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LECTURE 2: Second-order ordinary differential equations.
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Problem 1 Solve the following differential equation:
29" — 5y —3y =0

SOLUTION:

The equation is a homogeneous linear second-order ODE with constant coefficients.

Solution:

3x .
)

y(z) = c1e” 2 + coe c1, o € R.

Problem 2 Solve the following differential equation:
y" — 10y + 25y =0

SOLUTION:
The equation is a homogeneous linear second-order ODE with constant coefficients.
Solution:

y(x) = 1% + coxe®®; ¢, co € R.

Problem 3 Solve the following differential equation:
y' +4y + Ty =0

SOLUTION:
The equation is a homogeneous linear second-order ODE with constant coefficients.
Solution:

y(x) = cre” ¥ sin(vV3z) + cge 2% cos(V3x); e, 2 € R.




Problem 4 Solve the following differential equation:
y// _4y/+4y _ (x+ 1)621

SOLUTION:
The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of variation of parameters or with that of
undetermined coefficients.
Solution:
3 2
y(x) = 12 + cowe®® + (% + %)6293; c1, c2 € R

Problem 5 Solve the following differential equation:
49" + 36y = csc(3x)

SOLUTION:

The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of variation of parameters.
Solution:

1
y(x) = ¢1 cos(3x) + cosin(3zx) — % cos(3z) + 36 sin(3z) In(sin(3z)); c1, c2 € R.

Problem 6 Solve the initial value problem (IVP):

y// o y/ - 2y — 362x
y(0) =0, y'(0) = -2

SOLUTION:
The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of variation of parameters or with that of
undetermined coefficients.
Solution:
y(r) = e + e (z —1).

Problem 7 Solve the following differential equation:
y" — 4y =sinx

SOLUTION:

The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of undetermined coeflicients.
Solution:

y(z) = c1** + coe™ " — s1n5(a:) ;

C1, C2 € R.




Problem 8 Solve the following differential equation:
y" + 4y = 4 cos(2x)

SOLUTION:
The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of undetermined coefficients.
Solution:

y(x) = c1 cos(2x) + cosin(2x) + wsin(2x); ¢, c2 € R.

Problem 9 Solve the following differential equation:
Y +4y = —4x

SOLUTION:
The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of undetermined coefficients.
Solution:

y(z) = c1co8(2z) + cosin(2z) —x;  c¢1, o € R.

Problem 10 Solve the following differential equation:
y" + 4y = 4 cos(2z) — 4w

SOLUTION:
The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of undetermined coefficients and the super-
position principle.
Solution:
y(x) = c1 cos(2x) + cosin(2x) — x + xsin(2x);  c1, c2 € R.

Problem 11 Solve the initial value problem (IVP):
y' =4 +4y =0, y(0)=1, y'(0) =1

SOLUTION:
The equation is a homogeneous linear second-order ODE with constant coefficients.
Applying initial data we get the solution:

y(z) = e*(1 —2).




Problem 12 Solve the initial value problem (IVP):
y' =y =2y =0, y(0)=1, y(0)=0

SOLUTION:
The equation is a homogeneous linear second-order ODE with constant coefficients.
Applying initial data we get the solution:

Problem 13 Solve the initial value problem (IVP):
y'+3y +2y=0, y(0)=1, y/(0)=0

SOLUTION:
The equation is a homogeneous linear second-order ODE with constant coefficients.
Applying initial data we get the solution:

y(x) =2 —e 22,

Problem 14 Solve the initial value problem (IVP):
V' -2 +2y=e", y(0)=0, y(0)=1

SOLUTION:
The equation is a non-homogeneous linear second-order ODE with constant coefficients.
A particular solution can be obtained with the method of undetermined coefficients or with that
of variation of parameters.
Applying the initial conditions we get the solution:
e 7 1

y(z) = = + ge”” sin(z) — ge‘” cos(z).

Problem 15 Solve the initial value problem (IVP):
y' =2y +2y=cosz, y(0)=1, ¢'(0)=0

SOLUTION:

The equation is a non-homogeneous linear second-order ODE with constant coefficients.

A particular solution can be obtained with the method of undetermined coefficients or with that
of variation of parameters.

Applying the initial conditions we get the solution:

y(x) = COS;x) - %sin(w) — %e sin(z) + %ex cos(z).




Problem 16 Given the following initial value problem (IVP):
V' +dy +ay=e y(0)=1 y(0)=0,

find the value of y(2).

