |z — 1| — 3log|z| + 3 + c.

43. 3 (1—vz)¥2 + 2z +c

44. cscx — cot z — log | csc z + cot x| — log | sin z| = cscx — cot x — log(1 + cosx) + c.
45. 2(z— 1)+ 2 (2 - 12+ 2 (2 —1)3 2 +c.

46. = tgPz + 2 tgz + tgz + c.

47. 2(111:(:2) + g T

48. L logle” — 2| — 1 log(e® +2) + c.

49. 2arctgv/1+x +c.

50. 52 (1—2)¥3 +3(1 — )3 = 3log |1 + (1 — 2)/3| +c.

51. 1 e®(cos 2z + 2sin 2x) + c.

52. ix?’loga: — %x?’ + c.

53. i cos’T — % cos>z + c.

54. %x—l— % sin 2x + % sin4x + c.

55. = tgdr —tgr + 2 +c.

56. 5 sec:z:tg:z:—l—% log | sec z + tg x| + c.

o7. tgx +secx + c.

58. 5tz cos(logz) + 3 wsin(log z) + c.

59. —YI=2% 4 ¢,
60. V1+ 22 +c.

61. arctgve?® — 1+ c.

62. 5% — 2e” + log (e2* + 2¢” + 2) + 2arctg(e” + 1) +c.
2 1 1

63. 527+ 1) 1D T &

4(z+1)
64. =2 (1 — 22)Y/3 — 3(1 — 22)1/6 — 3log |(1 — 22)1/0 — 1] + .
65. — %;mz +ec.
66. 5oy — 3 loglo — 1| + g log(a? + 2 + 1) + 5= arctg 225 +c.
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67. g 2" logx — mxmﬂ +c, if m#—
68. 5 cscdx + cscx +c.

69. 2 (—x%/% cos 232 + sin23/?) + c.

70. 32+ 45 z cos(2log z) + 1 wsin(2log ) + .
71. z(log z)® — 3z(log )% + 6z log x — 67 + c.

72.

s2%(logz)? — 2% logz + L2 + .

Marina Delgado Téllez de Cepeda

1; 1 (logz)? if m = —1.

Problem 1.2 Find recurrence relations for the following antiderivatives:

Solution: i) H, = xlog"x — nH,_1; ii) I,
i) Jp = —x"e_m—i—an 1; w) K, =

i) H, = [log"zdz,
iit) J, = [a"e "dx,
v) L, = [tg"xdz,

vii) N, = [2"e" dx,

ii) I, = [sin"zdz,

: _ dx

Z'U) KTL = IW,
vi) M, = [sec"zdz,

viii) P, = f:n"eIde.

1

= —sin"“wcosx + ";lln_%

vi) M, = L5 tgasec” 2 + =2 M, _o; vid)
n=1lp
P) n—2-

Problem 1.3

Hint: i) > k=

b

2n-—3 Kp_1; U) L, = ﬁtgn_lx_l/n—l

1
= 3=T) @ T 21

_ 1, .n_ ax

n o= Za"e — BN, _q; wviii) P, = 52"

1) Compute / x dr using upper and lower sums associated to regular partitions of the

interval [a, b] N
b
11) Do it also for / 2% dx.

(n+1)

=1 2

_n(n+1)@n+1)

Problem 1.4 Prove and interpret the following identities:

i /f ) d: = ab+cf(x—c)

+c

i1) /f da:—/fa+b—x

i) /_a (f(x) - f(—a;)) dz =0

W

~—

x)dx

< [ y@las

/“dm /bdzn /“bdzn
v) —+ [ —= —.
1 1 X 1 X
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Problem 1.5

a

1) Prove that, if g is an odd and integrable function on [—a, a], then / g = 0. Apply the
—a
result to compute

10
/ sinfsin{(z — 8)}]da
6
11) Prove that, if h is an even and integrable function on [—a, a], then / h=2 / h.
—a 0

Problem 1.6 Let g be a continuous function and ¢’ continuous on [a, b], such that g(a) = g(b)
and o < g(z) < § for all z € [a,b]. Show that for every integrable f on [a, (],

b
/ fg(z))d (z)dz = 0.

