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APPLIED DIFFERENTIAL CALCULUS
LECTURE 7: Fourier series and separation of variables: Laplace equation.
PROBLEMS
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Problem 1

Find the solution of the following boundary value problem:

0?u  0%u
(9962+8y2 ,%E(O’),yE(O’)
u(0,y) =0, u(l,y) =0, y€0,1],
g;(%o) =1, u(z,1)=0, z€[0,1].
SOLUTION:
Separation of variables, u = X ()Y (y) yields & = —X7 = —\. The homogeneous boundary

conditions produce X (0) = 0, X (1) =0, Y(1) = 0 and the only inhomogeneous boundary condition
occurs at y = 0. Thus we assume that A > 0 and solve the eigenvalue problem: X" + \X = 0,
X(0) =0, X(1) = 0. The solution is \,, = n?7?, X,,(z) = sin(nwz), n = 1,2,.... Why? The general
solution of the ODE is X = ¢1 cos(vV/Az) + casin(v/Az). X(0) = ¢; = 0 and X (1) = casin(v/A) = 0,
which yields VA = nm, n = 1,2,.... Solving now the problem Y” — \Y = 0 with Y (1) = 0, we
obtain X,,(z) = sinh[v/A\,(y — 1)] = sinh[n7(y — 1)]. By superposition:

u(x,t) = Z ap sin(nmz) sinh[nw(y — 1)],

n=1
[e.e] o
1= Z apnmsin(nmx) cosh(—nm) = Z apnm cosh(nm) sin(nrz).
n=1 n=1

Then

1

2 1—
n cosh(nm)an = 2/ sin(nma)da = —— cos(nmz)|) = 2—— "
0 nm ni



Thus a,, is

4
a, = n2m2 cosh(nw)’ odd n,
0, even n.

and the solution of the BVP is

4 > sin[(2n — 1)72]sinh[(2n — 1)7(y — 1)]
(2,8) = 72 nz_:l (2n — 1)2 cosh[(2n — 1)7] )

Problem 2 Find the solution of the following boundary value problem:

0*u  0*u
—+ =0 0,1 0,1
u(O,y):O, u(lay):Sin%ya yG[O,l],
ou ou
—(x,0) =0, —(x,1) =0 € (0,1].
5@ 0 =0, Za1) =0, v e[0.1]
SOLUTION:
Separation of variables, u = X (z)Y (y) yields X7 = —Y7” = X. The homogeneous boundary

conditions produce X (0) = 0, Y’(0) = 0, Y’(1) = 0 and the only inhomogeneous boundary condition
occurs at x = 1. Thus we assume that A > 0 and solve the eigenvalue problem: Y” + \Y = 0,
Y’(0) = 0, Y'(1) = 0. The solution is \, = n?xr2, Y,(y) = cos(nmy), n = 0,1,2,.... Why?
The general solution of the ODE is Y = ¢ cos(vV/Ay) + casin(vAy). Y'(0) = VAez = 0 and
Y'(1) = VAey sin(v/A) = 0, which yields ¢; = 0, VA = nm, n = 0,1,2,.... Solving now the problem
X" — XX = 0 with X(0) = 0, we obtain X,,(z) = sinh[y/A,z] = sinh(nrz). For n = 0, Xo = apz.
By superposition:

oo
u(w,y) = apr + Z an sinh(nmx) cos(nmy),
n=1
T (0.9]
sin ?y =ag+ ; ay, sinh(nm) cos(nmy).

Then

/1 . MY 2
ap = sin —dy = —,
0 2 s

1 1
2 1 2n—1
an = 2/ sin %y cos(nmy)dy = / (sin (n—|—2)7ry — sin (n2)7ry> dy
0 0

2 2 4
2n+1)r 2n—r  (4n?2—1)7

Thus the solution of the BVP is

20 4 — 1
ulmy) = g
n=1

. sinh(nmx) cos(nmy).




Problem 3 Find the solution of the following boundary value problem:

u 0%u
gv, v _ 1 1
o2 "o =% 20, ye(01)
u(0,y) =0, u(l,y) =0, y€[0,1],
0
8—;(33,0) =e* u(r,1) =0, z€l0,1].
SOLUTION:
Separation of variables, u = X (z)Y (y) yields XYN = —Y7” = —X. The homogeneous boundary

conditions produce X (0) = 0, X(1) = 0, Y(1) = 0 and the only non-homogeneous boundary
condition occurs at y = 0. Thus we assume that A > 0 and solve the eigenvalue problem: X" +
AX =0, X(0) = 0, X(1) = 0. The solution is \, = n?r?, X, (z) = sin(n7z), n = 1,2,....
Why? The general solution of the ODE is X = ¢; cos(\fq:) + cosin(v/Az). X(0) = ¢; = 0 and
X (1) = cgsin(v/A) = 0, which yields VA = nw, n = 1,2,.... Solving now the problem Y” —\Y = 0
with Y (1) = 0, we obtain X,,(z) = sinh[y/A,(y — 1)] = sinh[n7(y — 1)]. By superposition:

u(z,t) = Z ap sin(nmz) sinh[nw(y — 1)],

n=1

e = Z apnmsin(nmx) cosh(—nm) = Z apnm cosh(nm) sin(nrz).

n=1 n=1
Then
1 1 ' 9 '
nm cosh(nm)a, = 2/ e* sin(nrx)dr = 21m/ e2HINTL g0 — ITm———— (2T — 1)
0 0 24 nm
2nm
=1 (=)= 1] = —————[(-1)"e* - 1].
m2+in7r[e( ) ] 4+n27r2[( )l )
Thus a,, is
21 — (=1)"€’]
Ay —
" (4 + n2n2) cosh(nm)’

and the solution of the BVP is
0 )n 2
=2
Z 4+ ng 2 ) cosh(n)
n= 1

sin(nmz) sinh[nz(y — 1)].




