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3. INTEGRALS DEPENDING ON A PARAMETER

Problem 3.1 Let f : [a,b] x [¢,d] — IR be a continuous function with of continuous. Define
OF

dy
F:la,b] X [¢,d] — IR as
Fa) = [ st
En

11) Find the derivative of G(x) = F(g(x), z), being g differentiable. Which are the domain
and the range of g?

F
1) Evaluate g— and —

Solution: ii) G'(z) = f(g(x),z)d (x) + fag(x) g—g(t,az)dt.

Problem 3.2 Find the derivatives of the following functions

2

Yy Y 00
i) F(y) = / sin(z? + y?)dz, i) G(y) = / e " Ydy, i) H(y) = / e cos(yzx)dz.
y? y 0
Solution: i) sin(2y ) — 2y sin(y* 4+ y2 —|—2yf2 cos(x? +y?)dx; i) 2ye” v fy _x2yd:n;
iii) — [, xe —2* sin(zy)de.

Problem 3.3 Let the function

_ [ (og(1 —at))?
Fz) = /0 L

1) Find the values of x such that F(z) is defined (that is, the integral converges).
11) Evaluate F'(z) and the resulting integral.

111) Analyze the increasing and decreasing intervals of F'.

Solution: 1) (—oo,1]; i) F'(x) = (log(1 — x))?/z; iii) F decreases on (—oo,0) and increases on
(0,1).

Problem 3.4 Let F,G : IR" — IR be defined as
x 2 2 1 e—x2(1+t2)
F(z) = </0 e dt) and G(z) :/0 Wdt.

1) F'(z) + G'(z) =0, for all z € IR.
1) F(z)+ G(x) = 7/4, for all z € R.

111) Deduce that / e dy = VT /2.
0

Prove that:
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o
Problem 3.5 Evaluate F(s) = / e sin(sx) dx, and, from it, compute
0
o
G(s) = / xe * cos(sx) dx.
0

Solution: F(s) = =, G(s) = (11-;582) .

X g—aT _ o=
Problem 3.6 Let F(a) = / ——du.
0 X
1) Analyze the convergence of the integral.
11) Evaluate F'(«) explicitly and, from it, compute F(«).

1) From the iterated derivatives of F¥)(a), compute

(@)
/ z"e "dz.
0

Solution: i) It converges for o > 0; 1) F'(a) = —1/a; F(a) = —log av; i4i) nl.

Problem 3.7 Prove that if h is a differentiable function on [0, c0), such that lim, .o h(z) =0
and if it is possible to differentiate under the integral sign, then, for all a, b > 0,

/00 h(az) = h(bz) dx = h(0)log(b/a).
0 x

Problem 3.8 Obtain explicitly the following functions by differentiating and then computing
the integral with respect to the parameter:

/2 1 d
1) F(s) :/0 log< +SCOS%> ° , with |s| < 1.

1—scosz ) cosx

00 2
1) Ga)= | log(1+% ) do, witha e R.
0 z?

Lar —1
1) H(p) :/ ] dr, with p > —1.
o 08T

7r/21 1 — A\2sin2
v) I(\) :/ 0g(1 = \"sin"2) ) ith || < 1.
0

sin x

v) K(z) = / e 7P gt with z € R.
0

Hint: i¢) As G is an even function, it is enough to consider the case a > 0; v) make the change
of variables s = x/t to prove that K'(z) = —2K (x).

Solution: 1) F(s) = marcsins; ii) G(a) = w|al; #i) H(p) = log(p + 1); iv) I(\) = —(arcsin \)?;
v) K(z) = /me 2%l /2,

Problem 3.9 Obtain explicitly the function

F(t):/ el VE>0.
0 X

If F' is continuous at 0, deduce the value of the Dirichlet’s integral

oo -
S x T
dr = —.

0 X 2
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Solution: F(t) = w/2 — arctgt.

Problem 3.10 Use the identity

[e.e]
/ cos aa; do — Fea
0 1 +x 2

*  sinazx T
———dr=—(1—-e"%).
/0 it =g

to prove that

Problem 3.11 Show that

m/(a) g 1 /7
Y dr= — (T _10g2).
/0 cos? ax du 2a2(2 8 )

Hint: Differentiate tgax with respect to a (or integrate by parts).

Problem 3.12 Prove that

a dx T+ 2
J = = if 0.
(a) /0 (a? 4 22)? 8a3 ’ =

Problem 3.13 Show that
/7r log(1 + cos z) 2
——~dx ,
0 COS T 2

computing first
Tlog(1+t
/ og(1+tcosx) s
0 cos

Solution: The parametric integral is m - arcsin t.

