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Outline

@ Systems of linear first order ODEs.
@ Autonomous planar linear homogeneous systems.

@ Inhomogeneous linear systems.
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Linear systems

General properties

o Existence, uniqueness, extension and continuity: f(t,x), Of /0x;,
continuous on a box B in n+ 1 space and (ty,x°) € B. Then the IVP:
x'=f(t,x), x(tg)=x°,
has a unique solution x(t) on some t-interval containing ty. We can
extend the solution to any interval containing to for which the
time-state curve lies in B and extends to the boundary of B as t
tends to either endpoint of the interval. The solution is continuous in
the data x% and f.
@ Autonomous systems: f(x), Of /0x;, continuous on a box S in n
dimensional phase space and (x°) € S. Then the IVP:
x' = f(x), x(to) = x",
has a unique solution x(t) on some t-interval containing tg. We can
extend the solution to any interval containing ty for which the state
curve lies in S. The solution is continuous in the data x° and f.
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Linear systems

Linear systems

Assuming amn(t), Fn(t) continuous on |t — ty] < 4,

d
% = an(t)ur + ... + awn(t)un + F1(2),

w
al'jt = ap(t)ur + ... + apa(t)us + Fa(t),

IVP with u(ty) = ugy has a unique solution. Equivalently, as a vector ODE

du
S A utE(),
u all(t) al,,(t) Fl(t)

u=1| ... |, A= ,
Up Fn(t)
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Linear systems

Abel’s formula. Autonomous homogeneous linear systems.

Wronskian:

W(Hb v 7Hn) = det(g)v g(t) = (Hl(t)v v 7gn(t))7
®(t) fundamental matrix of independent solutions. Abel’s formula:
d

dt

Autonomous homogeneous linear system: 4(t) = Au(t).
Letting u(t) = Ue, get eigenvalue problem:

AU =\U.

If all eigenvalues \; are different,

W(uq,...,u,) = Tré(t) W(uyq,...,u,).

n
_ it - ,
u(t) = E cie™'®;,  ®; eigenvectors, ¢; are constant.
j=1
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Autonomous planar linear homogeneous systems

Two dimensional (planar) systems

(12>

:(i Z), with 7 =TrA=a+d, A =detA=ad— bc.

Characteristic equation for eigenvalues (A1 + A2 = 7, A1\ = A)

(1Y A
2 )

~T T2 — 4N = 0
unstable nodes

N-TA+A=0= )=

saddle points

non-isolated
fixed points
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Saddle point

A<=\ <0< X
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Asymptotically stable node

T<0, A>0 7 —4A>0= )\ < X2 <0.
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Autonomous planar linear homogeneous systems

Centers or asymptotically stable spiral points

7<0,A>0, 72 —4A=-4Q> <0= )\; = F +iQ.

(D
>/
(a) center (b) spiral
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Autonomous planar linear homogeneous systems

Borderline cases

2 —4A = 0.
° é = %i star point: all directions are eigendirections;

@ otherwise degenerate node: only one eigendirection.

(b) node (c) degenerate node
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Variation of parameters i = A(t)u + F(t)

Fundamental matrix W(t) = (¢,(t),...,¢ (1)), st g(t) = A(t) Y(t).
Then we insert a solution of the homogeneous system,

n
ut) =y () = W(t)y
j=1
for y; = yj(t) in the inhomogeneous system:

Y(1)y(t) + Wy e] — AWY(E) = E(t) = y(1) = ¥ (D)E(t).

Integrating and substituting in u(t), we find the solution of the IVP
a(t) — A(t)u(t) = £(t), u(0) = up:
(1) / 5)ds + W(t)ug

Applied Differential Calculus (OCW-UC3M) Lecture 3 11 /15



Example: ¢ = Au+ F

ef -1 2 _
F(t)—<0>, A—< 3 _2>, with7=-3, A=-4 (1)
Eigenvalues of A are A; = —4, with eigenvector ¢, = (2,-3)and Ay =1

with ¢, = (1,1). The fundamental matrix is

2e74t et L . 1 1/ e —e*
Y(t) = < C3e-dt ot > , and its inverse is W™ (t) = c ( 3ot et
For F(t) as in (1), we find

dy 1 1/ et 1/ (e’t=1)/5
dt5(3> y5< 3t ’ 3
which satisfies y(0) = 0 and yields the particular solution
et [ 2(1—e %) 43t
= g 5
wey=vy=5 (SN ) (@
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Inhomogeneous linear systems

Undetermined coefficients for the example
We use u(t) = (b+ ct)e’, because A\ = 1. We get

W+c+awéAw+aw4<é)%

Thus Ac =c (soc = ,ugl is the eigenvector corresponding to A\, = 1), and

czu(}>, —nbzc—<é>.

The latter equation gives 2(c; —¢1) = p— 1, =3(c2 — 1) = p. Then
—%:”T_l:,u:%and cg —c=1/5. Thus

3t 1
u(t):et< 5 +C2+5 >’

N

% + C
and the general solution of the system is (c; = —%, ki = —% previously)
3t 4 1 t 24t
u(t) = et< > ; > >+ Cz< :t )-i— k1< —?fe_‘” ), 2, ki arbitrary const.
5
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Inhomogeneous linear systems

Supplementary material: Reduction to normal modes

Let A=R™ D R, where D is a diagonal matrix with entries dy,. .., d.
u=Ruyvyi ields
U=Rv=ARv+F(t)=v=RARv+RF(t)=Dv+ R E(t),
that is
v(t)=Dv YE(t), vi=divi+ Z(Ril)uﬁ(t)v
j=1
for i =1,...,n. The solutions are
n t
ult) = et YR [ eHIR(s) ds (5)
j=1 0
n n t
ui(t) = (E)ikckedkt-k Z (R)ik(Rl)kj/ edk(tfs)/:j(s) ds. (6)
k=1 jk=1 0
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Inhomogeneous linear systems

Supplementary material: Reduction to normal modes for
the example

Transformation matrices: R = W(0) and R™' = W~1(0), the diagonal
components of D are d1 —4, d» = 1. The components of the vector

R1F(t) are é ot and et. Then normal mode equations are

d 1 d 3
% = —4v + geta 22 va + —et.

Solving these equations, we find the normal modes

1 3t
vi = e He + get, vy = <c2 + 5) ef, thereby yielding

t

2 3t 3
um =2e e +efor + % (5 + 3t>, up = —3cre M+ <C2 + = — ) t,

5 25
With ¢ = —%, c2 = 0, this equation becomes (4).
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