Is it true that f; flg(x))dz =07
Hint: Change variables.

Problem 1.7 Let f, g:[—1,1] — IR be piecewise continuous functions.

1) Show that
0 27

f(sinz) g(cosz) dx = f(sinz) g(cos z) dz.

—T s

11) Let f be an odd function. Prove that

2T
f(sinz) g(cos z) dz = 0.
0

111) Indicate which of the following integrals are equal to zero:

2m 2m
a) / elcosl are tg(sin®x) du, b) /0 eCo T ISl go.
0

0 /2” sin(cos*z) sin(sifl :;) .
o (14 cos?z)(3 —sin“z)

Problem 1.8 Let f be a periodic function of period T, integrable on [0, T].

/aa+T f _ /OT f
[r=l

Hint: 7) Separate the integral on [a,a + T as the sum of integrals on [a,T] and [T, a + T, and

use a change of variables in the second integral;
i7) Change variables.

1) Prove that for all a € IR, we have

11) Prove that for all integer n
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Problem 1.9 Using the two previous problems, prove that if f and g are piecewise continuous
functions on [—1,1], and g is a an odd function, we have

2
f(sinz) g(cosx) dx = 0.
0

Hint: Apply the change of variables t = /2 — x, and use periodicity.

Problem 1.10

1) Prove that if f, g are piecewise continuous functions on [—1,1] and n > 0

a+27/n
/ f(sinnz) g(cosnx) dx = 0,

being odd at less one of the functions f or g.
11) What is the value of the same integral on the interval [a,a + 27] if n € IN?

111) Indicate which of the following integrals are equal to zero:

2w 5m/2
a) / cos(cos 2z) arc tg(sin® 2z) dz, b) / tg(cos ) dx
T w/2

0 /37r sin(cos* z) sin(sin z) de d) /27r ; <1 + cos x) de
_x (1+cos?2x)(3 —sin?2) 0 8 2

1v) Prove that if f and g are even functions, then
2

w/2
f(sinx) g(cos z) dx = 4/ f(sinz) g(cos x) dx.
0 0

Problem 1.11 Evaluate the following limits associating them to some definite integral:

L
n—oo |n2+1 n?2+4+4 n2 4+ n?

. , 1 1 1
i7) lim + +eot
n—oo |n+1 n+2 n+n

i) lim

Ve2 + Vel +... 4 Ve
m

ii) i
n—oo n
) i 1 PR S !
A 1m e
n—oo | V=02 | V- 12 W2 — (n—1)
y 1 1 1
R ) e g S by S ] £

Solution: i) [} L, = ;i) L — og2: i) fol e¥dr = (e —1)/2;

0 1+ax2 0 1+z
n
; 1 _dz . 1 _dx : 1 _n. 1 n
i) [, = =7/2; V) [y Tie - lim 2 = 0; (also 0 < .erﬂ—ﬂ'z < g — 0).
j:

7
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Problem 1.12 Compute the limit

log(1+z)dx

Solution: elo =4/e.

Problem 1.13 Evaluate F(x / f(t)dt with x € [—-1,

Marina Delgado Téllez de Cepeda

1], for the following functions:

i) fle)=lz—-1/2| i) flz) = |z[e” "
-1 —-1<z<0 . _ x? —-1<xz<0
z+2 -2<z<-1
-1 << - =
v) f(w):{xil 01<—f<—10 vi)  fx) = 1 l<az<l
- —x 4+ 2 1<z <2
vi7) f(z) = méx{sin(mx/2), cos(mx/2)}.
—z?/2+x/2+1 if —1<2<1/2
Solution: (x)_{ 2/2—x/2—|—5/4 if1/2<az<1
(1 —x)e” —2e~ ifxr <0 .. _ .
{ A et T i) @) = 1
(+1)/3 i -1<2<0
—z+ @3 +1)/3 ifo<z<1
1+ it —1<xz<0 .
{1+x+x2/2 fo<e<1 UMTHL
Problem 1.14 Let F(x / f(t)dt with f integrable.
1) Prove that if |f| < M on the interval |o, 5], then |F(z) — F(y)| < M|x — y| for all

x,y € o

, 8], implying the (uniformly) continuity of F'.

