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o Sequential machines
o Finite Automata
o Deterministic Finite Automata (DFA)
o Representation and Basic Concepts
o Equivalence and Minimization
o Nondeterministic Finite Automata (NFA)
o DFA equivalent to a NFA (NFA - DFA)
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Sequential Machine = (£, 25, Q, f, 9)
2. Input Alphabet
2o Output Alphabet
Q : Finite nonempty set of states (alphabet or set of states)
f . Transition function
f:QxZ—>Q , f(ga)=q
g: Output function
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@ c-oiewun Sequential Machines. Definitions

Device that it is able of:
Taking different states € Q
Receiving environmental information, words € %,
Acting on the environment, words € Zg
Time is quantified, for each time t:
It can only be in a state € Q

Receive a stimulus, symbol € %,
Generate an output, symbol € %,

Given the input and the current state, we can predict the output and
the next state.
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W) G- Saquential Machines. Definitions

Two types of sequential machines considering g:

Mealy sequential machine Moore sequential machine
g :QxZ —Zg g:Q—-2,
g(g,a)=b g(a)=Db

Rate for transmitting information in the sequential machine

Infinite, the output only Finite, the output only depends
depends on the input. on the state.
Moore SM: specific case of a
Mealy SM.
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Sequential machines can be represented by:

Two tables:

Transitions table, table of f

Table of double-inputs.

Outputs table, table of g
Mealy sequential machine: Table of double inputs.

Moore sequential machine: Table of simple inputs.

Transition diagram.
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Table of transitions and outputs, only one table:

Rows: possible states, g, € Q
Cols: Symbols of the input alphabet, a., € %;

f’g Q 2 a, a, f’g Q 2 a, a,
d: |d;/b; a./b; | g
dn On/ by
Mealy Sequential Machine Moore Sequential Machine
f(o,2)=q” g(o,a)=b f(g,2)=q” g(a)=b
YD) o oo ecnemene etomerer 8
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Transitions diagram:

Directed graph:
Each node is a state in Q.
Branches link states, represent transitions between states, the inputs of the
SM are also represented.

Qutputs:
Mealy SM: Outputs are represented in the transitions.

Moore SM: Outputs are represented in the states.
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>
Q<E a b | c
{(alblc)l (eld)l (qlr)l f; g)} q q dirfke q e
f(a,a) =g g(@ a=d
r r
f(q,b)=r g b)=e klad|ak
f(a.c)=q g@.c)=e
f(rna)=r gr,a)=e b/e
f(r,b)=q g(,b)=d ) |
f(r,c)=q g(,c)=e @ 0
are b/d  a/e
c/e c/e
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Q W\\\-S www.uc3m.es a Moore SM

{(ab), (ed), @r), £ g}

f(g,a) =q g(q)=d
f(g,b)=r gn=e B2 | @ 9 | 9

f(a, )= b
f(r,a)=r
f(r,b) =g /\

f(r,c)=g ‘@
a, C
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@) c-wiiwss Finjte Automata: Introduction

e A finite automata consists of:

— Afinite set of states, including a start state and one or
more final states.

— An alphabet X of possible input symbols.
— Afinite set of transitions.
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@) c-wiiwss Finjte Automata: Introduction

/

/

e There are states off and on, the automaton starts in off and
tries to reach the “good state” on

 What sequences of /5 lead to the good state?

e Answer: {/, i, fiiff; ---} = {/": nis odd}

e Thisis an example of a deterministic finite automaton over
alphabet {/}
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i OUTLINE

o Deterministic Finite Automata (DFA)
0 Representation and Basic Concepts

d
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Types of finite automata:
Deterministic:
Each combination (State, input symbol) produces a single
(State)
Nondeterministic:
Each combination (state, input symbol) produces several
(state,, state,, ..., states)

Transitions with A are valid.
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Deterministic finite automata (DFA):

DFA=(2, Q, f, q, F)
O is the alphabet of possible input symbols.
O Q is the set of states
Og, €Qis the start state
O F € Qs the set of final states
O f is the transition function

f:Qx2->Q

There are not outputs (Moore Machine)
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Nondeterministic finite automata:

NFA=(Z, Q, f, q, F)
0?2 is the alphabet of possible input symbols.
O Q is the set of states
Ogq, €Qis the start state
O F € Qis the set of final states
O f is the transition fuction

frax(z UfA) - P(Q)

There are not outputs (Moore Machine)
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Deterministic finite automata (DFA):
1. There are not moves on input A.