Problem 3.14 Prove that

2

1 _eg @
[
0

X

Hint: Do it similarly to the previous problem.

Problem 3.15 Let F(\) = / % Write the derivatives of F' and, after computing the
0
integral, prove that for all A > 0,
/°° dx ~1-3---@2n-1) T (2n)!
o (@)t onp 2AmHL/2 T (p1)2(24/X )2t
Solution: F(\) = 7/(2V/\).
Problem 3.16
1) Find, for A\ > 0, the integral
w/2
/ (sin 2)* cos z d.
0
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11) Use part ) to prove that if A > 0 and n € IN, we have

/2 —1)"n!
/0 (sin ) cos z [log(sin z)]" dz = % .
Solution: i) 1/(A + 1).

Problem 3.17 Let

2z

log(1 + 2zt

F(a:):/ %dt, x>0.
0

1) Check that F' is differentiable on (0, 00) and show that

Fl(z) = log(1 + 422) dx
14 422 1+ 422

arctg 2x .

11) Using part i), prove that
F(z) =log V1 + 422 arctg2x.

Problem 3.18 Suppose that it is possible to differentiate under the integral sign, show that if

a and b are positive, then
/°° cos ax — cos bx
0

T
= da::g(b—a).

Problem 3.19 Suppose that it is possible to differentiate under the integral sign, show that if
a and b are positive, then

o0
/ (e/7" _ e V)" 4y = /7(b — a).
0
Hint: After computing the partial derivative perform a change of variables.

Problem 3.20

1) Prove that if s is non zero, t € IR, and if we define
&0 2,.2
F(t) :/ e """ cos(2tx) dx,
0

it is verified the differential equation

11) Obtain F(t) if F(0) =

£

Solution: F(t) = %e_ﬁ/sz.
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Important examples of integrals depending on a parameter and its applications:

Problem 3.21 Prove the following properties of the gamma function

1) T'is continuous and differentiable. Evaluate I'"™ (z).
n) I'(l) =T (2) =1; T'(1/2) = /7.
m) Dz + 1) = al'(z).

1v) Deduce from the previous result that h’m+ I'(z) = 4o0.
z—0

v)Ifne N, T'(n+1) =nl
vi) Find I'(3/2) and I'(5/2).

1

~(2n)!
vil) If ne IN, T <n+ 5) = 22%!\/7_7.

vin) [ e ade = nl/a™, if a >0 and n € IN.

1
Problem 3.22 If / log(T'(x)) dz = K, compute the value of the integral
0

a+1
/ log(I'(z)) dz
(0%

taking first the derivative with respect to the parameter.
Solution: a(loga — 1) + K.
Problem 3.23 Prove the following properties of the beta function

1

B(p,q) = / P71 — 2)7 N, p,q > 0.
0

1) B(p,q) = B(q,p).

11) B is continuous and differentiable on each variable. Prove that

gvtmp 1 n ) "
apnaqm(P’Q)Z/o 2?~(logz)" (1 — )" (log(1 — ))"dx,  p,q>0.
m) g > 1, then B(p,q) = —2 1 B(p.q— 1)
q>1, pa) =~ —Ba—1)
) If m,n € IN,

-1
(m4n+1)Bm+1n+1)= (”ﬁ")

w/2
v) B(p,q) = 2/ (cost)?P~! (sint)20 1 gt.
0

vi) B(p,q) = %-

!
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tr—1

B = —dt
vit) B(p,q) /0 DR
vii) B(1/2,1/2) = m; and as a consequence, I'(1/2) = /7.

Hint: vi) Use the formula I'(p) = 2 f o 22p=1e=2" I3 and change to polar coordinates to compute
L(p)L(q)-

Problem 3.24 Using the beta and gamma functions, compute the following integrals

a 1
/ *\Va? —22dx (a>0) i7) / V1—t2dt
0 0

1 ) , o0 dx
141) /Olog (1/z)dz (p>—1) iv) /0 W

Xy g2 , > dz
v) /0 ate™™ da vi) /0 Traps
Solution: i) wa*/16; ii) 7/4; iii) T'(p + 1); iv) m; v) 3v/7/(392/7).
Problem 3.25
1) Prove the formula for a, b, ¢ > —1,

T(a+ D)T(b+ )T (c+1)
a, b c

1 -2 —y)°dady = ,
/ny( @~ y) dedy T(a+b+c+3)

where D is the triangle bounded by the line z + y = 1 and the coordinate axes.

