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Problem 1 Consider the first-order differential equation
(3kx?y 4+ e¥) + (2% + kxe¥ — 2yk?)y = 0,
where k is a real parameter.

(a) Find the value of k that makes the equation exact.

(b) Solve the equation for that value of k.

SOLUTION:
Let M(z,y) = 3ka?y + e¥ and N(z,y) = 2° + kze? — 2yk?. Then, the equation is exact if
oM ON
—— = 3ka?+e¥ = 32?2+ ke?¥ = —,
oy Ox
which is satisfied if £ = 1. As a consequence, for k = 1, there exists a function ¥ (x,y) such that
0
a%«) = M(z,y) = 32y + e,
0
a;j) = N(z,y) = 2>+ ze¥ — 2y.

Now, integration of (3) with respect to x yields ¥ (x,y) = ya3 +xe¥ + g(y), where g(y) is a function
to be determined. Then, equating the derivative with respect to y of the previous expression with

(4) provides

0 d
—w:x3+xey—|——g:x3+mey—2y,
dy dy
hence
dg _ _ 2
— = =2 == 9(y) = —y"+a, acR.

dy



Using one of the possible expressions for g(y) obtained for o = 0, the general solution of the
equation can be finally written as

P(z,y) = ¢ = ‘yx3+xey—y2:c

where c is an arbitrary constant.

Problem 2 Solve the following first-order differential equation

y = (z+vzy) ¢

for z > 0, together with the initial condition y(1) = 1.

SOLUTION:
This is a nonlinear, homogeneous, first-order differential equation. In order to solve it, we can use
the change of variable v = y/x, which yields v’ + v =3’. Then

—UI‘—F(ZL'—{—\/%) (Vz4+v) =0 = ($2+$2ﬁ)+xv3/2:0

1 1
= <v_3/2+> + - =0,
v x
which is a separable equation in v. Thus, we get
202 4 Injv|+Inz = ¢,

where ¢ is an arbitrary constant. Finally, using v = y/x and the initial condition y(1) = 1, an
implicit expression for the desired solution is obtained as

—2\/E—|—ln|y‘+ln:c = -2
Y T




Problem 3 Consider the first-order differential equation

(a)
(b)

( sin z + 4:Uyexy2 — x) y + 2ysinx cosx + 2y2e”y2 —y =0.
Classify the equation, justifying your answer.

Find the general solution of the equation.

SOLUTION:

(a)

Let M(z,y) = 2ysinzcosz + 2y26$92 —y and N(z,y) = sin?z + 43:ye$92 — x. Then, the
equation is exact as

86]\; = 2sinzcosz — 1+ 4:By3€xy2 + 4y€xy2 = %7];] :
As a consequence, there exists a function ¢(z,y) such that
gf = M(z,y) = 2ysinxcosx+2y26xy2—y, (3)
?;5 = N(z,y) = sin®z + 4a:yem~’2 —x. (4)

Now, integration of (3) with respect to z yields 1(z,y) = ysin® x — xy + 207V’ + 9(y), where
g(y) is a function to be determined. Then, equating the derivative with respect to y of the
previous expression with (4) provides

9y

d
o, Sin2$+4$y€zy2 —Iv+£ = Sin2$+4mye$y2 -z,
Jy dy
hence J
?Z:O —  g(y) =a, acR.

Using one of the possible expressions for g(y) obtained for a = 0, the general solution of the
equation can be finally written as

Y(r,y) = c <> ysin2x—xy+2em3”2 = c|,

where ¢ is an arbitrary constant.




Problem 4 Given the Ordinary Differential Equation (ODE):
—bxt+ 242y =0 with x>0,
i) Classify this ODE.

ii) Solve the ODE with initial condition y(1) = 2.

SOLUTION:

i) First order linear non-homogeneous ODE.

ii) We first find an integrating factor, which is z: 2y’ + 2zy = 52°. (From ¢/ + 2% = 5a®, we
find the integrating factor: e2/ /% = ¢2Ine — 42y Then (22y) = 525 and

z? —§$6—|—c:>2—§—|—c:>c—z
G G ~ 6

We get
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