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Pulse amplitude (linear) modulations

@ Linear modulation in a N-dimensional signal space

ZZA - ¢j(t — nT)

n j= =0

» Information is linearly conveyed
* In the amplitude of the set of functions {¢;(1) '

» Encoder: A[n|
* Constellation in a space of dimension N
* Designed considering energy (E,) and performance (P.,
BER)
- E;: mean energy per symbol (E; = E[|A[n][*])
- P,: probability of symbol error
- BER: bit error rate
> Modulator: {¢; (1)}’
* Designed considering channel characteristics
* |deally: the only distortion appearing after the transmission is
additive noise (white and Gaussian)
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Baseband PAM modulation
@ One-dimensional modulation: N =1

ZA g(t — nT)
PAM (Pulse Amplitude Modulation)
ASK (Amplitude Shift Keying)

@ Constellations - Normalized: A[n] € {£1,43,--- ,£(M — 1)}
Examples: 2-PAM (a), 4-PAM (b), 8-PAM (c)

-7 45 -3 —1 +1 43 +5 +7
4’—.—.—.—'—.—.—.—.7
0 Aln]

(c)
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PAM modulation as a filtering process

@ Signal of symbols: impulses with amplitudes A[n]

a(t) = Aln] - 6(t — nT)

@ Generation of PAM signal

All] A[3]

A

0] A[2]

0O T 2T 3T

B/ Aln a(t s(t
0 [ rcoger LARL. a0 [T T )
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Selection of g(r) waveforms

@ Waveform g(z) tipically receives two names:

» Transmitter filter
» Shaping pulse (although it is not necessarily a pulse)

@ Selection to be able of identify sequence A[n] from s(¢)

» Pulses with duration limited to symbol period T
* No overlapping between waveforms delayed nT seconds

1 t
8a(1) 7T II (T)
* Symbol A[n] determines signal amplitude in its associated
symbol interval
» Pulses with higher length
* Overlapping: non-destructive interference at some point each
T seconds
(1) = 1 sinc <£)
8b T T
*x  Symbol A[n] determines signal amplitude at the
nondestructive point associated to its symbol interval
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Sinc pulses - Pulses shifted 7 seconds
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Sinc pulses - Contribution of each symbol

n | 0 1 =2 3 4 5 6 7 8 9
Al [ #1 =1 -1 1 +1  +1 —1 +1 —1 I

@ Sequence:
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Sinc pulses - Waveform
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@ Sequence:
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@ Sequence:
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Spectrum of a baseband PAM
@ PAM baseband signal

s(t) = S Aln] - gt — nT)

@ Let {A[n]}52 _ . be a sequence of random variables (stationary
random process):

E[A[n]] =m

E[|A[n]?] = E,

E[A[K] - A*[f]] = Ralk — j] = Ra[j — &]
Power spectral density function of A[n]| is

vV v v v

o0

Sa(e) = Y Ruln]-e*"

n=—oo

@ Let g(r) be any deterministic function with Fourier transform G(jw)
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Review: Wiener-Khinchin theorem

@ Power spectral density

Sx (juw) défE[lim M] — Iim E[‘XT](fw)'z].

T—o0

T— o0
@ Wiener-Khinchin theorem

If for any finite value 7 ans any interval A, of length ||, the
autocorrelationof random process fulfills

< 00,

/ Rx(t + 7, t)dt
A

power spectral density of X(¢) is given by the Fourier transform of

def T/2
< Rx(t+7,t) >= lim —/ Rx(t+ 7,t) - dt.
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Corollary of Wiener-Khinchin theorem

@ Corollary 1: If X(¢) is an stationary process and 7Rx (1) < oo for all
T < o0, then
Sx(jw) = TF[Rx(7)].

@ Corollary 2: If X(¢) is cyclostationary and

< 00,

T,
/ Rx(t+ 7,t)dt
0

then N
Sx(jw) = TF[Rx(7)],

where

» 1 T,/2
k(=7 | Rt
o —41o

and T, is the period of the cyclostationary process.
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Mean and autocorrelation of a baseband PAM

@ Definition of random process for PAM signal

ZA (t — nT)

n——oo

@ Mean of random process X(t)

=E|> Alnjg(t— nT)] = E[An])g(t —nT) =m) _g(t —nT)

@ Autocorrelation function of random process X(¢)
Rx(t,t+71) = EX()X*(t + 7)]

—E {(ZA[k]g(tkT) (ZA* (t+7- m)]

_ZZE[A [K|A*[j])g(t — kT)g* (t + T — jT)

:ZZRAk—]g t —kT)g*(t + 71 —jT)
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Cyclostationarity

@ Mean is a periodical function of  (period T)

mx(t+T)=m> gt+T—nT)=m) g(t—(n—1)T)
=mZg(t—jT)=mx<t)

@ Autocorrelation is a periodical function of ¢ (period T)
Rx(t+T,t+7+T) =
=Y > Rulk—jlg(t+ T —kT)g*(t + T + 7 — jT)
koo

- ZZRA[k_j]g<t_ (k— l)T)g*(t_ (]'_ 1)T+7_)
ko J
- ZZRA["H' 1—(n+1)]g(t —mT)g"(t —nT + 7)

- ZZRA[m —n|g(t —mT)g*(t —nT +7) = Rx(t,t +7)
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Time average of autocorrelation function

~ 1

T
Re(r) = /0 Ry(t,t + 7)dt

:%/0 ;ZRA[k—j]g(t—kT)g*(t+T—jT)dt
1 [ee}

“LY Y R / gt~ KT)g 1+ 7 — (k- m) T

k=—o00 m=—o0

| & o —(k=1)T )

== mzz_:oo R [m] k:z_:oo /_kT g(u)g"(u+7—mT)du
= %m;oo Ry [m] /_O; g(u)g"(u+7—mT)du

= %nijoo Ryn]rg(nT — 1),

re(t) = g(1) x g" (1)
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Power spectral density (PSD)

Z Raln] - ro(nT — 1)
1
:—rg ZRAn] d(1 —nT)
1 [ee}
== '8(7)*g*(—7)*n;ooRA[n]'5(7—"T)

Sx(jw) = FT {Ry(7)}

1
— 1 Gw) - 6(iv) S Raln] - e

n—=-—oo

= 1 [GGw)P - $4(eT)
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Power spectral density (ll)

8.() = 7.+ Su(e7) - |Gjo)

@ Three contributions:

> A constant factor scale: 1 = R, bauds
» A deterministic component given by g(¢): |G(jw)|?
» A statistical component given by A[n]: Sa(e/*)

@ For white sequences A[n] (the most typical case)
Riln) = E,-d[n), Sa(e”) =E,=E{|A[n]]*}

S.(w) = 22 Glj)

» g(1): Shaping pulse (determines the shape of spectrum)
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Spectrum for white sequences - PSDs

Ga(jw) = VT - sinc (j—:) . Gpjw) = VT-TI (c;_:)

Es

8a(1)
—gp(?)

