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CHAPTER 2. Bending, shear and torsion of thin-walled beams

Bending and shear of open and closed, thin-walled beams (l)

OBJECTIVES

« State the displacement field the cross-section of a in a thin-
walled beam

e Calculate normal stresses field in open and closed cross-
sections

 (Calculate normal stresses field in multi-cell cross-sections
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CHAPTER 2. Bending, shear and torsion of thin-walled beams

Bending and shear of open and closed, thin-walled beams (l)

* Introduction

* Kinematics

* Normal stresses

* Shear stress field on open sections

e Stress field on single-cell closed sections
* Summary

* References
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Cross-section of a thin-walled beam
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Introduction

Previous knowledge (Introduction to Structural Analysis)

Displacements field

u,(xy,z)=u;(2)-¢,(z)-x+4,(2)-y

Normal stresses

N y-l,=x-P,
O =3t o2z
A1 =B

Neutral axis

1, -x-P
ﬂ-l-y y ny'Mx
ALl =Py

Shear stresses

y'ny_X°|x
e
X 0y Xy
P, =X
1,1, ~P?
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2 uy(xy, Z)* Ux
(X V. Z)=‘* (Z) The section does not
Uy deform in its plane
z(X Y, Z): (Z S)m uz is constant along the

thickness
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1, (2.5)=U, (2)+4,-X(s)~4, - ¥(5) ea(28)="2

Constitutive equation

Neglecting normal
nonaxial

o,(z,5)=E ,[duzo (2) N d¢,(z) X(S)_d¢v_(z), y(S)J stresses

dz dz dz

Operating as in solid sections

l

1, -x-P P, —x-1
az(x,y,z):ﬁ+y : ZXVOMX+y =M,
A1l =Py L1, —-P,
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1,4(z,5)=cte

No deformations in
Tsn (Z’ S) =0 cross-section
Tsn (Z,S) ~ 0 Due to small thickness
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N ffw\ﬁ

Ty (Z O

s=0 51 =rzs(z,0)-e(0).dz
F, =1,(2,5)-e(s)-dz
Ry = [o,(z,5)-dA
I
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Equilibrium equations
in z direction

F3+dF3—F3—F1+F2 =0

v

t25(2:8)-€(6)=715(20)-€(0)- * [0, -dA
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t25(28)-€(6)=75(2.0)-¢(0)- ° [ -dA

A
e . Espression of
Equilibrium P
) normal stresses
equations

»Ve

Ll

7,(2,8)-e(s)=7,(2,0)-e(0)-K,-Q, +K,-Q,

The distributed loads in z direction are neglected
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rzs(z,s)-e(s):rZS(z,O)-e(O)—a [o,-dA
z 2.
A
de dQX-I— -0 N Y'|y_X'ny
M= iz " Uz(x’y’z):AJr -1, P, T
dM dQ

L+Q,+m, =0 d—zy+qy=0 er.PXy—X-IX.IVI

‘ iN |1 Pz
dIVIT+mZ: —+0Q, = e

Z dz

7,(2,5)-e(s)=7,(2,0)-e(0)-K,-Q, +K,-Q,

The distributed loads in z direction are neglected
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K Mey Iy Mey ny
Y1, —P2
x “ly = FPxy
Mey ny_mey Ix
4§ Iy -1y —P3
S
« = [y(s)-dA = [y(s)-e(s)-ds
A" 0
S
Mey = j*x(s)-dAzjx(s) e(s)-ds
A 0
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Open section

Assumption: no distributed
loads in z direction

r,.(2,0)-2(0)=0

s=0— z 7,(z,5)-e(s)=-K,-Q, +K,-Q,

Constant shear flow
q(s) =Tyzs (Z’S)' e(s)
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Example: open section

y K =—2 7,.(2,5)-e(s)=-K,-Q,

il ue |
| T
/ E<<1 1
% h IX:E-e-h3
e a(s) =2 5-(s-h)
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Example: open section
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Example: open section

Y
| E
_m,
K, =
h > X
X
— — Qy q(S):_Ky Qy
e
e
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Y h
&
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Example: open section y
'y q(s)T o
y\ A e, i'___ ?,r// A
" A h
| | —
L y(s) 2
L
h > : : >
Q X : : X
11 SRR st
e Lo mexzjy(s)-e(s) ds = 5
| | 0
: B I
v o _____ 1
) ; Q) s-eh
; als) == 73
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Example: open section

v R
| o
S
iy
a(s) H y(S)=E—S
h - AR .
Sy M T :
o i i :X:h.g-b_l_slz'e.(h_sl)
b q(s):_?xy.[h ;’b
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Y Y
h q(s)= Qxy[h; b _h ;Sj :h.z.b_:h.;.s
Q, x ]
IRE y(s) -
A . :
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Example: open section

