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Escuela Politécnica Superior
Departamento de Matemáticas
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Problem 1. (2.5 p.) Analize the convergence of the following improper integrals depending
on the given parameters:

a)
∫ ∞

1

dx

xα 3
√

1 + x3
, for α ∈ R,

b)
∫ 1

0
xp(1− x)q dx, for p, q ∈ R.

Problem 2. (2.5 p.) Let D = {(x, y) ∈ R2 : 1 ≤ x2 + y2 ≤ 4, x, y ≥ 0}. Compute the
following integral ∫∫

D

log(
√

x2 + y2)√
x2 + y2

dxdy.

Problem 3. (2.5 p.) Given the force field in R2,

F(x, y) =
(π

2
cos (πx/2)esin (πx/2) + 2xy2, 2yx2

)
.

(a) Determine if the field is conservative. In case it is conservative, find its potential function.

(b) Compute the work done by F in moving a particle along the curve
{y = 1 + x, x ∈ [−1, 0]} ∪ {y = 1− x, x ∈ [0, 1]}, from (−1, 0) to (1, 0).

Problem 4. (2.5 p.) Verify the Gauss’s Divergence Theorem to compute the outer flux
through the unit sphere of the following vector field

F(x, y, z) = (y,−x, z) .



1. a) Comparing with the function g(x) =
1

xα+1
, that converges for α > 0:

lim
x→∞

1
xα 3
√

1 + x3

1
xα+1

= lim
x→∞

x
3
√

1 + x3
= lim

x→∞
1

3
√

1/x3 + 1
= 1,

therefore, by the limit comparison test, the integral converges for α > 0 and diverges for
α ≤ 0.

b) Breaking the integral as
∫ 1

0
xp(1− x)q dx =

∫ 1/2

0
xp(1− x)q dx +

∫ 1

1/2
xp(1− x)q dx.

The first one is improper at x = 0. We compare it with xp that converges for p > −1:

lim
x→0

xp(1− x)q

xp
= 1,

thus, both have the same behaviour, so it converges for p > −1.
The second one is improper at x = 1. With the change of variables t = 1− x,∫ 1

1/2
xp(1− x)q dx =

∫ 1/2

0
tq(1− t)p dt, the integral becomes as the previous one changing

the roles of p and q, so this integral converges for q > −1.
Therefore, the integral converges for p, q > −1.

2.
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∫∫

D

log(
√

x2 + y2)√
x2 + y2

dxdy =
polar

∫ π/2

0
dθ

∫ 2

1

r log r

r
dr =

=
π

2

∫ 2

1
log r dr =

π

2

[
r log r − r

]2

1
=

π

2
[2 log 2− 1].

To compute
∫ 2
1 log r dr we do integration by parts with

u = log r and dv = dr.

3. a) If we denote F = (P,Q), since
∂P

∂y
= 4xy =

∂Q

∂x
, the force field is conservative.

The potential f is obtained from F = ∇f . The second equation gives us
∂f

∂y
= 2yx2 ⇒

f = y2x2 + g(x), where g(x) is a function depending only on the variable x. From the first
equation:

∂f

∂x
= 2xy2 + g′(x) =

π

2
cos (πx/2)esin (πx/2) + 2xy2 ⇒

g′(x) =
π

2
cos (πx/2)esin (πx/2) ⇒

g(x) =
∫

π

2
cos (πx/2)esin (πx/2) dx = esin (πx/2) + C.

Therefore, the potential is f(x, y) = esin (πx/2) + y2x2 + C.
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b) As the force field is conservative, the work done is

W =
∫

l
F · dr = f(1, 0)− f(−1, 0) =

= esin (π/2) − esin (−π/2) = e− e−1.

We can obtain also the work without using the potential, using the fact that for two any tra-
jectories with same endpoints the work is the same. Thus, choosing the following, r = (x, 0),
x ∈ [−1, 1], the work done is:

W =
∫ 1

−1

(π

2
cos (πx/2)esin (πx/2), 0

)
· (1, 0) dx = esin (πx/2)

∣∣ 1

−1
= e− e−1.

4. We have to verify the Gauss’s Divergence Theorem
∫∫∫

Ω

divF dv =
∫∫

∂Ω

F · dS,

so we have to calculate both integrals.

∫∫∫

Ω

divF dv =
∫∫∫

Ω

1 dV =
spherical

∫ 2π

0
dθ

∫ π

0
sinφdφ

∫ 1

0
r2 dr = 2π

[
− cosφ

]π

0

r3

3

∣∣∣∣
1

0

=
4π

3
.

To compute this integral, we need to parametrize the surface ∂Ω of the unit sphere:
Φ(φ, θ) = (cos θ sinφ, sin θ sinφ, cosφ), θ ∈ [0, 2π], φ ∈ [0, π].
Φφ ×Φθ = (sin2 φ cos θ, sin2 φ sin θ, sinφ cosφ). Therefore, we have that

∫∫

∂Ω

F · dS =
∫ 2π

0
dθ

∫ π

0
F(Φ(φ, θ)) ·Φφ ×Φθ dφ =

=
∫ 2π

0
dθ

∫ π

0
(sin θ sinφ,− cos θ sinφ, cosφ) · (sin2 φ cos θ, sin2 φ sin θ, sinφ cosφ) dφ =

=
∫ 2π

0
dθ

∫ π

0
cos2 φ sinφdφ = 2π

[
− cos3 φ

3

]3

0

=
4π

3
.

Notice that we have chosen this orientation, that is the one corresponding with the outwards
normal. This can be seen easily choosing the point (1, 0, 0), that is, for the values of θ = 0 and
φ = π/2, so we get Φφ ×Φθ = (1, 0, 0), that is the correct one.
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