2. For each state s and input symbol g, there is exactly
one edge out of s labeled as a.

Nondeterministic finite automata (NFA):
1. More than one edge with the same label from any
state is allowed.
2. Some states for which certain input symbols have no
edge are allowed.

3. A -NFA: A transitions allowed.
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) Carlos Il de Macrid DFA: Representation

DFA can be represented using transition tables or transition diagrams:
Transition tables:
rows contain States(q,€Q)
columns contain input symbols (e;eX)

€1 € €n
L ql f(q 1 eZ)
*
Om
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DFA can be represented using transition tables or transition diagrams:

Transition diagrams:

nodes labeled by States (q,€Q)
arcs between nodes q; to q; labeled with e; if exists f(q;,e;) = q;
Jo IS notated by a =

g € Fis notated by * or a double circle
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alphabet £ = {0, 1} transition function o:
start state O = {q,, 9> 9

initial state q, inputs
accepting states I' = {q,, q;} 0 1
Y0 Y0 d1
g SH Sp) q4
T | 2 @

Compartirlgual 3.0 Espafia.
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Configuration: ordered pair (q,w) where:
g: current state of the DFA.
w: string that it is still to be read, w € X*
Initial configuration: (qy, t)
go: Initial state
t: string to be recognized by the DFA € X*
Final configuration: (q;,A)
g;: final state
A: the input string has been completely read
Movement: it is the transit between two configurations.

’ x
(q,aw) ——>! (g, W) awe X
— J
fla,a)=q
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DFA as a language recognizer:

When a DFA transits from q, to a final state in several movements=>»
RECOGNITION or ACCEPTANCE of the input string.

When a DFA is not able to reach a final state, the AF NOT
RECOGNICES the input string and this is NOT INCLUDED in the
language recognized by the FA.
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Next, we are going to study how to formalize:

L Movement:; extension of the transition function to the
case of words.

L Language recognized by a DFA.
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Extension to a word of the transition function f:
Expand its definition to words in X*
fQX2Z* -5 Q

From f, which only considers words of length 1, it is
necessary to add:

flar)=q vVQgeQ
f'(q, ax) = f'(f(q,a),X) V qeQ, acX and xeX *
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Language associated to a DFA:
Givena DFA = (%, Q, f, g4, F), a word x is accepted or
recognized by the DFA if f(q,,X) € F
The language associated to a DFA is the set of all the words
accepted by it:
L={x/xeX*and f(q0.x) e F}
f F={}=0=1L=¢
fF=Q=Ll=3x*

Another definition:

L:{XIXEZ*and(qg,x) — (g,A) and q € F}
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The language of a DFA (0, 2, o, ¢,, I') is the set of
all strings over X that, starting from ¢, and
following the transitions as the string is read left
to right, will reach some final state.

e lLanguage of Mis {/, /i, fiiif> ---} = {f": nis odd}
/
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Reachable states
Givena DFA= (%, Q, f, qg, F)
The state p € Q is reachable fromq e QifIx € £* f(g,x) = p. (Any
other state is unreachable)
Every state is reachable from itself given that
F(p.A) =p
Theorem: Given a DFA, |Q|=n, V p, q € Q pis reachable from q iff 3

xeZ* |x|<n [ T(p,X) =q
Theorem: Given a DFA, |Q|=n, then L, #¢ iff the DFA accepts at
least one word xeX*, |x|<n
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Connected Automata:
Given a DFA = (%, Q, f, g, F), it is connected if:
Every state is reachable from .
Given a non-connected automaton, we can get from it another
automaton that is connected by eliminating all the states that are
not reachable from q.
It is clear that both automata recognize the same language.

Compartirlgual 3.0 Espafia.
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S OUTLINE

o Deterministic Finite Automata (DFA)
O

o Equivalence and Minimization
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« A descriptor of the language is available (regular language): Type-3

grammar, DFA, NFA, regular expression.

 Decision problems:

— Is the described language an empty language? EASY
— Is the string w in the language that is generated? EASY

— Do two different descriptors really recognize the same language? NOT

AS EASY (infinite languages) = Solution: Obtain the minimal DFA

and then verify it.
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Equivalence and Minimization of DFA’s
A DFA s a Moore sequential machine, so same theorems:

Equivalence of states:

p Eq,wherep,geQ,ifVxe 2*=f(p,x) e F&f(q,x) e F

Equivalence of order/length “n”:

PE. g, VpgeQ,ifVxeZ/ |x|<n=f(px) e Fo f(q,x) e F

E and E,, are equivalence relations.
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e Equivalence of states. Particular cases.
e E,,xword |x|<0=>x=Altcan be verified:

pEyq, VpgeQ if VxeX*/ |x|£0then:
f'(p,x) € F< f'(q,x) € F

X is A

f'(p,x) = f'(p,A) = p (given the definition of f’)

f(p,\) e F<f(g,N)eF >peF<qgeF

All the final states are E, equivalent.
V p,q € Fitis fulfilled p E; q
V p,q € Q-Fitis fulfilled p E, g
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e Equivalence of states. Particular cases.
e E,,xword |x|<1, () It can be verified:

pE,g,Vp,qeq if VxeX*/ |x|£1then:
f'(p,x) e F&f'(g,x) € F
X is A or a symbol of the alphabet.

f'(p,x) = f(p,a) =f(p,a) & f(p,x)=F(p,A)=p (given the
definition of ')

f(p,a) e F<f(q,a) e F

From p and q, with only one transition, a final state or a

nonfinal state must be reached in both cases.
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e Properties:

* Lemma:pEg=pE,q, Vn, p,qeQ
* Lemma:pE,q=pE.q Vn>k
* lemma:pE ,,qg<pE, q and f(p,a) E, f(g,a) V

acx
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e Properties:

— Lemma:pEq=pE,q, Vn, p,qeQ
— Lemma: pE . g=>pE,q, Vn>Kk
— Lemma: pE ,;qg< pE, q and f(p,a) E, f(g,a) VaeX

e Theorem:pEq<pkE,q |Q|=n>1

pEq iff V xeX*, |x | =m < n-2itis fulfilled
f(p,x) € F<f(g,x) € F
m = n-2 is the lowest value which fulfills this theorem

(n-1 is valid, but n-3 is not guaranteed)
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e Properties:

— Lemma:pEq=pE,q, Vn p,geQ
— Lemma:pE, g=>pE.q Vn>k
— Lemma:pE ,,q< pE, q and f(p,a)E, f(g,a) VaeX

e Theorem:pEg<pE ,q |Q|=n>1

p Eq iff V xeX*, x|£n—2
f(p,x) e F<f(g,x) € F

m = n-2 is the lowest value which fulfills this theorem
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e Eisan equivalence relation. Meaning of Q/E?
— QJ/E is a partition of Q,
- Q/E={C1,C2,..,Cm}, whereCinCj=0
- pEq <« (pqeCi)
— ThereforeV xe XZ* it is fulfilled
f'(p,x) € Ci < f'(q,x) € Ci
e For the relation of order n:
— E.: Q/En={C1,C2,..., Cm}, Ci intersection Cj = @
— pEnqg < p,q e Ci;
— ThereforeV xe X%, Mﬁ it is fulfilled
f'(p,x) € Ci < f'(q,x) € Ci
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Particular case: E,
Q/EO = {C1,C2,..., Cm}, Ci intersection Cj = @
p E,q < p,q € Ci; therefore:
V xe X¥*,

x| <0 =>x=\ itis fulfilled:

f'(p,A) € Ci<f'(q,A) € Ci
Given p E; qf'(p,A) e F<f'(g,A) € F
f(p,A)=peF=Flg,A)=qeF
pekF&gekF
(Interpretation: For Q/E, Ciis F or Q-F, i.e. for Q/EO there are only two classes).
Q/EO= {F, Q-F}, and therefore:
V p,axe Q, ifpE,q then pe F<qgeF

@@@@ Este obra esta bajo una licencia de Creative Commons Reconocimiento-NoComercial-
Compartirlgual 3.0 Espania. 40

David Griol Barres - Computer Science Department — UC3M - dariol@inf.uc3m.es



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
mailto:dgriol@inf.uc3m.es

A ) - -
O\ Universidad

) cemevas  DEA. Equivalence and Minimization

qEaFt/  www.uc3mes

Properties (Lemmas)

* Lemma: IfQ/E, =Q/E ., = Q/E,=Q/E .. Vi=0,1,..
* Lemma: If Q/E, = Q/E,,; = Q/E,=Q/E Quotient Set
Lemma: If | Q/Eo| =1= Q/E,=Q/E,
lemma:n=|Q| >1= Q/E.,=Q/E, ,

PE,..a<(pE,q and f(p,a) E, f(g,a) V aeX)
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Properties (Lemmas)
Lemma: Si Q/E, = Q/E,,; = Q/E,=Q/E,,;Vi=0,1, ..
Lemma: Si Q/E, = Q/E,,; = Q/E, = Q/E Quotient Set
Lemma: Si | Q/E,| =1= Q/E, = Q/E,
lemma:n= Q] >1= Q/E,,=Q/E,
PE..,qa<(pE,q and f(p,a)E,f(g,a) VaeZX)

Interpretation:

The objective is to obtain the partition Q/E (minimal automaton).

