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Problema 1. (2.5 p.) Solve the following initial value problem

y′′ − 8y′ + 16y = t2e4t,

y(0) = 3, y′(0) = 12.

Problema 2. (2.5 p.) Let K =
{

(x, y, z) ∈ R3 : x2 +
y2

4
+

z2

9
≤ 1, z ≥ 0

}
, find the integral

∫∫∫

K

z dx dy dz.

Problema 3. (2.5 p.) Verify Green’s Theorem to compute the line integral of the function
F(x, y) = (−y +1, x2 + y2), along the curve {x2 + y2 = 1, y > 0}∪{y = 0, x ∈ [−1, 1]} positively
oriented, that is, counterclockwise.

Problema 4. (2.5 p.) Let C be the intersection curve of the plane y + z = 2 with the cylinder
x2 + y2 = 1, oriented positively when we project it onto the plane z = 0. Compute the line
integral ∫

C
−y2dx + xdy + z2dz.



1. If we do the Transform of Laplace to the equation, we get

s2F (s)− sy(0)− y′(0)− 8(sF (s)− y(0)) + 16F (s) = L[t2e4t](s) =
2!

(s− 4)3
=

= F (s)(s2 − 8s + 16)− 3s− 12 + 24 =
2

(s− 4)3
→ F (s) =

3
s− 4

+
2

(s− 4)5
→

y(t) = e4t
(
3 +

t4

12

)
.

2. With the following changes of variables:

First C. V.:





x = u,

y = 2v,

z = 3w

J = 6. On the region K ′ = {u2 + v2 + z2 ≤ 1, w ≥ 0}.

Second C. V., to spherical coordinates:





u = r cos θ sinφ,

v = r sin θ sinφ,

w = r cosφ,

|J | = r2 sinφ,

r ∈ [0, 1], θ ∈ [0, 2π], φ ∈ [0, π/2]. The integral becomes

∫∫∫
K

z dx dy dz = 18
∫∫∫
K′

w du dv dw = 18
∫ 2π
0 dθ

∫ π/2
0 sinφ cosφdφ

∫ 1
0 r3dr =

18 · 2π
sin2 φ

2

∣∣∣∣
π/2

0

r4

4

∣∣∣∣
1

0

=
9π

2
.

3. Green’s Theorem says that

−1 0 1
0

1

X

Y

C
∫

C
P dx + Qdy =

∫∫

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy.

Therefore, we must compute both integrals:
∫∫

D

(
∂Q

∂x
− ∂P

∂y

)
dxdy =

∫∫

D

(2x + 1) dxdy =
C.V.polar

∫ π

0
dθ

∫ 1

0
(2r cos θ + 1)r dr =

= 2
∫ π

0
cos θ dθ

∫ 1

0
r2 dr +

∫ π

0
dθ

∫ 1

0
r dr = −2 [sin θ]π0 ·

[
r3

3

]1

0

+ π

[
r2

2

]1

0

=
π

2
.

For the other integral, we break the parametrization of the curve in two parts:{
C1 → r1 = (x, 0), x ∈ [−1, 1]
C2 → r2 = (cos t, sin t), t ∈ [0, π]

, so we have that

∫

C
P dx + Qdy =

∫ 1

−1
(1, x2) · (1, 0) dx +

∫ π

0
(− sin t + 1, 1) · (− sin t, cos t) dt =

=
∫ 1

−1
dx +

∫ π

0

(
sin2 t− sin t + cos t

)
dt =

∫ 1

−1
dx +

∫ π

0

(
1− cos 2t

2
− sin t + cos t

)
dt =

= [x]1−1 +
[
cos t + sin t +

t

2
− sin 2t

4

]π

0

= 2− 2 +
π

2
=

π

2
.
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4. Using Stokes’s Theorem the integral becomes easier:

−1

0

1 −1
0

1

0

1

2

3

X

Y

Z

∫

C
F · dr =

∫∫

S

curlF · dS, where C = ∂S.

Since curlF = curl (−y2, x, z2) = (0, 0, 1 + 2y).
We parametrize the surface as
Φ = (r cos θ, r sin θ, 2− r sin θ), r ∈ [0, 1], θ ∈ [0, 2π], thus,
Φr×Φθ = (0, r, r), that has the proper orientation. Therefore, the
integral reads

∫

C
F · dr =

∫∫

S

curlF · dS =
∫ 2π

0
dθ

∫ 1

0
(0, 0, 1 + 2r sin θ) · (0, r, r) dr =

= 2
∫ 2π

0
sin θ dθ

∫ 1

0
r2 dr +

∫ 2π

0
dθ

∫ 1

0
r dr = 0 + 2π

[
r2

2

]1

0

= π.
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