11) Is F' differentiable necessarily? Under what conditions can we say that is differentiable?

Hint: i) F(z) —

= J7 (e

Problem 1.15 Differentiate the following functions:

3

r dt
_z3 1 +sin“t
e 1”2 tg Vit dt ds
F(z) =
9 log s

a® ot
i) Fla) = / © at i)

2

S sindtdt ds
i Flr) — :
i) (@) /3 1 + sins 4 2 w)

v) F(x) :/ 22 f(t)dt, with f continuous on IR,
0

vi) F(x)=sin < /0 "sin < /0  gin’ tdt> dy> .
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Solution: i) 3¢*" Jx — 26" Jx; ii) 622 /(1 + sin? 23);

i) (sin )3 /[1 + sin®( [} sin® tdt) + ([} sin® tdt)?]; iv) 22 tg \x]efle tgx/idt/(flmz tg Vtdt);
v) 2z [y f()dt + 22 f(2); vi) cos(fy sin( [y sin® tdt)dy) sin( [y sin® tdt).

Problem 1.16 Find the points were f attains its absolute maximum and minimum on [1, o),

where f is: )
f(z) = /w— (e_tz — e_zt) dt,
0

knowing that lim, . f(z) = (/7 — 1)/2. Is the absolute minimum of f on [1,00) also its
absolute minimum on IR?

Solution: r = 1 minimum, z = 3 maximum. Yes.

VT/2
Problem 1.17 Find the tangent line to the graph of f(x) = / tg(t?)dt at the point
x2
x = y/7/4.
Solution: y = — V4w + /.
Problem 1.18 Compute the following limits:
xT 2 x
/ e dt —x cosa:/ sin 3 dt
. p 0 .. ; 0
) lmT—m— W) ln Pz

Solution: 1) 1/3; i) 1/4.

T

Problem 1.19 If the integral / PR does not depend on z, find a without computing

—1/z a? +
the integral.

Solution: a = £1.

Problem 1.20 Find the continuous function f verifying zf(z) = / f)dt, f(0)=1.
0

Solution: f(z) = 1.

Problem 1.21 If the function g is given by the equation

902 i 2
t:/ dx,
0 X

compute:
1) ¢'(t) in terms of g(t),
) (971 (2).
2

Solution: i) ¢'(t) = %5 i) (g7 (x) = 281%
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Problem 1.22 The equation
fl@)
/ e " dt — 2x + log(cos ) = 0
1

defines a differentiable and one to one function f on the interval [—1/2,1/2]. Find:

1) £Q0), f ’( ) and (f71)'(1),

—sinx
— €

=0 f (a:—i— 1)
Solution: i) f(0) =1, f'(0) =2e, (f~1)(1) =1/(2e); ii) 4e.

Problem 1.23 The equation

11) h

g(z) )
/ (e +e ") dt —a® —3arctgx = 0
0

defines a differentiable and one to one function g on IR. Find:
1) 9(0), ¢'(0) and (371)'(0),

g ' (x)
Wi g9(z)

Solution: i) g(0) =0, ¢'(0) = 3/2, (g=1)(0) = 2/3; ii) 4/9.
Problem 1.24

1) Find the explicit formula of a function f : IR — IR verifying

T 1 xlﬁ x18
/ f(t)dt:/ tzf(t)dt+? +5 +C
0 T

Next, find the value of C.

11) Do the same problem for the function g:
T 1
/ g(t)dt = / g(t)sintdt — cosx + D.
0 T
1) Find lim
z—0

Solution: i) f(z) = 2x'%; C = —1/9; ii) g(z) = 282 and D = cos 1 +secl — tg1; 4ii) 2.