— | 1 1 | —
_ 57 4 3w 2

us 0 s s 2T am
T T T T T T T T T T w
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PSD for coloured data sequence

@ PSD shape can be modified by introducing correlation in
the sequence

® { or) UL

Al .

@ White sequence A[n]: 2-PAM (A[n] € {£1})
> Mean energy per symbol: E; = E {\A[n]ﬂ =1
@ Coloured sequence
Bln] = Aln| +Aln — 1]

sty = > Bln] - g(t — nT)

n=-—0o0
g LGwerudad . L. . . . .
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Autocorrelation function of B|n]
@ Autocorrelation of A[n]: R4[k] = E; - d[k] = I[K]
@ Autocorrelation function of B|n]
Rplk] =E [B[n|B*[n + k||
=E[(A[n] +Aln—1]) - (A[n + k| + Aln + k — 1])]
=E[A[n]A[n + k|| + E [A[n]A[n + k — 1]]
+E[An—1|An+ k|| + E[An—1]An+ k — 1]]

=Ru[k] + Ralk — 1] 4+ Ra[k + 1] + R4 [K]
=2R,[k] + Rulk — 1] + Rulk + 1]

Rplk]
2}
I 1 [
| 1 0 1 k
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Power spectral density

@ PSD for sequence B|n]
Sp (¢) =FT {Rg[k]} = > Rp[k] - e 7
k

0. e]'w-O _|_ejw-1 i e—jw-l
=2 [1 + cos(w)]

@ PSD for baseband PAM signal s(¢)

This system transmits data sequence Bn|
. 1 jwT ; 2
Ss(jw) = 7 - S(e"™") - [G(jw)]
Evaluating the previously obtained expression for Sz(¢/)) in wT we have

S(j) = = [1 + cos(wT)] - [Gi)
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Power spectral density with g,(7)
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Power spectral density with g,(7)

2E,
— Ss(jw)
L | | 1 | | |
_S5r _4n _ 3w _2m _ T 0 s 2 37 s 5T
T T T T T T T T T T
w
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Power spectral density with g,(7)

Ao
SB (e]wT
Ss(jw)
5t _4nm 3w 2w _ T 0 s 27 3 4 57
T T T T T T T T T T
w
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Power spectral density with g,(7)
2FE;
— Ss(jw)
1 ] | | 1 | ] | |
5t _4nm 3w 2w _ T 0 s 27 37 47 S
T T T T T T T T T T
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Power of a baseband PAM modulation

@ Power can be obtained from S (jw)
1 oo

Ps = i Ss(jw) dw

@ For white symbol sequences A|n]

E 1 [
Ps=— . — G(jw)|* d
s= 7o _OO\ (jw)]* dw
£{5(1))

» If g(¢) is normalized, by applying Parseval’s relationship

E
s
T
gmm“”‘““ U (©Marcelino Lézaro, 2013 Digital Communications Linear modulations 27/113

Equivalent discrete channel

t t
A Modulator s() = Channel r(?) =Demodu|atori~
XX
A qulvalent q
Discrete —
Channel

@ Provides the discrete time expression for observations at the
output of the demodulator ¢[r] as a function of the transmitted

sequence Aln]

» Inideal systems: ¢g[n] = A[n] + n[n]
Gaussian distributions for observations (conditioned to A[n] = a;)

1 _ "q?f""z
Jain) A (qlai) = We 0

@ Expressions will now be obtained for two channel models

» Gaussian channel
» Linear channel

g LGwerudad .
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Transmission of PAM signals over Gaussian channels

Al W0 o) y al
AV g0 e
\T;(t) t=nT

Gaussian Channel

@ Gaussian channel model
» Distortion during transmission is limited to noise addition

r(t) = s(t) + n(z)

n(t): stationary random process, white, Gaussian, zero mean, S, (jw) = Ny/2

@ Receiver filter f (1)
» Typical set up: matched filter
f(t) =g"(—t) = g(—1), because g(1) is real
@ Signal at the input of the sampler

q(1) = s(t) * f(2) + n(1)  f(1)

@®©© (©Marcelino Lézaro, 2013 Digital Communications Linear modulations 29/113

Equivalent discrete channel for Gaussian channels
@ Signal before sampling

s(1)
;A[k] g(t—KT) | +f(0)+  n() «f(1)

Filtered noise z(z)

-~

Noiseless output o(?)

:ZA[k]-( (t — kT)) * f(t ) ZA[k (t — kT)

@ p(t) = g(r) = f(¢): joint transmitter-receiver response
» This joint response determines the noiseless output at the receiver

@ Observation at demodulator output

qln] = q(1), 7 = ZA — k)T) + z(nT)

£ () § Universidad
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Equivalent discrete channel for Gaussian channels (ll)

@ Definition of equivalent discrete channel p[n]
ph]zz%ﬂh_ﬂ~ oln] + z[n]

Noiseless output o[n

E:A — k| = Aln] x pln]

Aln]

pln] —@—*q u

@ |deal: p[n| = 6[n] — g[n] = A[n]
@ Real: Intersymbol interference

qln] = 0] +

+ z[n]
(ISI)

ZA — k] + 2[n]
;én

B|_§:A — K]

ot @(D@@ (©Marcelino Lizaro, 2013
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Effect of ISI - Extended constellation
@ ISI produces an extended constellation at the receiver side

Values of noiseless discrete output o[n] = An] * p[n]

@ Example: 2-PAM modulation

Channel A Channel B
pln] :5[n]+%5[n—1] pln] :5[n]+%5[n—1]+%5[n—2]
o[n] = A[n] + %A[n —1] oln] = A[n] + 3A[n — 1] + 7A[n — 2]
Aln] Aln — 1] Aln — 2] 0[117]
— +1 +1 +1 +1
A AT o o
+1 +1 +3 1 -1 1 +3
+1 —1 +3 11 1 1 +1
—1 +1 _3 —1 +1 +1 —1
4 —1 +1 —1 -3
—1 —1 — 3
—1 —1 1 —3
—1 —1 .y —7
2-PAM constellation ® Aln =
I @ I @ I
—2 —1 0 +1 +2 @ Al =—

Extended constellation (Channel A)

-2 —1 0 +1

F—04%@0—F—0<4+0— HO—0<+0—0 0 —0+0—01

Extended constellation (Channel B)

+2 =2 —1 0 +1 +2

{ Universidad
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Joint transmitter receiver response p(7)

@ Response p(t) determines the ISI behavior

» Noiseless output depends on the value of p[n], which is
obtained by sampling at symbol rate the joint
transmitter-receiver response p(t)

@ Usual receiver: matched filter f(¢) = g*(—1)

p(r) = g(1) * g (=1) = r,(1)

rq(1): continuous autocorrelation of g(¢) (or temporal ambiguity function of g(7))

g Universidad
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Some properties of the continuous autocorrelation function
@ Definition for deterministic finite energy function x(¢)
re(t) = x(t) * x*(—1)

Informally: measure of similarity between a function and itself with a delay ¢
@ Expresion in the frequency domain

R (jw) = FT{r(t)} = FT{x(t)} x FT{x"(—1)}
= X(jw) - X*(jw) = |X(jw) |
@ Maximum value is at r = 0: |r(0)| > |r(?)|
@ Energy of the signal

Parseval: £{x(¢)} = / (1)) dt = —/ X (jw)|* dw

Using the continuous autocorrelation function (temporal ambiguity func.)

