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APPLIED DIFFERENTIAL CALCULUS
LECTURE 6: Fourier series and separation of variables: Wave equation.
PROBLEMS
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Problem 1 Consider the following model of wave equation.

0? 0?
Partial Diff. Equation : a—;;(:n,t) = a—ts(m, t)y, t>0, O0<z<m,;
Boundary Conditions : u(0,t) = 0, u(m,t) =0, ¢>0;
ou

Initial Conditions : (i) u(z,0) = 5sin(2x) — 2sin(5x), (ii) 5

(2,00 =0, 0<z<m.

Using separation of variables plus condition (ii), the formal solution can be written as

u(x,t) = ZA” cos(nt)sin (nx) , with A, € R.

n=1

Find the value u(n/4,7/4).

L
0
Note. It can be useful / sin (mx> sin (Ex> der = m#n (L>0; m,neN)
0 L L L/2, m=n




Problem 2 Consider the following model of wave equation.

9%u
t>0, O0<x<m,;

2
(z,t) = o5 (2,1),

o7u

Partial Diff. Equation :
Ox2

u(0,t) = 0, wu(mt) =0, t>0;

Boundary Conditions
au(x,O) =0, 0<z<m.

4
(i) u(z,0) = Y Ksin(ke), (i) -
k=1

Initial Conditions

Using separation of variables and condition (ii), the formal solution can be written as

(z,t) = Y Apcos(nt)sin (nz) , with A, € R.

n=1

Find the coefficients A,,, V n > 1, and express u(x,t) by means of a finite sum.

Problem 3 Find the values of w for which the following initial boundary value problem for the

wave equation has resonances:
Pu  0%*u
— ==, € (0,1), t>0,
a2~ a2 ©€OD
ou
u(0,t) = cos(wt) , 6—(1,t) =0, t>0,
z

u(z,0) =0, %(m,O)zO, x € [0,1].

Problem 4 Solve the following initial boundary value problem

2 2

gg:g;;—x,xe(o,l),t>0,
ou

=0, 221,4)=0, t>0

u(ov) 7ax(7) ) >7

1, x<1/2,
9u —{ v <l z € [0,1].