11) As an application of part i), prove that, for p, ¢, r > 0,

L(p)I'(g)'(r)
Flp+qg+r+1)

/ 2Pyt dedydz: =
Q

with Q the tetrahedron Q ={z,y,2 >0, c+y+2<1}.
111) Prove the identity

aPbic” T(p/2)T(q/2)T'(r/2)
8 T(lp+a+r+2)/2)

/ 2P~y e dydz =
14

where V' is the interior of the ellipsoid in the first octant
22 2 2
Vz{x,y,zEO +b—2—|—— 1}.

1v) Compute the volume of the interior of the ellipsoid.

Hint: i) Apply the change of variables u =z +y, v = %, and use the relation between the
rTy

beta and gamma functions. iii) perform a change of variables transforming ellipsoids into planes.

Solution: iv) 4mwabe/3.
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Problem 3.26 If f:[0,00) — IR is integrable, and has exponential growth (that is, | f(¢)| <
ce* for all t > T, where ¢, «, T are certain constants depending on f), the Laplace transform
of f is defined as

Lne) = [ Te () dt.

0
1) Prove that L(f)(s) converges for s € (a, 00) and that is continuous on such interval.
11) Prove that if |f(¢)] < ce®, for all ¢ > 0, then
|L(f)(s)| < ¢ , 5> a.

S —«

Problem 3.27

1) Prove that if f(¢t) =1, L(f)(s) = 1/s, for s > 0.
11) Making integration by parts, prove that if f(¢) =t", (n € IN), then

|
L) =555, s>0.

1) Using the gamma function, prove that if f(¢) = ¢~/2, then

L(f)(s) =

s
S

Does this contradict part iz) of the previous problem?

Problem 3.28 Prove the following properties of the Laplace transform:

1) Lef +Bg) =aL(f)+BL(g), ofelR
11) Defining f = 0 for ¢ < 0, then if a > 0 we have,

LU (= a))(s) = e L(f)(s)
) L(e=®f(t))(s) = L(f)(s + a), a € R.
) L(f@)(s) = - L) (3), a0

Problem 3.29 With the previous properties compute the Laplace transform of the following
functions, indicating in each case its domain.

1) f(z) =e*, (a€R),

1) f(z) =ze*, (a€R),

1) f(x) =az"e, (a€ R, nelN),

v) f(x) =sin(ax), (a€ R),

v) f(z) = cos(ax), (a€ IR),

vi) f(x) =e “cos(bz), (a,be€ IR),

vil) f(z) =e *“sin(bx), (a,b€ R),

viin) f(x) = sin® z,
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1X) f(x) = cos? .

Solution: i) 1/(s — a), s > a; ii) 1/(s — a)?, s > a; 4ii) n!/(s — a)"*!, s > a;
iv) a/(s? +a?), s > 0; v) s/(s> +a?), s > 0; vi) (s +a)/(b* + (s + a)?), s > —a;
vii) b/ (b + (s + a)?), s > —a; viii) 2/[s(s® +4)], s > 0; iz) (s +2)/[s(s> +4)], s > 0.

Problem 3.30 Let f be a continuous function on [0, c0) with exponential growth.

1) Prove that if f is differentiable on (0,00) and f’ is continuous, then
L(f")(s) = s L(f)(s) — £(0).
11) Deduce from ) that if f” is continuous, then
L(f")(s) = s> L(f)(s) — s f(0) = '(0).

111) Prove that L(f) is differentiable and verifies
o L)) = =Lt f(1)(s).

1v) Prove that L(f) has derivatives of all orders, verifying

LA = (1 LEF0)(s).

Problem 3.31 Using the previous problem, find the Laplace transform of the following func-
tions, showing in each case its domain:
1) f(z) =a" (ne€N),
1) f(x) =xze”,
1) f(z) =xcos(ax) (a€ R),
v) f(x) = 2?sin(ax) (a € R),
v) f(x) = sindz,
vi) f(z) = cos’z.
Hint: v) 4sinz = 3sin 2 — sin 3x; vi) 4 cos®>z = 3cos x + cos 3z
Solution: i) n!/s" s> 0;4i) 1/(s — 1)%, s > 1; iid) (s® — a?)/(s® + a?)?, s > 0;

iv) (6as® —2a3)/(s% +a?)3, s > 0; v) 6/[(s®> + 1)(s% +9)], s > 0;
vi) (83 +7s)/[(s* + 1)(s* + 9)], s > 0.