E{x()} = % /_OO R, (jw) dw — | E{x(1)} = r:(0)

£ () § Universidad
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Nyquist criterion for zero ISI

@ Conditions for avoiding ISI expressed in the time domain

t=nT
@ Equivalent condition in the frequency domain
P() =1

@ Equivalent continuous-time expressions

Z 5(t —nT) = 6(r)

2T — 2
P(](,u)*—7T Z 5<jw—]7ﬁk>:1
k=—00
- 2
) P <jw —j—”k) —1

erllcas of P(jw) displaced multiples of T sum a constant

(©Marcelino Lazaro, 2013 Digital Communications Linear modulations 35/113

Application: band-limited pulses

@ Example using a badwidth W < Z rad/s (or B < 5 = & Hz)
» Simplest choice for P(jw): squared pulse

1 < W =27B
Plo) =1 () = {1 i
2W 0 |w|>W=27B

1 i P(_ _27rk)
, jw— =
T T

k=—o0

T T T T
. »@rossmle to fulfill Nyquist criterion for W < 7 rad/s
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Application: band-limited pulses (ll)
@ Nyquist ISI criterion for squared pulses: only pulses with

7 R
W:n-?:n-w-Rsrad/s (B:n-ESHZ)

@ Which in the time domain means that
_ t
p(t) = sinc (n?>

@ Relationship bandwidth / transmission rate: optimal p(t)
» Minimum bandwidth to transmit without ISI at rate R, = 1 bauds

R,
W, =~ —x-R, radls (B, = > Hz
T 2

» Maximun rate without ISI through a bandwidth W rad/s (B Hz)

w
s| = — =2-Bbauds (symbols/s)
max T
» Optimal pulses
: t wT
) =sinc (), Pw) =T-T1( 5
C“"“““M“d“d (©Marcelino Lazaro, 2013 Digital Communications Linear modulations 37/113

Raised cosine pulses

@ Family of bandlimited pulses : parameter « € [0, 1]: roll-off factor
» Particular case a = 0 is a sinc function

@ Expression for pulses in time domain
BT (1) = sin(7t/T) cos(amnt/T)
REN\ 0 )T 1 — (2at/T)?

@ Fourier transform

m
r 0§]w\<(1—a)f
T . T s e T
Hpe! (jw) = 4 ) [1 — sin (ﬂ <|w — T))] (1-— a)? <|lw| < (1 —l—a)f
0 wl > (14 )

@ Bandwidth for a transmission rate depends on the roll-off factor

R,
W:(1+a)-;rad/s, B=(1+a) = He

g U ddddddddd . L. . . . .
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Raised cosine pulses: /5 (1)

T
hge (1)
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Raised cosine pulses: H5;' (jw)

>T -
ch (jw)

_2r
T

g Universidad .
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Root-raised cosine pulses

@ Filter whose convolution is a raised cosine
T T T T /. T /. T, .
i (t) * hgie(t) = hipe (1), Hppe(jw) - Hgie(jw) = Hgg (jw)
@ General procedure to obtain transmission filter hggc (1)

@ Design in frequency domain from Ho:! (jw)

@ Divide in two contributions: Hg-(jw) = 1/Has (jw)
o hRRC() { RRC(/W)}

@ Root-raised cosine pulses

sin ((l—a)%t —|—4—;ft-cos ((1—04)7;)
(1) = 3
e 4at
S N T b

g Universidad
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o, T
hRRC

Root-raised cosine pulses: /5,-(1)

175 T T T T T

—3T —2T —T 0 T 2T 3T
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Root-raised cosine pulses: Hj.(jw)

7T ;
‘HI%RC (IW )

VT

-F T 0 +7
gmm““‘““ (©DMarcelino Lizaro, 2013 Digital Communications
Raised cosines - side lobe attenuation

Linear modulations 43/113

= 0,1

~ 0,25

-0,

—2|5T —2|0T —1|5T —IIOT _|5T (I) +|5T +1|OT

=1

—I—ZIOT +2|5T

FDY niversicad . o . .
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Raised cosines - implementation delay

@ A raised cosine has a number of “relevant” side lobes that is decreasing with roll-off factor
> Non-relevant lobes could be truncated to make easier the implementation

@ For implemententing the modulated waveform, a delay is necessary
> Delay is related with the number of relevant side lobes that have to be cosidered before truncation
> Delay is lower for higher values of o (higher bandwidth requirement)

@ Example: generation of a 4-PAM waveform with o = 0
> In the example, 25 side lobes are considered relevant (and therefore 25 side lobes are depicted)

> Adelay of 25 x T seconds is necessary to compute the addition
> Black signal is the last one with relevant contribution at r = 0 (related with A[25])

ﬂ

v‘---..‘.‘.‘o ‘ ‘ 5

—2|0T | —IIOT 0 | +1|OT | +2|OT | +3|OT | —|—4}0T | —|—5|OT
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Raised cosines - implementation delay (ll)

@ Lower delays can be achieved by using higher roll-off factors
> The price to be paid is a higher required bandwidth

@ Example: generation of a 4-PAM waveform with oo = 0,5

> In the example, 4 side lobes are considered relevant

> Adelay of 4 x T seconds is necessary to compute the addition

> Black signal is the last one with relevant contribution at t = 0 (related with A[4])

» Delay is decreased from 25 x T to 4 x T in this example (more than 6 times lower)

P>  Required bandwidth is 50 % higher
NOTE: the number of “relevant” lobes depends on required accuracy, this is just a simple example (numbers
can not be taken as a precise reference)

A TS TS ST TP ST S & n U & v I A e ST S & ad
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Review: spectrum of continuous/discrete time signals
@ Continuous signal x(z) and discretized x[n] sampled at T seg.

x[n] = x(1)] x(nT)

t=nT -
@ Usual notation

» X(jw): spectrum (Fourier transform) of x(¢)
> X (e): spectrum of x[n]

@ Relationship between both spectral responses

» To obtain discrete from continuous

X () = % S x (f’% —jz?ﬂk)

k

» To obtain continuous from discrete
X(jw)=T-X (“"), lw| <7
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Review: random processes and linear systems

X(1) Y (1)

h(t)