1+4sinx

Problem 1.25 Let f be a continuous and strictly positive function on the interval [0, 1]. Define

the following function
T 1
x) = 2/ f(t)dt—/ f@)dt
0 T

Prove that F' annihilates on the interval (0,1) and it happens only once .

10
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Hint: Show that F' is monotonic and changes sign.

Problem 1.26 Evaluate the following definite integrals, changing the limits of integration
when making a change of variables:

log 2 2 /21
i) / Ve —Tde i) / :”Td:n.
0 1

Solution: i) t = \/e* — 1; the integral is 2 — 7/2; i) t = Va2 — 1 (or & = sect); the integral is
V3 — /3.

Problem 1.27 Consider the functions
fr= [ gl = [t nia) =5
0 0 2.%'
g(z)

1) Evaluate lim =—=;
) valuate lm @)

11) Express f in terms of g and h, and express f’ in terms of f;

111) Prove, using the previous parts, that lim zf(z) =1/2 and lim f(z) = lim f'(z) = 0.
T—00 T—00

Solution: i) 1; 1) f(z) = g(x)/(2zh(x)), f'(z) = —2xf(z) + 1.
Problem 1.28 Evaluate the following limit

lim ~ n’ —1 e~/ .
e | G+ )

oo 1

Solution: f_oo w2—+1daz = T.

Problem 1.29 Analyze the convergence of the following improper integrals:

o e} [e.e]

7) / e " dw i) / e dz ) /e_mznp dx
— — 1
a 1 =
iv) /0 MNP dy v) 0/ log x dx vi) / M%
; [ee]
vi7) /:nf”(l —x)%dx viiL) /100 <% —arctg %) dx i) / QC:;)S—;—IZ dx
’ —00

Zlogt +t—1 /2 garesinz (5 _ gin 1) © dx
——dt ' d /i —_—.
z) /1 (t —1)3/2 zi) /0 x(log z)?(5 + sin ) z o) /0 x? + a?

Solution: i) D; i) C; iii) C Vp; iv) D Vp,ifa>0; C Vp,if a <0; v) C; vi) C Va > 0; vii) C
Vp,q > —1; viii) C; iz) C Va € R; x) C; i) C; zii) C Ya # 0.

11
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Problem 1.30

1) Analyze the convergence of the integral

1
/ log x log(z + 1) d.
0

1
1 1
11) Compute its value knowing that / M
0 x

11) Prove (without calculator!) that 2log2 + 72/12 > 2.

dx = 72/12.

Solution: i) The integral converges; ii) and is equal to 2 — 2log 2 — 72/12.

. . * sinx T
Problem 1.31 Using the value of the integral dr = 5 prove that
0 X
. 1 if a>0
2 [ t
—/ﬁﬂ?lﬁ: 0 if a=0 .
mJo —1 if a<0

With this result and the formula
sin(a + b) + sin(a — b) = 2sina cos b

prove also that

. 1 if |zl <1
2 [ sint t
_/ wdt: 1/2 if |z|=1.
TJo 0 if |z >1

Hint: It is enough to prove it for x > 0, because the integrand and the solution are even functions
on x.

e}

Problem 1.32 Let the integral I, = / zFe = dz.

— 0o
1) Prove that I} is convergent for all k£ € IN.
11) Evaluate the integral if k is odd.
111) Find a recurrence relation for Io,.

1v) Use the previous formula to show, knowing that [y = /7, that

[ GRS P

Solution: ii) Iop+1 = 0; iii) Iz, = (n — 1/2)19y—o.

12
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Problem 1.33 Given the integral

1
tP
I:/idt, 0<c<l.
P Vea =i
1) Analyze its convergence.

11) Deduce a relation between I, and I,_;.
Hint: i7) Do integration by parts, differentiating t#=3/% to obtain

4 4
I, = 51— 0¥ 4 (EP - 1)(1p_1 —I).