SOLUTION:
Solving the differential equation and applying the initial conditions we get:

1 1
y(t) = §et + ge_Qt + gte_% =y(2) = §(62 +38¢7 ).

Problem 17 Solve the initial value problem (IVP):
Yty -2y =et, y(0)=1, J(0)=-1

SOLUTION:

The equation is a non-homogeneous linear second-order ODE with constant coefficients.

A particular solution can be obtained with the method of undetermined coefficients or with that
of variation of parameters.

1
Applying the initial conditions we get the solution: y(t) = i(et —e H+ e 2t

Problem 18 Solve the initial value problem (IVP):
y' =2/ +5y =t y0)=1, y(0)=2.

SOLUTION:

The equation is a non-homogeneous linear second-order ODE with constant coefficients.

A particular solution can be obtained with the method of undetermined coefficients or with that
of variation of parameters.

Applying the initial conditions we get the solution:

1
y(t) = 52 |2+ 5t +23¢ cos(2t) + 11¢! sin(zt)} .




Problem 19 Consider the initial value problem (IVP)
Y4y =4 y(0)=1, y(0)=0, y"(0)=1,
and solve it following the next steps:

(i) Apply the change of variable v(t) = y/(¢) to the differential equation of the IVP and find the
general solution of the resulting second-order equation.

(ii) Undo the change of variable applied in (i), integrate the result, and obtain the solution y(t)
of the IVP.

SOLUTION:

(i) We have v(t) = ¢/(t) = v = ¢ = 0" = . Then, after substitution into the given
equation, we obtain the following linear differential equation with constant coefficients, v" +
4v = 4e*" | whose solution is v(t) = vy (t) + vp(t) , where vy, (t) = c1 cos(2t) + casin(2t) is the
general solution of the corresponding homogeneous equation and v, (t) = %e% is a particular
solution of the nonhomogeneous one. Hence, the general solution of the above second-order

equation is

1
v(t) = c1 cos(2t) + co sin(2t) + 5eta _

(ii) We have y/(t) = v(t) = y(t) = /v(t) dt = %1 sin(2t) — %2 cos(2t) + %e% +C.

In addition, since y(0) = 1,3'(0) =0,4"(0) =1, we get ¢; = —1/2,¢0 =0,C = 3/4, namely

1 1
y(t) = = 4 ~e?t — 1 sin(2t) | .




Problem 20 Consider the following ordinary differential equation (ODE)
y' —dxy —4y = e”.

(a) Assuming that the solution of the ODE is given by the power series y(z) = > 7, an z™, find
the recurrence relation satisfied by the coefficients a,.

(b) Supposing that ap = 1 and a; = 0, find an approximate value of the solution of the ODE at
x = 2 by using only the first five terms of the power series in (a).

n

o
HINT. This result may be useful: e® = Z x—' .
n!

n=0
SOLUTION:
(a) Let y(x) = > .2, ana™, hence
(o] o0
Y (x) = Znan z"t y'(x) = Zn(n— 1) a, 2" 2.
n=1 n=2

Substituting these series into the ODE yields

oo oo [o@) [o@) xn
E nin—1)a,z - E dna, "™ — E 4a, " = E —
= n=1 n=0 n=0 s

where the given hint has been used. In order to get the same power of x in each series, let us
change the index in the first one, that is

(o) o0 o0 ':L‘n
n o _ -

Z(n—}—?)(n-i—l apyox” Z4nan —Z4anaz = Zn!’

n=0 n=0 n=0

namely

(2a2—4a0—1)+2 [(n—l—2)(n—|—1)an+2—4(n+1)an—71]x” =0.

n=1

Now, equating to zero the coefficients of each power of x, we get
1
209 —4ap—1=0, (n+2)(n+1)apt2—4(n+1)a, — — =0,
n

which can be expressed as

1 n 4
a
(n+2)! n4+2"

az = =+ 2ag9, apgo2=

withn =1,2,....



(b) Using the recurrence relation obtained in (a), we get

1 5 1 4 13 5
a2—§+ aop , a3—§+§a1, a4—ﬂ+ aop -

Since ag = 1 and a1 = 0, we can write

5 1 _ 61

a2=75, A=, @M=y
Thus, the desired approximate value is

4 122
y(2) ~ ag+ 2a1 + 4as + 8ag + 16ay4 = 1+0+10+§+? = 53]|.

Problem 21 Let f(z) = 27 + (% + 1)y, where 3/ is the first-order derivative of the function
y = y(x) with respect to the independent variable . Knowing that y is sufficiently regular, do
what follows.