Theorem: X(¢) is stationary, mean my and autocorrelation
function Rx(7). The process is the input of a time-invariant linear
system with impulse response A(¢). In this case, input and output
processes, X(t) and Y (t), are jointly stationary, being

my = mx/ h(f) - dt

—o0

Ry(7) = Rx(7) *x h(T) *x h(—T)
Rxy(T) = Rx(T) * h(—T)
Moreover, it can be seen that
Ry(T) = Rxy(7) * h(T)
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Review: expressions in the frequency domain

@ Mean for output process
my = my - H(0)
@ Power spectral density of the output process
Sy(jw) = Sx(jw) - |H (jw) [
@ Crossed power spectral densities

Sxr(jw) & TF[Ryy (7))

Sxy(jw) = Sx(jw)H" (jw)
Syx(jw) = Syy(jw) = Sx(jw)H (jw)
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Properties of the noise at the receiver

@ Noise n(¢) is filtered by receiver filter f(¢) (producing filtered noise
z(¢)) and then sampled (z[n])

@ Analysis in the frequency domain
» PSD of filtered noise z(r)

S.(j) = Su(jw) - [F* (i) P = 22 - |F(jw)

* Coloured noise (non-flat PSD)
» PSD of sampled noise z[n]

2
, No 1 w 27
S (%)= — = — —j—k
() == o k <JT = )
Ry (i% =i k)
* Sampled noise can be white !!!!
1 w 2
Condition: — R | j= —j—k | = constant
T; / <J T T )
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Conditions for sampled noise z[n] being white

@ Sampled noise z[n] is white if

— Z (]— —]—) = Cis equivalentto R;(¢) = C

» Equivalent condition in the time domain
reln] = rf(t)’t:nT = C - 6[n], which implies C = r¢(0)

@ Equivalent statement for z[n] being white

» z[n] is white if the continuous autocorrelation function of
receiver filter fulfills Nyquist condition for zero 1S

e REMARK

» Condition for z[n] being white only depends on the shape of
receiver filter f(z) !!!
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Consequences of Nyquist criterion for Gaussian channels

@ A matched filter is assumed at the receiver

f(r) = g(—1) since g(¢) is a real function

@ Condition to avoid ISI

» Joint response p(r) = g(¢) x f(¢) fulfills Nyquist criterion
* Using matched filters p(t) = r,(¢)

@ Condition for z[n] being white

» Continuous autocorrelation of the receiver filter, r¢(z), fulfills
Nyquist criterion

* Using matched filters r¢ (1) = r,(z)

@ Conclusion: both conditions are equivalent

» Transmitting through a Gaussian channel using matched
filters, if ISI is avoided, sampled noise z[n] is white
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@(D@@ (©Marcelino Lazaro, 2013 Digital Communications Linear modulations 52/113



Signal to noise relationship
@ If Nyquist ISI criterion is satisfied, the received observation is

qln] = Aln] + z[n]

@ In this case, signal to noise ratio is

(g) _E{ARWP) _E

Q

2 2
N g :

@ o2 is the varianze of noise sequence z[n]

2 _ 1 S.(e™) dw

o; = —
o2 ).

» If Nyquist ISI criterion is fulfilled
* For a normalized receiver filter o2 = 22
* For a non-normalized receiver filter

o= ey =2 r0)

Z
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£ Y Universidad
C“"““““““d“d —@ ©Marcelino Lézaro, 2013 Digital Communications

Evaluation of Probability of Symbol Error (P.)

@ Definition
P, = P(A|n] # A[n])
@ Evaluation - Averaging of probability of symbol error for each
symbol in the constellation

M—1
P, = ZPA(ai) 'Pe|a,~
i=0
@ Calculation of contitional probabilities of symbol error (conditional
probabilities of error)
P, = / Jaia(qlai) dg
q¢1i
Conditional distribution of observations conditioned to transmission of

the symbol a; is integrated out of its decision region I;

Linear modulations 54/113
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Calculation of Bit Error Rate (BER)

@ Conditional BER for each symbol a; are averaged

M—1

BER = ZPA (a) - BER,,
i=0

@ Calculation of conditional BER for «;

M—1
Me|a;—a;
_ E j
BERa,- — Pe|ai—>a]~ ’ m
J=0

J#i

> P,j4—q; Probability of deciding A = a; when A = a; was
transmitted
Pe]ai—mj - fq\A (q0|ai) qu
q0<l;
> M|, e NUMber of bit errors associated to that decision
» m: number of bits per symbol in the constellation

£ Universidad
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Example - 1-D M-ary constellation

@ Example:
> M = 4, equiprobable symbols p4(a;) = 1
» Constellation:ay = -3, a1 = -1, ap = +1, a3 = +3

» Decision regions: thresholds ¢g,; = =2, g2 =0, g3 = +2

Iy = (—OO, —2], I = (—2,0], L = (0, —|—2], Iz = (—I—Z, —|—OO>

» Binary assignment

a()EOl, alEOO, azElo, a3511
1 5 I3
a=01" "a=00 a=10 a=11
° : ® : ° : ° q

-3 -2 -1 0 +1 +2 +3
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Example - 1-D M-ary constellation (ll)

@ Probability of error

M—1
1 3 1
Pe:_ Peai:_
4Z | 2Q< N0/2>

i=0

@ Bit error rate (BER)

3 1 1 3 1 5
BER—ZQ< N0/2>+§Q< N0/2>_ZQ< N0/2>

@ Analytic developments are detailed in Annex
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Calculation of P,

ap
o — : s
-3 -2 -1 0O +1 42 +3 q

|
)

A

Iy

@ Distribution f;4(qlao)

» Gaussian with mean ay = —3 and variance Ny /2
@ Conditional probability of error

> Integration of f, 4 (¢glao) out of Iy

1
Poa, = dg =
| q%fqmmo) q Q( N /2>
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Calculation of P,

A~

-3 -2 -1 0 +1 +2 +3 q

@ Distribution f;4(qla:)

» Gaussian with mean a; = —1 and variance Ny /2
@ Conditional probability of error

> Integration of f, 4 (¢la;) out of I,

1
ea a T =
la / fqlA Q| 1 N()/2

£ (G % Universidad
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A~

a

Calculation of P,,,

3 2 1 0 +1 42 43 q
5]

@ Distribution f;4(q|a>)

» Gaussian with mean a, = +1 and variance Ny /2
@ Probability of error

> Integration of ;4 (¢q|a2) out of I,
1

Poa, = / fon(gla) dg = 20 [ ———
q¢l ! N0/2
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Calculation of P,,,

as
@ : —@
-3 -2 -1 0 +1 +2 43 q
< 13 >

@ Distribution f;4(qlas)