Problem 3.32 Prove that if f is continuous on [0,00) and has exponential growth, then the
same is true for the function
/ 7

and it is verified
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Problem 3.33 Use the properties of the Laplace transform to prove that if

fw = [

then

L(f/)(s) —arctgs — g , L(f)(s) = arc;gs

Problem 3.34 Evaluate the Laplace transform of the function
f(z) = 3:/ e~ sin(bt) dt, a,belR.
0

Solution: b(3s? + 4as + a® + b%)/(s*((s + a)? + b%)?).
Problem 3.35

1) Express the Laplace transform of the function f(z) = %, (o > —1), with the help of the
gamma function.

11) Find the Laplace transform of the functions

b) f(z) =2%"" (a€ R,a>—1).

Solution: i) I'(a+ 1) /s di.a) /7/(s — 1); i3.b) T(a+ 1) /(s — a)*FL.

Problem 3.36 Find the function whose Laplace transform is

) 1 i) 1
7 )
s2—1 s+ 1)
1 1
i) N iv) o (ne IN)
) 1 ) 4s 4+ 12
v vl —_—
(s —1)2(s2+1) s2+8s+ 16
Se—ﬂs/2 1

Solution: i) sinhx = (e — e™%)/2; ii) we™™; iii) 1 — (z + 1)e™%; iv) 2" 1/(n — 1)}; v) &((z —
1)e® 4 cos x); vi) 4(1 — x)e™*; vid) cos(a(x — 7/2)) if & > 7/2, 0 if x < 7/2; viii) 1//7x.

Problem 3.37 Let f : (0,00) — IR be a piecewise continuous function with exponential
growth.

1) Prove that if f is periodic of period P, that is, f(z + P) = f(x) for all z > 0, then

p
L(f)(s) = ﬁ/o et (t) dt.
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11) As an application of the previous formula, compute the transform of Laplace of the
function f(z) = x — [z], where [z] denotes the integer part of .

Hint: i) Divide the integral that defines L(f) in two parts, one defined on [0, P] and the other on
[P, oc]. Make an appropriate change of variables in the second integral to exploit the periodicity
of f.

1/1 Ly

Solution: i) < (5 — z—1)-

Problem 3.38 Solve the following initial value problems

. y — 3y = e ) { y' + 3y = sin 2t
i i
) Lo " Ly =0
Yy — by = cos 3t . { Y —y=e?
iii iv
o2 D Ly =0, y(0) =1
) { y" + 16y = cos 4t vi) { '+ 2y +y=e3
y(0) =0, y'(0) =1 y(0)=1, y'(0) =0

g y" — 6y + 9y = t?e¥ { Y'+ 4y +6y=1+e"
vii Vi
{02 oo P Lo =0, y0) =0
Solution: i) y(t) = 23 — e'; ii) y(t) = (2e73! — 2cos 2t + 3sin 2t)/13;
ii1) y(t) = (22e% — 5cos 3t + 3sin 3t)/34; iv) y(t) = (e* —e7t)/3;
v) y(t) = [(2 +t) sin4t]/8; vi) y(t) = (e73t + 3e~t + 6te™!)/4;
vii) y(t) = (24 + t*)e3 /12; viii); y(t) = (1 +2e~! — 3e ! cos(v/2t) — 2v/2 e~ sin(v/21)) /6.
Problem 3.39 Let f and g be continuous functions on ([0, c0), such that f(z) = g(x) = 0 for
all z < 0, we define the convolution of f and g as

(f*g)(x / fly x—y)dyz/:f(y)g(fc—

i) Show that the convolution is commutative, that is, f*xg=g* f.

ii) Prove that if f or g are differentiable (even though the other is not differentiable), then
f = g is differentiable, compute (f * g)’.

iii) Show that if f and g have exponential growth, then its convolution has it also and the
following identity is verified

L(f *g) = L(f) L(g) -
iv) Find L(f % g) iff(z) = €®, g(z) =sinz, and x > 0, (=0 if z < 0).

v) Find the function whose Laplace transform is

1 1
Vo0 Erer

vi) Find the function f(x) verifying the identity

+ / fy)e* Ydy — 32> +e % =0.
0

Solutz’on' i) (fxg) =f*(J)=

(
v.b) = (sinat — at cos at); vi) f(z

) * g; i) 1[(s = 1)(s* + 1)]; v.a) 3(e* —e);
) =327 —a® +1—2"

10