(a) Prove that the equation f’(x) = 0 is equivalent to the equation (z* 4 1)y” + 2z = 0.

(b) Find the solution of the equation in (a) in the form of a power series Z an "
n=0

(¢) Impose the initial conditions y(0) = B, ¢’(0) = 1. Then, find the value of the parameter
B € R that yields an odd solution, namely such that y = y(z) satisfies y(—z) = —y(z).

SOLUTION:
(a) We have
d
Fla) = g | @4 0427 | = @y 4 2

Hence, the equation f'(z) = 0 is equivalent to the differential equation (2 +1)y” +2zy’ = 0.

(b) Supposing that y(z) = > > ;an 2™, we have

o o0
() = E nanz" !, E n(n —1)a, =" 2.
n=1 =

After substituting these expressions into the differential equation in (a), we get

[e.e]

Z (n—1)apz +Z (n—1)a, "2+22nan =0.
n=1

n=2 n=2



In order to obtain the same power of = in each series, let’s change index in the second one as

o0 o0 o0
Zn(n— 1) apz"™ + Z(n+2)(n+ 1) angaz™ + ZQnanaz" =0,
n=2 n=0 n=1
which is equivalent to

2as + (6ag + 2a1)r + Z [n(n—i— 1)an+ (n+2)(n+ 1)an+2} " = 0.
n=2

Now, equating to zero the coefficients of each power of x, we find that

2a2 =0, 6asz—+2a; =0,

nn+1)a,+n+2)(n+1)an2=0,
namely

1
az =0, a3:—§a1, an+2:—man for n =2,3,....

Finally, calculating the first coeflicients in terms of ag and a1, we get

y(r) = ao + a1 x—}x3+1x5—fa:7+ =ap + a1 ii(—l)” 2l
° 37 5T 7 T Lo + 1 ’

where the coefficients of all even powers of x are equal to zero.

By applying the initial conditions we get ag = § and a; = 1. Then, we can easily conclude
that the value f = 0 makes the function y = y(z) odd.

Problem 22 Solve the following initial value problem by applying the change of variable = =
e < z=In(z).

5
x2y”—|—2xy'+§y =0, forz>0,
y'(1) = 1.

SOLUTION:

The given differential equation is a Cauchy-Euler equation, which can be solved by using the
suggested change of variable. First, the chain rule yields

dy _ dydz _ ldy ?y _ 1 (dy dy
de  dzdx  xdz’ de?2 22 \dz?2 dz)’

Then, after substitution, we get the following differential equation with constant coefficients

Py dy 5
— 2424y =0,
dz? z+2y



whose characteristic equation is 72+ r + 5/2 = 0, with complex conjugate roots ry = —1/2+3/21
and ro = —1/2 — 3/24i. Hence, its general solution is

y(z) = e 2 [a cos (;) +bsin <2z)] ,

which can be written in terms of the original independent variable x as

In addition, the given initial conditions provide the values for the two constants, namely a = —1
and b = 1/3. Finally, the solution of the given initial value problem is

y(z) = 212 B sin <§ln(:v)> ~ cos (2111(9,;))]

Problem 23 Verify that the functions y;(¢) = e’ and y»(t) = t are solutions of the homogeneous
equation associated with

A=ty +ty' —y = 2(t—1)%"

with 0 <t < 1. In addition, using y; and y2, calculate a particular solution of the given nonhomo-
geneous equation by the method of variation of parameters.

SOLUTION:
Indeed y1, yo are solutions of the homogeneous equation associated with the given differential
equation (proof is omitted). In order to calculate a particular solution of the nonhomogeneous
equation, let us rewrite it as

t 1

y// + 7’!// _

——y =21 —t)e ",
T "1y = A e

Then, according to the method of variation of parameters, a solution in the form y(t) = uy(t)y1(t)+
ua(t)y2(t) is sought, where u; and ug are functions to be determined. Moreover, we know that the
derivatives of such functions satisfy the system

uhel +ubt = 0

uhel +uhy = 2(1 —t)e ",

which yields wj = —2te™?, u}) = 2e~'. Finally, after integration, we get vy = (t+ 3)e 2,
us = —2e~t. Hence, a particular solution is

y(t) = %(I—Qt)e_t |




Problem 24 Solve the initial value problem: y” + 4y = cos(2z), y(0) =0, y'(0) = 1.