» Gaussian with mean a3 = —3 and variance Ny /2
@ Probability of error

> Integration of f, 4 (¢las) out of I3

1
P a —F
|as / f¢I|A | 3 N0/2
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Calculation of BER,,

ao

°
-3 -2 -1 0 +1 +2 43 q

< »la »le >
& > e >

I

@ Binary assignment: ay = 01, a; =00, a, = 10, a3 = 11
@ Distribution f, 4 (¢g|ao): Gaussian with mean a, and variance Ny /2

vt o[ ) o2 )]« !
© No/2 No/2 2

Pelao‘)a] e\a(’)n%al
2 2
! Ny /2 Ny /2 | ! Ny /2 |
hd me|a0 —ay 2 hd me|a0 —as
elao —ay m elag—raz m
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Calculation of BER,,

@ |
-3 -2 -1 0 +1 +2 +3 q

< > e >

I b I3

@ Binary assignment: ay = 01, a; =00, a, =10, a3 = 11
@ Distribution f, 4 (¢|a;): Gaussian with mean a, and variance Ny /2

1 1 1 3 1
2 2
. No/2 J | No/2 No/2 J
P‘f|"l —a E|almﬂa0 Pe|a1 —ay emlmﬂa2
3 2
2
Pe\a1—>a3 e\a1m—>a3
Eiii’iﬁiimm (©Marcelino Lazaro, 2013 Digital Communications Linear modulations 63/113
Calculation of BER,,
a
L
-3 -2 -1 +1 +2 43 q
< IO > 11 > < 13 >

@ Binary assignment: ay = 01, a; =00, a, = 10, a3 = 11
@ Distribution f, 4 (¢|a;): Gaussian with mean a, and variance Ny /2

BER,, = |0 [ —2> « 2 Llo(-2 o2 w
- No/2 2 No/2 No/2 2
P€|‘12‘>ao @ P€|“24>a] w
+ |0 1 X :
No/2 2
Pe‘a2—>a3 e‘a%n_>a3
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Calculation of BER,,

0

»|
=

+1 +2 +3
L

<

@ Binary assignment: ay = 01, a; =00, a, =10, a3 = 11

@ Distribution f, 4 (¢|as): Gaussian with mean a3 and variance Ny /2

Y N S PY O of 3 L 2
“ No/2 2 No/2 No/2 2
Pe|a3 . @ Pe|a3 Say %
+lo(— o ——)|x 2
No/2 No/2 2
Pe|a3—>a2 w

Digital Communications
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Modification of the binary assignment

@ Final result for previous binary assignment

Linear modulations 65/113

01 00 10 11
ap aj an as
. } ® } . } . q
3 2 -1 0 1 2 3
BER = éQ : + lQ > - lQ >
4 N.j2) 2 N,j2) 4 N,/2

@ If binary assignment is modified

11 00 10 01
ap ai a as
° : ° : ° : .
3 2 -1 0 1 2 3

> Terms Peja;—a; do not vary
» Terms Me|a;—a; do vary = BER is modified !!!

BER = > (0] ! 1 0 3
Iniversidad @@@ 4 N0/2 4 N() /2
sl depadrid - (©Marcelino Lazaro, 2013 Digital Communications
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Gray Coding

@ Blocks of m bits assigned to symbols at minimum distance
differ in only a single bit

01 00 10 11
ao aj az as
° | ® | ° | ° q

3 2 -1 0 1 2 38

» This assignment minimizes BER for a given constellation
@ Terms P, ., depend on the constellation

» Values depend on distance between a; and q;

» Highest values for symbols at minimum distance
o Terms ““% depend on bit assignment

» These terms weight the contribution of Polai—a;

* Gray coding: minimizes impact of highest values of P, 4,

* For high values of signal to noise ratio (SNR), in most cases,
a symbol error produces a single erroneous bit

1
BER ~ — - P,
g Universidad
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Transmission of PAM through linear channels

Aln] s(1) r(1) q(n]
H 0 [P 0 0 =
t =nT

n(1)

Linear Channel

Y

@ Linear channel model

» PAM signal s(¢) suffers a linear distortion during transmission
» Gaussian noise is also added

r(t) = s(t) * h(t) + n(z)
h(z): linear system impulse response modeling linear distortion
n(t): stationary random process, white, Gaussian, zero mean, S, (jw) = Ny/2

@ Receiver filter f ()
» Typical set up: matched filter f(¢) = g*(—t) = g(—1)
@ Signal at the input of the sampler

q(1) = r(1) x f(1) = s(1) x h(2) * f(1) + n(1) x f(1)
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Equivalent discrete channel for linear channels
@ Signal before sampling

(ZA[k (t — kT) ) h(t) = f(t) + n(t) =£(2)
= AlK]- (g(t — kT) * h(t) *f(t)) + n(1) (1)
k
— ZA[k] p(t — kT) + z(1)
k

@ p(t) = g(r) = h(z) = f(¢): joint transmitter-channel-receiver response
» For a matched filter at the receiver

p(t) = g(t) = h(r) » g"(—1) = rg(t)  h(2)

rq(1): continuous autocorrelation of g(¢) (or temporal ambiguity function of g(7))
@ Observation at demodulator output

qln] = q(t)],_y = ZA K)T) + z(nT)
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Equivalent discrete channel for linear channels (ll)
@ Definition of equivalent discrete channel p[x]

=Y A[K] - pln — k] + z[n] = A[n] % p[n] + z[n]
k

Aln] pln] H?L»

@ Same basic model as for Gaussian channels but with a new
definition por joint response p(t)

» Now definition includes the effect of A(r)
p(1) = g(1) x h(1) x f(1), P(jw) = G(jw) - H(jw) - F(jw)
» Using matched filters: f () = g(—1t), F(jw) = G*(jw)
p(t) = re(t) % h(1), P(jw) = |G(jw)|* - H(jw)

£ () § Universidad
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Avoidance of ISI

@ Nyquist ISI criterion must be fulfilled for p[n] (or P(jw))
» Definition of p(¢) includes now the effect of linear channel A(t)
@ Design of p(z)|P(jw) to fulfill Nyquist at symbol period T
@ Design usign matched filters in the receiver
Response of transmitter filter in the frequency domain
> P(jw) = H(jw) - |G(jw)|*

» Therefore

G(jiw) = {O At 1T HGw) # 0

in other case

If the receiver filter is matched to the transmitter filter, this
choice for the transmitter filter eliminates ISl
» P(jw) is a design option
* Tipically, a raised-cosine response is selected

P(jw) = Hy¢' (jw)

£ Y Universidad
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Avoidance of ISl - Problems

@ Channel response, H(jw), must be known

» It can be difficult to know it
» Channel can be time variant

@ Discrete noise sequence, z[n], is not white
oy _ Mo~ [P UT —J7K)
() = a1 2| e

» Memoryless symbol by symbol detector is not optimal
» All sequence g[n] has to be used to estimate the symbol at a

given discrete instant ng, A[n)
» Noise can be amplified

*» Channels with deep attenuation at some frequencies in the
band

£ () § Universidad
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Using a generic receiver filter