Ry
\ =
y A
, d(s) Ry =Qy
/ .
Ry
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Example: open section
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Single-cell closed section

A

y

An arbitrary point is the origin of the
coordinate s

g (5) = 0(8 )open +(0)
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Single-cell closed section

y | l

s=S
- O
- [ R g |
oG’e(S) 0
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Single-cell closed section u,(z,5)=u,(z,s+S;)
. y(s)=yls + Sp)
y 2(s)= z(s+Sp)
du du S
U (2,8)=Ug, ()= "o -x(s)= Yo -y(8)+ [ vs(2:5)-ds
dz dz 3
X S+Sp

p

s=0 S S+S, S+S, s S+,
[<]-[-] [~
0 s 0 0 S
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Shear stresses in closed sections

Single-cell closed section

yA

¢ q(s)open .ds
> G-els
\ q(0)=—¢ )
- 1
: -ds
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Shear stresses in closed sections

Single-cell closed section

Example
. e=0,8 cm
| b=15 cm -
ne20em  9()=G6(5)+a(0)
el
A qa(s)
h :x q(O) + S
Qy —»|  j—
e
- - .

Authors: Enrique Barbero Pozuelo, José Fernandez Saez, Carlos Santiuste Romero




& Universidad

i g Carlos IIl de Madrid Shear stresses in closed sections

Single-cell closed section

Example
LY
S, zone 1-2
3@ ' Y : qa(S)
S, i
121 _ s°-e
s‘ LY ;%/’ ) mex=£y(s) e(s)-ds = 5
@ >
Qy Q, e-s’
S)=— .
54‘ qa( ) I, 2
1@ @5
S3
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Single-cell closed section

Example
LY
S, zone 2-3
S1
3@ .2 qa(s) <
s, =y
?
: _h 7
1 x Y =5 ??
— Z
7
Qy
. e-h* h-e-s
‘ m, =[y(s)-e(s)-ds === +——
4@ @5 °
Q, (e-h* h-e-s
S, q(s):_ly. . + > 1
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Single-cell closed section

Example
Yy
| S, zone 3-4
3 @ PV
s, ] Z//////////////Aé
2 % é
1M 9. () 7
s d, %
1 Xx y é
@ > %
Q
y s _ d e-h® h-e-b e-s, "
4 mex=jy(s)-e(s) T8 2 2 (h-s,)
4‘ .5 0
2
S5 q(s):_Qy. e-h® heb e SZ-(h—sz)

| 8 2 2

X
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Single-cell closed section

Example
pY 4-5
s, zone 4-
é
3@ 'Y g
S, ?
%
%
h 7
S y=—+= %
1 x 20 7 69
*— " V=
Qy S3
S S . 2 . . .
4‘ m:X:Iy(S)'e(S)'dS:eh +heb_h e.s3
4@ @5 5 8 2 2
S5 Q. e-h2+h-e-b_h-e.

a(s) = {8 2 2 53}

X
Authors: Enrique Barbero Pozuelo, José Fernandez Saez, Carlos Santiuste Romero




® Universidad

N+ CarlosIll de Madrid Shear stresses in closed sections

Single-cell closed section

Example
LY
S, zone 5-1
3@ Y
S, I
y v
1 X
O >
Qy S3
54‘ . e-h® s,-e
m, =|Vy(s): ds = ++- s,—h
A L e fv(s)e(s) = (5, -)
3 Q e-h2 S, -e
S q(s):_|j|: . + 42 .(34_h):|
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Single-cell closed section

Example
\ 4(0) =~ O2‘(h+b)

q.(S)

-
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Single-cell closed section

Example
0)=—_20
\/ 1) 2-(h+b)

q(s)

a a
P P » »
< « > >
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Single-cell closed section
Example
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Displacements

b4 0.2) =0 (@
uy(x,y,z)zuyo(z)

U (X,Y,2) = Uy (2,5)

Normal stresses

N o y-l,=x-P, +y-PW—x-IX

o,(X,y,Z)=—+ ‘M, :
(6 y.2) A IX-Iy—Pxi IX-Iy—Pxi !

Shear stresses

q(S)z q(O)— Ky 'Qy +—Ky - Qx
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Open section

-

CI(S) = q(O)— Ky ' Qy +—Ky - Qx

N

Closed sections

O
—~
w
~"
|
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