Solution: i) If ¢ = 0, I, converges for p > —1/4; if ¢ > 0 converges always; ii) the relation is
I, = 1(:73_3/4(1 — )t 4 (1 - 3)[ 1 p>3/4.
Poop dp) P

Problem 1.34 Prove that the following improper integrals converge only for the given values
of the parameter:

w/2 1 d
1) / log< +SCOS%> * , with |s| < 1.
0 1—scosz/ cosx

00 2
11) / log <1 + %) dx, with a € IR.
0

1. .p__ 1
111) a: dr, with p > —1.
1
o 108

Problem 1.35 Consider the improper integral

/OO( LG >dx a>0
0 Vi+z2 z+1 ’ )

1) Prove that this integral only converges for a value of the parameter a and find that value.
11) Find an antiderivative of the function (1 + z2)~1/2,

111) Evaluate the improper integral for the computed value of .
Solution: i) o = 1; 1) log(x + V1 + x?); 4ii) log 2.

Problem 1.36 If we define the following function for x > 0

2

f(z) = / te~t dt.
1/z
1) Find the tangent line to the graph of f at z = 1.

11) Find the horizontal and vertical asymptotes of f for the different values of «.

Solution: i) y = 3(x — 1)/e; i) if > —1, there is HA, y = [ t*e~tdt, there is not VA; if
a < —1, there is not HA, there is VA, z = 0.

13
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Problem 1.37 Let f be continuous on [0, 1], compute the limit

hmx/ f dt.

Hint: If the integral converges, the limit is zero; if it diverges, apply L’Hopital. Alternative form:
if f =1, the integral is explicit; if f is continuous on [0, 1], f is bounded.

Solution: 0.

Problem 1.38 Let f be a continuous function such that lim f(x) =1,

r—00

1 TTT
1) Prove that for all » > 0 fixed, we have lim 7 ij'r f@t)dt =1.
. [ f(t)at
11) If we also have [ >0 and 3. f(k) # 0 for all n € IN, compute lfim 2

k=0 n—oo

> f(k)
k=0
Hint: i) Use Stolz test and part 7).

Solution: ii) 1.

Problem 1.39 Obtain the power series of f(x) = arctgz, integrating term by term the power
series of f/(x).

oS n.2n
Solution: arctgx = ) %

n=

for -1 <z <1.

Problem 1.40 Prove the following identities:
o

1) lim e “sinbrdr =0 (a>0),
b——+oo 0

:7]"

H)/ dz

a V(x—a)(b—2x)

111) /oot"e_tdt:n! (n € IN).
0

Hint: i) Compute the integral using parts twice; i) use a change of variables transforming the
interval [a,b] onto [—1, 1]; 4i7) use a recurrence relation already proven in a previous problem.

Problem 1.41 Consider isosceles triangles with base the line segments (n,n+1/2") and height
1, where n € IN (n > 0). Let f be the function whose graph is the polygonal made by the x axis
[e.e]

and the triangles. Show that / f=1
0

Problem 1.42 Given the function f(z) = {
by fn(x) = nf(nz). Evaluate

n—oo

1 1
i) lim [ fu(x)dz, i) / lm f,(z) dz.
0
Explain what is happening.
Solution: i) 1/3; ii) 0

14
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Problem 1.43

T

o
e
1) Analyze the convergence of the improper integral / — dx by comparing with the
1 x

corresponding series.

[e.°]

11) Analyze the convergence of the series nzzjz 7(log nyloen

ing integral. Apply a change of variables to this integral to transform it into the previous
one.

by comparing with the correspond-

111) Analyze the convergence of the series

- 1 - 1
a) nzz:z n(log n)a a >0, b) TLZ:; (log n)log(logn) ’

Hint: 44i.b) Make a change of variables and use the identity t* = e*1°8?, for a,t > 0.

t—log?t

Solution: i) C, use root test ; iii.a) C, Va > 1; #ii.b) D, because lim e = 0.

t—o0

[e.e]
Problem 1.44 To study the convergence of the integral / (—1)[9”2] dx, consider the limit
0

R 2 [Rz} 2 R 2
lim [ (~1)F°1dz = lim (/ (—1)[I}dx+/ (—1)[1‘}61:5),
R—oo Jg R—oo 0 /[RZ}

and analyze each limit separately.