@ Generic receiver, not necesarily a matched filter

r(1) £ q(t) r qln]

t =nT

@ Definition of joint response p(¢)
p(1) = g(1) * h(1) % f(1), P(jw) = G(jw) - H(jw) - F(jw)
@ Equivalent discrete channel at symbol rate p|n]
pln] = p(nT) = (g(2) * h(t) * f(1)) |,z
@ Filtered noise
2(t) = n(t) xf(2), z[n] = z(nT)

» Power spectral density for discrete noise z[n]

- (5

£ Y Universidad
C“"““““““d“d @ (©Marcelino Lazaro, 2013 Digital Commumcatlons Linear modulations 73/113

2

Criteria to design f (1)
@ Filter matched to the joint transmitter-channel response
f(t) = gn(—1), with g, (1) = g(2) * h(¢)

» Maximizes the signal to noise ratio
» Does not provides zero ISI and noise z[n] is not white

@ Minimum mean squared error criterion: to maximize
E{(Alnlplo])? }

2
E{ <Zk£ Alklp[n — k] + Z[n]> }

@ Simultaneously avoidance of ISI and white noise

» Selection of P(jw) fulfilling Nyquist
» Selection of F(jw) with R;(jw) = |F(jw)|? fulfilling Nyquist

P(je)
CU) = ) - F o)

* Usually presents serious implementation problems
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Typical set up for linear channels

@ Receiver uses a matched filter f(r) = g(—t) with r¢(t) = r,(¢)
fulfilling Nyquist
» This ensures discrete filtered noise z[n] is white
@ Joint response p(t) then does not fulfills Nyquist
» ISl is present in the system

* Receivers can be specifically designed to deal with ISI (as it
will be seen in chapter 4)

Cmmm“"d @ (©Marcelino Lazaro, 2013 Digital Communications Linear modulations 75/113
Eye diagram

@ Visualization tool for a digital communication system
» Superposition of waveform pieces around a sampling point
» Duration of each piece: 2T

@ Main features

» In the middle and in both sides (horizontaly), there are
sampling instants

* Traces should have to go through values of the constellation

» Diversity of transition between sampling instants depend on
the shape of transmitter and receiver filters

@ It allows to detect several problems:

» Problems/sensitivity to synchronism
» Level of noise
» Presence (and level) of 1SI

g U ddddddddd . L. . . . .
°“"°“““M“‘*“d @ (©Marcelino Lézaro, 2013 Digital Communications Linear modulations 76/113



Eye diagram - Examples

0 0.5 1 1.5 2

T

Universidad ‘PAM a =0, 25 NOISy
Crlos il de Madrid sv e  (O)Marcelino Lazaro 2013

Eye diagram - Examples (ll)

2

0 05 1 15 2
T
2-PAM o = 0,25
15 : : ‘

i)

unnenisa 2-PAM o = 0,75
Corlos e Madrid @ (©Marcelino Lézaro, 2013

yT

2-PAM o = 0, ISI
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15 : :
0 05 1
T

2-PAM o = 1
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Variability of signal transitions related with o value

@ Pictures illustrate the different variability of signals using
a = 0 (above) and a = 0,5 (below)

—“*’.’-0.0....'

——— \ ! vV
g Universidad
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Band pass PAM - Generation by AM modulacion
@ A baseband PAM is initially generated

s(1) = S Al] - gl — nT)

@ Then, this baseband PAM signal is modulated with an
amplitude modulation. Several options are available

» Conventional AM (double sided band with carrier)

» Double sided band PAM (DSB-PAM)
» Single sided band PAM (SSB-PAM)

* Lower sided band
* Upper sided band

» Vestigial sided band PAM (VSB-PAM)

* Lower sided band
* Upper sided band
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Drawbacks of using a AM modulation

@ Conventional AM and double sided band PAM (DSB-PAM)

» Spectral efficiency is reduced to the half (bandwidth is
doubled)

@ Single sided band PAM (SSB-PAM)
» ldeal analog side band filters are required
* Real filters introduce a distortion

@ Vestigial sided band PAM (VSB-PAM)
» Analog vestigial band filters are required
* Strong constraints

£ Y Universidad
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Modulation by using quadrature carriers

@ Two sequences of symbols (not necessarily independent) are
simultaneously transmitted (rate R, = 7 in both cases)

A;[n] and Ap|n]
@ Two baseband PAM signals are generated using g(7)

si(t) =) Ailn]-g(t=nT)  so(t) =) Agln] - (t —nT)

s;(t): in-phase component, sy (¢): quadrature component
@ Generation of the band pass signal, x(¢), from s;(¢) and s¢(7)

V2 clos(wct)

Ajln] si(1)
g(t) =® + 1 x(l‘)

—

Agln] so(1) o
—  g(1) =® x(1) = V2 - 51(t) - cos(wet)

\/ijin(wct) —V2 - sp(t) - sin(w,t)
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Complex notation for band pass PAM

@ Complex sequence of symbols
Aln] = Aj[n] 4 jAg|n]

> Agln] = Re{Aln]},  Agln] = Zm{Aln];
@ Complex baseband signal, s(7):

s(1) = s,(1) +jso(t) = ) _ Aln] - g(t — nT)

n

@ The band pass PAM signal can be written as follows

0= V2 Re () 61) = V2R { Sl o) |
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Bandpass PAM modulator

—>B[€] ENCODER Aln) - g(1) ) =® x(t)=
T
\/Eejwct
V2 ClOS(WCZ)
Re{Aln Sy
e [7 7 oo
Bl Al ! C}D x(1)
Im{Aln s B
W [0 e o |
Agln] i
/2 sin(w,t)
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Relationship with a 2D signal space

@ Signal in a 2D signal space can be written as

ZAO ¢0 t—nT —I—ZAl o t—nT)

» ¢o(t) and ¢, (t) are orthonormal signals

@ In this case, this only happens if

2 |
wc:%xk, with k € Z

In this case
Ao[n] = As[n], Ag[n] = Ai[n]
Po(t) = g(t) - cos(wet),  @1(t) = —g(t) - sin(w,t)

¢o(t —nT) = g(t — nT) - cos(w.(t — nT)) = g(t — nT) - cos(w,?)
¢1(t —nT) = —g(t — nT) - sin(w.(t — nT)) = —g(t — nT) - sin(w,t)
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Modulator 2D signal space

Re{Aln];

Y

o(?)