SOLUTION:

Homogeneous and particular solutions are:

yn(x) = Acos 2z + Bsin 2z,
yp(x) = Czcos2x + Dz sin 2x.

We use the x multiplier in the particular solution because the right hand side of the ODE is a
solution of the homogeneous ODE. We will obtain the coefficients C' and D by using undetermined
coefficients and then we will use the initial conditions to determine A and B. Plugging y, into the
ODE produces:

yp(x) = Cz cos 2z + Dx sin 2z,

y,(x) = C cos 2z + D sin 2z — 2Cx sin 2z 4 2D cos 2z,

y,(x) = —4C'sin 2z + 4D cos 2z — 4Cx cos 2¢ — 4D sin 2z,

y;’ + 4y, = (—4C sin 2x + 4D cos 2x — 4Cx cos 2z — 4Dx sin 2£C) +4 (Cx cos 2z + Dz sin 2x)
= —4C'sin 2z + 4D cos 2z = cos 2z for all x,
=C=0, D=1/4

Thus the solution of the ODE is:
1
y(x) = Acos2x + Bsin2x + 12 sin 2z

Using the initial conditions, we obtain:

y(0) =A=0,

:2B:1:>B:1.

1 1
y'(0) = 2B + < sin 2z + ~x cos 21:)
2 =0 2

4

The solution of the IVP is:
x+2 .
y(x) = L Sin 2x

Another method is variation of parameters.
Insertion of y(x) = uy(z) cos 2x + uz(x) sin 2z in the ODE yields

u) cos 2z 4 uhy sin 2z = 0,
—2u] sin 2z 4 2ul cos 2z = cos 2.

We now multiply the first equation by 2sin 2x, the second one by cos 2z and add them, thereby
getting 2u), = cos? 2x. Then

B 1—|—cos4xd _ijs.inélac+
w2 = 4 TTAT e T
Similarly, we obtain

1 1 1 1
u) = —uhtan 2x = ~3 sin 2z cos 2x = 1 sindr = u; = 4/sin4xdac = 1—6cos4x+cl.



Therefore we have found

€T . cos 2x cos 4x + sin 2x sin 4x
y(x) = (Z + 02) sin 2z + 16 + ¢1 cos 2z
(x n ) 020 4+ cos(4x — 21) n 5 <x n > 022+ n 1 5
=(>4c)sin2z4+ ———2 +cycos2z == + ¢ ) sin2x c1 + — | cos2z.
47 16 ! 4" ' 16

This is equivalent to the solution given by undetermined coefficients, from which we obtain the
same solution of the IVP.

Problem 25 A mechanical fish is trying to extract a bar from a wall by applying a force per unit
mass cos(wt) to it. The bar returns to its rest state with a restoring coefficient 34 per unit mass
and the friction force per unit mass is minus 10 times the fish velocity. Assuming that the bar
cannot be extracted, what is the oscillatory motion of the fish as time goes to infinity? For which
value of w is the displacement maximum? What is this maximum displacement?

SOLUTION:
Newton’s second law yields

d d
dit} = —34x — 10v + cos(wt), v = d—f,

and therefore
2" + 102’ + 34z = cos(wt).

A solution of the homogeneous ODE, z(t) = ", yields r2 + 10r + 34 = 0, so that
r=—5++25—34 =5+ 3i = x3,(t) = e *(acos 3t + bsin 3t).
The particular solution of the ODE is x,(t) = Acoswt + Bsinsinwt. Then
cos(wt) =z, + 10z, + 34w, = [(34 — w?)A + 10B] cos(wt) + [(34 — w?) B — 10A] sin(wt),

and
(34 —w?)A+10B=1, (34—w?)B—104=0.
The solution of this system is
_ 34 — w? B 10
100 + (34 — w?)?’ © 100 + (34 — w?)?’

Thus the general solution of the IVP is

(34 — w?) cos(wt) + 10 sin(wt)
100 + (34 — w?)2

z(t) = + e (a cos 3t + bsin 3t).

As t — o0, z(t) = xp(t), which can be written as

sin(wt + ¢) tan ¢ = 34 — w?
10

() = V100 + (34 — w2)2’



Clearly, the maximum displacement occurs for sin(wt + ¢) = 1:

1
/100 + (34 — w?)?

(W) — x3(V34) =0.1.

The maximum displacement, 0.1, is reached for the “resonant” frequency w = v/34.

Problem 26 Find the solution of the following initial boundary value problem:
y" — 2y + 5y = cost, y(0)=0, ¢'(0)=0.