1) Show that Rh’m (R — +/|R?]) =0.

11) Let M € IN, use the change of variables 22 = ¢ to prove the formula

VM M
/0 (1 de = 3 (-1 (Vi - Vi 1),
n=1

111) Conclude the convergence of the integral.

1v) Is it absolutely convergent?

Problem 1.45
n
1) Evaluate / log x dz. Compare the previous integral with its upper and lower sums

1
for the partition P = {1,2,...,n}. Deduce from the previous comparison the following
inequality:
(n—1)! < n"e " < nl,

n |

, n!
11) Evaluate lim —.
n—oo n

Solution: ii) 1/e.
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Problem 1.46 Find the area enclosed by the following curves:
)y=2a*y=(z-2)? y=(2-2)/6
) 22 +y? =1, 22 +y* =22,

m) y=01-2)/1+x),y=Q2-2)/(1+z),y=0,y=1,
1v) loop of the curve y? = (z — a)(z — b)?, with a < b.

Solution: i) 25/48; ii) 2r/3 — \/3/2; iii) log?2; iv) 8(b — a)®/?/15.

Problem 1.47 Find the area enclosed by the following curves given in parametric and polar
coordinates:

1) loop: z =12+ 1, y=t(t> —4), —2<t<2,

11) cycloid: = a(t —sint), y = a(l —cost), 0 <t <2r, and axis z,

11) spiral of Archimedes: r = af, 0 <6 < 27, and axis z,

1v) three-leaved rose: r = a cos 36,

v) lemniscate: 7 = av/cos20, 0<60 < /4.

Solution: i) 256/15; i) 3wa?; iii) 4a®w3/3; iv) ma®/4; v) a®/4.
2 —4

o and its asymp-

Problem 1.48 Find the area between the graph of the function f(z) =
tote.

Solution: The asymptote is y = 1 and the area 4.

Problem 1.49 Let A be the region bounded by the curves y = 22 and y = /z. Compute the
area of A and the revolution volume obtained by rotating A about the horizontal axis.

Solution: The area is 1/3 and the volume 37/10.

Problem 1.50 Evaluate the volumes formed by revolving the following regions about the x
axis:

1) 0<y<l+sinz, 0<z<2n,

11) 2 + (y — 2a)? < a?, the graph is the torus,

1) R? < 2?4+ y? < 4R?, the graph is an spherical ring,

1v) the surface bounded by the curves y = sinz and y = x, with = € [0, 7],

V) z=t—sint, 0 <y <1-—cost, 0<t<2nm.

Solution: i) 3w2; ii) 4w2a®; i) 287 R3/3; iv) /3 — 7%/2; v) 5n2.

Problem 1.51

2 2
1) Compute the volumes formed by revolving the ellipse x_2 + ‘7;—2 < 1 about the z and y
a

axes.

11) Compute the volume of the solid with base the previous ellipse and whose perpendicular
sections to the x axis are isosceles triangles of height 2.

16
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Solution: i) 4rab?/3 and 4mab/3 respectively; ii) mab.

Problem 1.52 Find the length of the following graphs:

1) catenary: y = e*/2 4+ e %2, (< z <2,
11) cycloid: x(t) = a(t —sint), y(t) = a(l —cost), 0 <t < 2m,
1) hypocycloid or astroid: #2/3 + y2/3 = 4,

2 _ 2
VPN Em ap<osa
X

v) cardioid: r = 14 cosf, 0<6 <2,
V1) circular helix : z(t) = acost, y(t) = asint, z(t) =bt, 0<t < 27.

1v) tractrix: y = alog (

Solution: i) e — 1/e; ii) 8a; iii) 48; iv) alog2; v) 8; vi) 2wV a? + b2.
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