ENCODER

Im{Aln|}

Y

¢1(1)
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Bandpass PAM constellations

@ 2D plotting of possible combinations for A,;[n] and Ay[n]

@ Typical constellations
» QAM (Quadrature Amplitude Modulation) constellations
* M = 2" symbols, with m even
* Symbols arranged in a full squared lattice (2"/2 x 2"/? levels)
- Both A,[n] and Ay [n]| use baseband PAM constellations
- Independent symbol mapping, bit assignment, and
definition or decision regions are possible

» Crossed QAM constellations
* M = 2" symbols, with m odd
* Symbols arranged in a non-full squared lattice
- Independent symbol mapping, bit assignment, and
definition of decision regions are not possible
» PSK (Phase Shift Keying) constellations

* Symbols are drawn as points in a circle
- Constant energy for all symbols
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QAM constellations

{4} (s} Z.{s[]}
[ [ ] [ ] [ ] [ [ ) [ ) [ )
[ ] [ ) [ ) [ ]
[ [ ] [ ] [ ] [ [ ) [ ) [ )
[ ] [ )
[ ] [ ) [} [} [} [} [ ] [ ]
[ ] [ ) [ ) [ ]
[ ) [ ] [ ] [} [} [} [ ] [ ]
[ ) [ ] [ ] [ ] [ ) [ ) [ ) [ )
R4} o . . o R} Rl
[ ] [ ] [ ] [ ] [ ) [ ) [ ) [ )
[ ] [ )
[ ) [ ] [ ] [ [ ) [ ) [ ) [ ]
[} [} [ ] [ )
[ ] [ ] [ ] [ ] [ ] [ ) [ ) [ )

Constelaciones 4-QAM (QPSK), 16-QAM y 64-QAM
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Gray coding for QAM

0001 0101 1101 1001
° ° ° °
0000 0100 1100 1000
00 [} ) [) °
0010 0110 1110 1010
10 [} [ ) [ °
0011 0111 1111 1011
11 ) [ [ [
00 01 11 10
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Crossed QAM constellations
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Im{A [n] } Im{A [n] } Im{A [n} }
® ° o o .:::.:o
o o o o o B D
[ ] e 0 e e e e e eleee e o0
e o ¢ o o e o0 0 0 0|00 00 00
° ° Ref{a[n] } ¢ o ¢ o o Re{a[n] } e o0 0 0 0fl0c 00 0 0 0 TRe{a[}
o o o o o B D
° ° e o ::: :::

Constellations: 8-QAM, 32-QAM y 128-QAM
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Phase shift keying (PSK) modulation

@ PSK constellation
Aln] = E, - &1

» Constant modulus
» Information is conveyed in the symbol phase

@ Waveform for PSK modulations

x(t) = \/2E,Re {Z g(t—nT) - a‘<wcf+w[nl>}
= V2E, Y g(t — nT) cos(w.t + ¢|n))

» Phase shifts in transitions from symbol to symbol
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PSK constellations

Im{A [n] } Im{A [n] } Im{A [n} }
[ ] [ ] ° [ ] °
[ ] [ ] [ ] [ ]
[ ] [
T\’,e{A[n} } Re{A[u} } ° ° Re{A[n] }
[ ] [ ] [ ] [ ]
® ® i o hd

Constellations: 4-PSK (QPSK), 8-PSK 'y 16-PSK
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Gray coding for PSK

100 @ e 001

101 011

Re{Aln]}

1110 ® 010
110 ®
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Other constellations

Im{A [n] } Im{A [n] }
o o
°
° e o e o °
® ° ° ° ° ° °
® e ® ® ° *—eo ®
° Re{al]} o o o o o oM
° e o e o °
°
o o

Constellations 1-7-AM-PM y 32-hexagonal
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Spectrum of a band pass PAM

@ Condition for cyclostationarity of signal x(7):

E{Alk +m] - Alk]} =0, for all k,m,m # 0

» Conditions for QAM constellations

* Symbol sequences A,[n| and Ay[n]| are mutually independent
* Autocorrelation functions of A;[n] and Ay[n] are identical

» Conditions for PSK constellations
* Samples of ¢[n] are independent

@ Under cyclostationarity the power spectral density function is

1

Se(jw) = ) [Ss(jw — jwe) + S:(_]w _J.WC)}

S,(jiw) = % - Sa (#T) - |G (jw)
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Spectrum of a band pass PAM (ll)
@ For white sequences of symbols: S, (¢*) = E;

() = =+ 1G(je)

The shaping pulse is responsible of the shape of the spectrum

, 1E . . : :
Suljw) = 522 |Gl — jwe)* + Gljas + o)
» Example using pulses of raised cosine family
Weg
< W >
O w _(IJJC O +i‘-)c w

Bandpass bandwidth W is double of equivalent baseband bandwidth W,
Spectral efficiency is the same because now two sequences are transmitted
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Transmitted power

@ The mean transmitted power is
1 oo

Px = — Sx(jw) dw

T 2r oo

@ If symbol sequence A[n| is white

Sa (e’“) =FE

» Power for a white symbol sequence

Es 1

2o 16GP =2 e

—0o0

Px =

* For normalized pulses (with unitary energy)

E
Py = 7 = E, x R, Watts

g Universidad
C“"““““““‘*“d U (©Marcelino Lazaro, 2013 Digital Communications Linear modulations 97/113

Demodulator for band pass PAM

@ Demodulation and a baseband filter structure can be used

» Complex notation and implementation by components can
be seen in the following pictures

ﬁ’ — f(1) '/ b > DETECTOR M
T ' t=nT
\/Ee—jw t

R n

- 70 efal}

ﬂ" \/§ CTOS(wct) DETECTOR A[n]

| n

- 70 m{glnl}

T ' t =nT
—/2 sin(w,?)
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Equivalent alternative demodulator

@ Signal at the input of the sampler (using complex notation)
a(t) = (v(1) - 77« (V2 (1))
@ Expression for the convolution

q(t) = V2 / TR (=) T e g

@ Rearranging terms, an equivalent demodulation scheme is
obtained

q(t) = eI /_OO V2 -f(r) - &7 - y(t — 1) dr

alt) = e (30« (V2-£ (1) - &) )

Bandpass filtering and then demodulation
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Equivalent alternative demodulator (ll)

ﬁ» V2f (t) et —>® '/ 4l »  DETECTOR M»

T_jw.t t =nT
— sin(w,t)
l Im{q()}

Y
)
o)
—
N
~
£
——
‘ Y
e
Y

y(1) | cos(w,t) —I

Y
3
——
o
Y
£
——
Y
—b <
0
)
—~—
=
=
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Noise characteristics at the receiver

0 [ e |0 S0 r d

@ Some definitions: g Jwet
Jelt) = V2 f(2) - €, Fe(jow) = V2 Fljw — juwe)

@ Properties:

@ :(v) is strict sense stationary only if £(¢) es circularly
symmetric

NOTE: A complex process X(¢) is circularly symmetric if real and imaginary parts, X, () and X;(z), are jointly
stationary, and their correlations satisfy

Ry, (7) = Rx,(7), Rx, x,(T) = —Ry; x,(7)

Q@ /(r) is circularly symmetric if w, is higher than bandwidth of
filter f.(¢) (narrow band system)

Se(jw) =2 - S, (jw) - |F(jw _jWC)|2

£ Y Universidad
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Noise signal z(¢) at the receiver