SOLUTION:
We insert a particular solution y,(t) = acost + bsint in the ODE, thereby getting

(5a —a — 2b) cost + (5b — b+ 2a)sint = cost = (4da —2b) =1, (4b+ 2a) = 0.

We find a = —2b = %t, b= —%. Then

1 1 .
yp(t) = R cost — 1—Osmt.

We now solve the homogeneous ODE using yy,(t) = €"t, which yields 72 — 2r +5 = 0. Its solutions
are r = 1 4+ 2i. We therefore obtain the general solution

1 1. . .
y(t) = = cost — 0 sint + e'(¢q cos 2t + co sin 2t).
The initial conditions produce
1 1 1 3
y0)=0==-+c1, Y(0)=0=—-——+c1+2c0=c1=—=, 3= —.

5 10 5) 20

Then we have found

1 1
y(t) = g(cost — el cos 2t) + %(361: sin 2t — 2sint).

Problem 27 The vertical motion of a mass attached to a spring (suspended from a rigid support)
is driven by an external forcing f(¢) and is described by the following second-order differential
equation

y'+3y = f(t),

neglecting any damping effect. Solve the equation by means of the Laplace transform, when the
initial displacement and velocity are y(0) = 1 and ¢/(0) = —2, respectively, and the forcing is
modelled by

N |~

t
ft) = /0 e 2 sin (2(t — 7)) dr.



SOLUTION:
Applying the Laplace transform £ to the given equation yields

L{y"} +3L{y} = L{f ()},

where
1 7

s+2 s2+4
for s > 0, as the forcing f(t) is proportional to the convolution of the functions e~2* and sin 2¢.
Now, letting Y (s) = L{y} and using properties of the Laplace transform, we get
1 7
s+2 s2+4’

L)} = ;E{e_Qt}ﬁ{sinZt} -

7Y (5) — sy(0) — y/'(0) + 3Y (s) =

which, after imposing the initial conditions and reordering terms, yields

1 7 (s +3)(s - 3)
R I Bk G Bty o pruy s P

(s +3)Y(s)
and
52 -3
(s24+4)(s+2)
The last expression can be written, by using the partial fraction method, as

[75—14 1 ]_1[ s 2 1

Y(s) =

1
8 | s2+4 +3+2 8 82+4_782+4+S+2
1
3 [7£{cos 2t} — 7TL{sin2t} + L{e "} ] .

Finally, the solution of the given equation is

y(t) = £ cos2t — Lsin2t + fe

Problem 28 Solve the following initial value problem (IVP):
y' =2/ +5y =¥, y(0)=1, y'(0)=0.

SOLUTION:

The given differential equation is a nonhomogeneous linear second-order ODE with constant coef-
ficients. We find the general solution of the homogeneous ODE solving the caracteristic equation
and we can find a particular solution applying undetermined coefficients. Finally, using the initial
conditions, we get the solution of the IVP:

19 2
ety Tt cos(2t) — get sin(2t)

t) =
u(t) = 55 20




Problem 29 Solve the following initial value problem (IVP):

y'—2y +10y =1, y(0)=0, y'(0)=1.

SOLUTION:

The given differential equation is a nonhomogeneous linear second-order ODE with constant coef-
ficients. We find the general solution of the homogeneous ODE solving the caracteristic equation
and we can find a particular solution applying undetermined coefficients. Finally, using the initial
conditions, we get the solution of the IVP:

1 1 11
y(t) = 0" 10 e’ cos(3t) + 30 e sin(3t) |.

Problem 30 Solve the initial value problem (IVP)

y'—y —2=23e**, reR

(IVP)
{y(O) =0, y(0)=4

SOLUTION:

The given differential equation is a nonhomogeneous linear second-order ODE with constant coef-

ficients. We find the general solution of the homogeneous ODE solving the caracteristic equation

and we can find a particular solution applying undetermined coefficients. Finally, using the initial

conditions, we get the solution of the IVP:

y(t) = te?! + et — et

Problem 31 Solve the initial value problem

y' +y —6y=6, reR

(IV P) {
y(0) =1, y'(0)=1

SOLUTION:

The given differential equation is a nonhomogeneous linear second-order ODE with constant coef-
ficients. We find the general solution of the homogeneous ODE solving the caracteristic equation
and we can find a particular solution applying undetermined coefficients. Finally, using the initial
conditions, we get the solution of the IVP:

7 3
ylr) = -1+ ge% + ge_?”v.