* We stop when Q/Ek = Q/Ek+1.

* To obtain Q/E, we have to start calculating Q/EO, Q/E1, etc.

* To obtain Q/E, we have to obtain Q/En-2 in the worst case, given that if
Q/En-k = Q/En-k+1, when k>=3, Q/E would be already obtained.

* ThelemmapEn+lq<>pEnq and f(p,a)Inf(g,a) Va e allows to extend

the equivalence of order n from EO and E1
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Equivalence and Minimization of DFA's

Theorem: pEq < pE, ., q \Q l=n>1

That is to say:
PEq iff V xeZX*,

x|<n-2, f(p,x) e F < f(q,x) e F

n-2 is the lowest value that meets this theorem
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« Formal Algorithm to calculate O/E in DFA’s
1 Q/E;={F, not F}
First division taking into account if the states are final or not.
2 Q/Ei+1 :
From Q/E; = {C1,C2,...Cn}, we build Q/E,,;:

p and g are in the same class if:
p,ge C, e Q/E; VaeX=f(p,a)andf(g,a) e C, e Q/Ei
3 If Q/E, = Q/E;,, then Q/E; = Q/E
If not, repeat step 2 taking Q/E;,,
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« Equivalent automata
— Equivalent states in different DFAS:
Given two DFA’s: (£,Q,f,q,,F) and (2',Q’,f",q,’,F’)
the states p,q/ peQ and qeQ’ are equivalent (pEq) if
f(p,x) e F& f(q,X) e FFV X e ¥

- Two DFAs are equivalent if they recognize the same language: If
f(gy.X) € F < f(qy,X) € F' VvV x € £* = Two DFA’s are
equivalent if their initial states are equivalent:

doE q¢’
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e Equivalent automata, verification:

1. Direct sum of DFA’s.
2. Theorem.

3. Algorithm to prove the equivalence of DFAs
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« Equivalent automata, verification:
1. Direct sum of DFA’s:
Given two DFA’s:

Al = (£,Q1,f1,001,F1) - |Where Q, n Q, = ¢

A2 = (X', Qy 15, Qo Fy) |
The direct sum of Al and A2 is a FA:
A=Al+A2=(Z, QuQ, f, qy F; UF,)

where:

« (,is the initial state of one of the FA's

« fif(p,a) =f, (p,a)ifp e Q1
f(p.a) =1, (p,a)Ifp € Q2
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« Equivalent automata, verification:

2. Theorem: Given Al,A2 /Q,nQ,=¢, |Q,l=n, [Q,|=n,
that it is to say, if A; and A, accepts the same words x / x| < n,+n,-2

In addition, n;+n,-2 is the minimum value that fulfills the theorem.
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« Equivalent automata, verification:

3. Algorithm to verify the equivalence of DFASs
1. Calculate the direct sum of the DFA's
2. Do Q/E of the resulting AFD sum

3. If the two initial states are in the same class of

equivalence of Q/E = the two DFA’s are equivalent
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Given two automata Al = (£,Q,.f;,qq;,F;) and A2 = (£,Q,,f,, qy,,F,) which
fulfill |Q,|=1Q,

Al and A2 are isomorphic, if exists a biyective application
11 Q, — Q, that fulfills:

1. i(go1) = gy, I.€., the Initial states are corresponding.
2. qe F; < i(q) € F,l.e., the final states are corresponding.

3. 1(fy(q,a)) =1y(i(q).a) Va X qeQ,

In summary, each state is equivalent (both automata only differ in the
name of its states)

Two isomorphic DFAs are also equivalent and recognize the same
language.
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Given the DFA, A = (£,Q, f,q,.F):
From the connected DFA: eliminate unreachable states from the
initial state.
Calculate Q/E of the connected automata.
The minimum DFA, except isomorphisms, is:
A=(x,Q,f,q),F)
where:
Q' = Q/E
f is built: f(C;,a) = C;if 3q €C;, p €C;/f(q,a) = p
0o =Cyif g0 € Cy, C, € Q/E
F'= {C/C contains at least one state of F( 3 a g € F that
fulfills g € C)}

COROLLARY: 2 DFA’s are equivalent if their minimum FA are isomorphic.
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o Nondeterministic Finite Automata (NFA)

O
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Definitions of a NFA (both are equivalent):
1) NFA=(%,Q, f,q,,F), where
f: Q x £* > Q is nondeterministic, for instance:
f(p,a) ={a.rry f(p,A) = {a.r}
2) NFA=(Z,Q,f,qyF T), where:
2,Q, qo,F : idem that in a DFA
f:QxXZ— P(Q): set of parts of Q