@ z(z) is circularly symmetric and its power spectral density is

S.(jw) =2 - S, (jw + jwe) - |F(jw)|*

» In the process is symmetric, its real and imaginary parts,
zi(t) and zp(t), have the same variance and are independer
for any time instant ¢

» In general, z;(#;) and zp(t2), for #; # t; are not independent
» If spectrum is hermitic, S;(jw) = S¥(—jw), z7(t1) and zo(12), for
1 # t, are also independent
* If n(r) is white, this is fulfilled when £(z) is real
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Discrete noise sequence z[n] at the receiver

@ z[n] is circularly symmetric

we 27k w 27k |
ZS iz i =i ) FUr i

For white noise n(t)

N,
Su(jw) = =
Now

» z7[n] and zp[n] are independent for any instant n
> z7[n1] and zg[ny), for ny # ny, are only independent if S, (¢/)
is a symmetric function

* This happens for white noise if the ambiguity function of f(¢),
re(t) = f(t) = f*(—1), satisfies the Nyquist ISI criterion at
symbol period T
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Variance and distribution of z[x]

@ The variance of complex discrete noise is
| :
ol = — S, (e"") dw

2

@ In noise n(t) is white, with S,,(jw) = No/2 W/Hz, and if r¢(¢) is
normalized and satisfies the Nyquist ISI criterion

2 _
O'Z—N()

@ If noise is circularly symmetric

» Real and imaginary parts (z;[#] and zy[n]) are independent and
both have variance N, /2
» Probability density function of noise level is

NOTE: If receiver filter is not normalized, noise variance is multiplied by £{f ()}

£ () § Universidad
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Baseband equivalent discrete channel
@ Definition of the complex equivalent baseband channel, £, (t)

— 7 ot . _ . .
The behavior of the channel around central frequency w. is shifted down to baseband

@ Signal at the output of the matched filter

ZA p(t — nT) + z(1)

> p(1) = 8(t) % heg(1)  f(1), P(jw) = G(jw) - Heq(jw) - F(jw)
@ Baseband equivalent discrete channel:

pln] = p(t)| _,, = p(nT)

P) =3 2P (5 -F)

k

w 27k w 2k w 27k
! L BT (P A UL ol (Pl
E <J J ) q (‘]T J T ) (]T J T >
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Equivalent discrete channels - baseband and band pass PAM

pln] —?—M

@ Identification of baseband and band pass PAM
» Symbols A[n]
» Equivalent discrete channel p|n]
» Discrete noise z[n]

* Are real in baseband PAM
* Are complex in band pass PAM

Aln]
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Scattering diagram
@ Monitoring tool for band pass system

» Plotting of Re(g[n]) versus Zm(q[n])
» |deally: the transmitted constellation must be plotted
» Allows to monitor noise level, ISI level, synchronism errors

2 - o

1.5 | 15 -

1 4 w® | 1 L A
0.5} * | 0.5} o Lh
0.5 | Fosg : -
N : . S ,ﬁﬁ *-.1&

-1t * 1 -1t e o A . ]

1.5 * ' { 15 ’%’2’ *“‘ :

“2151-050051152 -2-15-1-050 051 1.5 2

Re{q([n])} Re{q([n])}
pln] = d[n] pln] = d[n] — 0,256[n — 1]
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Reminder - AM modulations
@ Product by a sinusoid of frequency w,. shifts spectrum w,

A

[T\

m(1) ? x(1)

)

c(t) = cos(w,t 4
T v
L]

T T
—We +we w
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Analytic analysis of modulation / demodulation

@ Block diagram for transmitter and receiver

V2 1:08 (wet) V2 1:08 (wet)
Aq[n] s1(1) q1[n]
o g(t) —» — — f() —f —
®_¢ + x(f) () | ®
Agln s n
ol ]= <(1) o(1) @_f— @_» . qoln]
T T ' t=nT
V2 sin(wet) —V/2 sin(wet)

@ Transmitter multiplies two baseband signals by two orthogonal
carriers

@ Receiver demodulates each component and then filters with f(¢)

» Receiver filter f(r) has a baseband characteristic
» Typical set-up: root-raised cosine filter
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Analytic analysis of modulation / demodulation (ll)
@ Undistorted received signal (modulated signal) has the shape
y(t) = A - cos(w,t) + B - sin(w,t)
@ At the receiver, signal processing is splitted in two components
va(t) = [A - cos(w,t) + B - sin(w,t)] x cos(w,t)
yg(t) = [A - cos(w,t) + B - sin(w,t)] X sin(w,t)
@ Trigonometric identities and removing (filtering) of bandpass terms

X X
X - cos(wet) - cos(wet) = 5 + 5 cos(2wt)
Desired Bandpass at 2w, X - sm(wct) . cos(wct) = 5 : s1n(2wct)
. . X X ———
X - sin(wet) - sin(wet) = -5 cos(2wet) Bandpass at 2w,

2
-~ —

Desired Bandpass at 2w,

Y AV

_2Iwc _Iwc 0 —HIJJC —|—2Iwc W
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Analytic analysis of modulation / demodulation (lll)

@ The product of two carriers allows to recover the transmitted baseband
signals
> Products cos(wct) X cos(wct) or sin(w,t) X sin(w.t) introduce a % factor
* Factors v/2 are introduced at transmiter and receiver to compensate it

» Complex notation fails to represent this scaling
* This has to be taken into account

Modulator Demodulator Joint effect (for p[n])
s(1) x(1) y(t) r(t) s(t) r(t)
:TJ > :(}E »> :(}E >

V2 - elf(wet+07) V2 - e—i(wet+0r) e/ (07—06k)

@ Non-coherent receivers

» Receiver whose demodulator has a phase that is different than phase at modulator
» Produces a rotation in the received constellation
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Binary transmission rate (R, bits/s)

@ Binary transmission rate is obtained as R, = m x R;
» Symbol rate (R, bauds)
» Number of bits per symbol in the constellation (m)

m = log,(M)

M: number of symbols of the constellation

@ Limitation in the achievable binary rate
» Limitation in Ry: available bandwidth (B Hz)
Using filters of the raised cosine family

BASEBAND BAND PASS

_ 2B _ B
Rs|max ~ Tfa Rs|max ~ T+a

» Limitation on the number of symbols M (and therefore in m)
*  Power limitation limits mean energy per symbol E; = E [|A[n]|2]

- This limits the maximum modulus of the constellation
* Performance requirements limit the minimum distance between symbols

P.~k-Q _ dmin__
2/No/2

i imum constellation densi
CM 0o E; and P, /determlne a maximum constellatio density _ _
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Constellation density - Example - QAM
4-QAM (2 bits) 16-QAM (4 bits)

. ° ° ° . )
01 11 0011 0111|1111 1011
° ° . )
0011 O111 /1111 1011
° ° ° °

0001 0101|1101 1001

00 10 0000 010011100 1000

64-QAM (8 bits)  256-QAM (16 bits)
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