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APPLIED DIFFERENTIAL CALCULUS
LECTURE 6: Fourier series and separation of variables: Wave equation.
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Problem 1 Consider the following model of wave equation.

2 2
Partial Diff. Equation : g;;(:c,t) = (?,%g(:c, t)y, t>0, O0<z<m,;
Boundary Conditions : u(0,t) = 0, u(m,t) =0, t>0;
ou

ot

Using separation of variables plus condition (ii), the formal solution can be written as

Initial Conditions : (i) u(z,0) = 5sin(2x) — 2sin(5x), (ii) (,0) =0, 0<z<m.

u(x,t) = ZA” cos(nt)sin (nx) , with A, € R.

n=1

Find the value u(w/4,7/4).

L
0
Note. It can be useful / sin (mgg) sin (Eac) dz = m#En (L>0; m,neN)
0 L L L/2, m=n

SOLUTION:
Taking ¢ = 0 in the formal solution we get

u(z,0) = ZA” sin (nx) , with A, e R.
n=1

On the other hand, observing that the initial condition (i) u(z,0) = 5sin(2z)—2sin(5z) is a linear
combination of functions of the form sin(nz), with n = 1,2,3,..., we can obtain A,, by simply
equating coefficients of similar terms, namely

Z Ay sin (nz) = 5sin(2x) — 2sin(5z)

n=1



implies

A1 =0, Ay =5, A3 =0, A4, =0, As = -2; A, =0Vn>5.

An alternative way to calculate A,, consists in fixing m € N and using the identity suggested in the
note of the text in what follows

5 /07r sin(2x) sin(maz) dz — 2 /07r sin(bz) sin(mx) de = i Ay, /07r sin (nz) sin(maz) dx .

n=1

Finally, the formal solution of the wave equation can be written as
u(z,t) = 5cos(2t)sin(2x) — 2 cos(5t) sin(bz) ,

which yields

u(m/4,7/4) = 5cos(m/2) sin(m/2) — 2cos(5m/4) sin(5m/4) = —1|.

Problem 2 Consider the following model of wave equation.

0? 0?
Partial Diff. Equation : a—Z(az,t) = —u(:c,t) , t>0, 0<z<m;

x
Boundary Conditions : u(0,t) = 0, wu(m,t) =0, t>0;
ou

at(az,O) =0, 0<z<m.

4
Initial Conditions : (i) u(z,0) = Zk2 sin(kzx), (ii)
k=1
Using separation of variables and condition (ii), the formal solution can be written as
o0
u(x,t) = ZA” cos(nt)sin (nx) , with A, € R.
n=1

Find the coefficients A,,, ¥V n > 1, and express u(x,t) by means of a finite sum.

SOLUTION:

Taking t = 0 in the formal solution we get

o0
u(z,0) = ZA" sin (nx) , with A, € R.
n=1

On the other hand, observing that the initial condition (i) w(z,0) = y_, k*sin(kz) is a linear
combination of functions of the form sin(nx), with n = 1,2,..., we can obtain A, by simply
equating coefficients of similar terms, namely

Z Apsin (nz) = k?sin(kx) = sin(x) + 4sin(2z) + 9sin(3x) + 16 sin(4x)
n=1

e
Il -~
—

implies

A1:1,A2:4,A3:9,A4:16;An:0Vn25.



Finally, the solution of the wave equation can be written as the following finite sum

4
u(z,t) = Z Ay, cos(nt) sin(nz) = cos(t) sin(x) + 4 cos(2t) sin(2x) + 9 cos(3t) sin(3z) + 16 cos(4t) sin(4z) |.

n=1

Problem 3 Find the values of w for which the following initial boundary value problem for the
wave equation has resonances:

?u %
2 ~ o2 “E

u(0,t) = cos(wt) , gZ(l,t) =0, t>0,
ou

u(z,0) =0, E(w,O):O, x € [0,1].

0,1), t>0,

SOLUTION:
The wave equation with homogeneous boundary conditions produces the following eigenvalue prob-
lem for X (z) after separating variables by u(x,t) = X (x)T'(¢):

X"+AX =0, X(0)=0, X'(1)=0.

The general solution of the ODE, X = ¢; cos(v/Az) 4 ¢z sin(v/Az), produces X (0) = ¢; = 0, and
X'(1) = ea2v/AcosvVA = 0. Then VA = (2n — 1)w/2, n = 1,2,.... The function T(t) satisfies
T" + AT = 0. Its solutions are sines and cosines of VAt = (2n — 1)7t/2. Then the natural
frequencies of the string are v/A = (2n — 1)7/2 and the resonant frequencies are

1
w=V\= (n—2>7r, n=12....

Problem 4 Solve the following initial boundary value problem:
Pu_ o
o2 Ox?
0,t)=0, —(1,t)=0, t>0,
u(0,6) =0, SL(1,1)

—z, z€(0,1), t>0,

SOLUTION:
A particular solution of the boundary value problem

U=z, U(0)=0, U'(l)=0,

is U(z) = £ — 2. Then v x,t) = u(x,t) — U(x) satisfies the homogeneous wave equation with
6 2

homogeneous boundary conditions and different initial conditions:

5o O)_{l,az<1/2,

X X
0) == _ = =
V@0 =5-% HWw 0, z>1/2."

z € [0,1].



The homogeneous wave equation with homogeneous boundary conditions yields the following eigen-
value problem for X (x) after separating variables by u(x,t) = X (z)7T'(t):

X"+AX =0, X(0)=0, X'(1)=0.

The general solution of the ODE, X = ¢; cos(v/\x) + ¢ sin(v/Az), produces X (0) = ¢; = 0, and
X'(1) = cav/Acos VA = 0. Then VA = (2n — 1)7/2, and X, (z) = sin[(2n — V)7z/2], n = 1,2,....
The function T,,(t) satisfies T + A\, T, = 0. Its solutions are

2n—1 2n—1
(2n — 1)mt +bnsin( n )7Tt.

T,(t) = ay, cos 5 5

The initial conditions produce

! s —1 _ 1)t
an = Ta(0) = 2/ <w - x> sin {20 )dex _ 3201
0

2 6 2 (2n — 1)47d’
217 (0) 4 12 (2n — 1)z 8 (2n — )7
b, = i = i dr = 1 —cos ———|.
" @2n-1r  (2n-Dr /0 S 2 v (2n —1)272 ( €08 4 )
The solution is therefore
oz 8 [ 4(—1)ntt (2n — )7t
) = -S4 "
u(, ) 2 Ve nZ::l {(Qn T2 T

6
2n —1 2n — 1) 7t 2n —1
+ <1—cos(n4 )W)sin(nQ)w]sin(nz)mE.