T . Relationship defined over pairs of elements of Q (Formal
definition of the A transition )

pPTg = (p,q) T if the transition f(p, A)=q is defined.
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Example: Given the following NFA:
A = ({a,b}, {p.a.,r.s}, f.p, {p,s}, T={(a.s), (rr), (r.s), (s.1)}) where f:

f(p.a) = {a} f(p.b) = {}
f(a,a) = {p.r.s} f(q,b) = {p.1}
f(ra) = {} f(r,b) = {p,s}
f(s,a) = {} f(s,b) = {}
whose transition table is:
a b A
—>*p qJ
0] p,l,S P,r S
r P,S rs
*S r
@@@@ Ezt:qg?:g:;zilb;jg :Sr;aagzt'encia de Creative Commons Reconocimiento-NoComercial- ”

David Griol Barres - Computer Science Department — UC3M - dariol@inf.uc3m.es



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
mailto:dgriol@inf.uc3m.es

A ) - -
>\ Universidad

)7) Carlos Il de Madrid NFA. Extension of the transition function f to words

www.uc3m.es

From f it is defined a transition function f” that acts over words in Z*
f'is the transition function over words.
It is an application: f’: Q x * — P(Q)
Considering:
1)f°(q,2) ={p/qT*p Vq €Q}
2) given X = a,a,as,...a, n>0

f’(q,x) = {p / p is reachable from g by means of the word
A*a; A*a, A*ag A*... A*a, A*, VqeQ}
— /
RE
It is identical to x
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Calculation of T*
. Given NFA = (£,Q, f, q,, F, T).

. To calculatef’, it is required to extend transitions A to A*, i.e., to calculate T* of the NFA=
(ZIQI fIqOIFI I)

J Two possibilities to do this:

— Formal method of boolean matrices.

— Method of the matrix of pairs (state, state).
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Calculation of T*
Method of the matrix of pairs (state, state).
A matrix is build with number of rows = number of states.

In the first col, we write the pair corresponding to the specific state,
l.e. (p,p), given that each state is reachable from itself.

In the following cols, we write the A transitions defines in the NFA,
considering if the fact of adding them allows to extend additional
transitions.

E.g. If there is a transition (q,r) and we add the transition (r,s),
we have to also add the transition (q,S).

When it is not possible to add additional transitions, we have T*

@@@@ Este obra esta bajo una licencia de Creative Commons Reconocimiento-NoComercial-
Compartirlgual 3.0 Espania. 57

David Griol Barres - Computer Science Department — UC3M - dariol@inf.uc3m.es



http://creativecommons.org/licenses/by-nc-sa/3.0/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
http://creativecommons.org/licenses/by-nc-sa/3.0/es/deed.es_ES
mailto:dgriol@inf.uc3m.es

A ) - -
O\ Universidad

@) criviivicvar Language accepted by a NFA

< %/ www.uc3m.es

e The language recognized by a NFA can be defined in a similar
way to the language recognized by a DFA, by means of the
definition of the transition function over words (i.e., f’ for the
NFA).

e We only must take into account that, in the case of the NFA,
given that several sates are obtained from f', the condition of
acceptance will be one of these states to be a final state of
the automaton.
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A word x €X* is accepted by a NFA if:

f’ (g0,x) and F have at least one common element, i.e., f’(g0,x)
contains at least one final state.

The set of all the words accepted by a NFA is the language
accepted by the NFA.

Formally:

Lyin =X/ x €X*y3dqo - F}={x/x eX*y f'(qo,x) N"F =D}
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Given that it is a NFA, from qo several paths can be valid for
the word x, and x is accepted if at least one of the paths
reaches a final state.

In addition:
A€ Ly, if:
1 go € For

2 d a final state, g € F, that it is in the relation T* with qo (qo
T* q)
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o DFA equivalent to a NFA (NFA = DFA)
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Given a NFA, it is always possible to find an DFA that recognizes the same
language :

Set of Lyga = set of L.

A NFA is not more powerful than a DFA, this is just a particular case of a
NFA.

From NFA to DFA:
Given the NFA A= (Z, Q,f,go,FT). The DFA B is defined by:
B=(Z, Q,f,q0,F), where:
Q’= P(Q) set of of the parts of Q that includes Q and ®.
g0’ =f(qo,A) (all the states which have relation T* with gO0).
F={C/CeQy3dgqeC/qekfF}
f(C,a)={C'/C = qLejcf‘(q,a) }
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