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6 FOURIER TRANSFORM 30

6 Fourier transform

6.1 Basic properties

Problem 6.1.1
[e.9]
a) Show that if/ f(x)dx = 1, then the re-scaled function g(z) = a f(az), o > 0, also has
integral one. -

b) Calculate in that case the Fourier transform of g in terms of the Fourier transform of f
and study its behaviour as a changes: The “wide” functions have Fourier transforms with
a narrow peak near w = 0 and the “narrow” functions have a wide Fourier transform near
w=0.

c¢) For f(&)dZ = 1, consider the re-scaled function g(Z) = 8 f(aZ) similarly to part ) and
JRn
prove that g also has integral one.

d) Compute g in terms of f
Problem 6.1.2

a) Given 2y € R, 8 > 0, for what values of o has unit area the function g(z) = o e~ Bl@—z0)?
defined for z € R?

b) Show that for that value of o we have ma g(x) = 0 for every x # xg.
—00

¢) Compute in that case the Fourier transform of g(z) and obtain the limit as 8 — oo.
d) Use the integration properties of §(z — xg) to obtain its Fourier transform.
e) Show that the Gauss kernel is an approximation to the Dirac delta when ¢ — 0.

1, -1<xz<1,

Problem 6.1.3 Find the Fourier transform of the function f(z) = i
0, otherwise.

Problem 6.1.4  Compute the Fourier transform of the function f(z) = e~**l and check
graphically what is said in problem 6.1.1.D).

Problem 6.1.5 Compute the Fourier transform of Af in terms of the Fourier transform of f.
I
Problem 6.1.6 Given a function f, we define g = f * h, where h(x) = f(—=z). Show, writing
1 oo [e.e] .
g(0) in two different ways, that 2—/ |f(2)|)? dz = / | £ (w)]? dw.
& —00

— 0

Problem 6.1.7 Given a function f, we consider u = g x f, where g(w) = —; 1 Compute
w

—u" 4 u.
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6.2 Resolution of equations

Problem 6.2.1 For a fixed function f and a real number A > 0, solve the equation —u" +\?u =
f using Fourier transform.

Problem 6.2.2

a) Use the properties of the convolution and the shift to solve with Fourier transform the
diffusion equation with convection:

@— @Jrc@ zeR, t>0
ot Ox2 ox’ ’ ’

u(z,0) = f(z), z € R,
where k£ > 0, c € R.

b) Consider f(z) = §(z). Draw the solution corresponding to different values of ¢ > 0. Discuss
the meaning of the convection ¢ du/dx.

¢) Does the solution suggest a change of variables to simplify the equation?

Problem 6.2.3

a) Solve the diffusion equation with absorption:

ou d%u
E— ﬁ—’ﬂl,? $ER,t>O,
u(z,0) = f(z), z € R,

where k, v > 0.
b) Does the solution suggest a change of variables to simplify the equation?
Problem 6.2.4
a) Compute for fixed a > 0 the Fourier transform of the function f(z) = (a — |z|)+.

b) Solve using Fourier transform the problem for the wave equation:

ot? 8372
u(z,0) = a—?(m,()) =0, z € R.

= J(x), x€eR, t>0,

Problem 6.2.5 Solve the following Laplace equation over an infinite strip, using the Fourier
transform in the y variable:

P 0%
— 4 — = L, R,
a3}324—83/2 0, O<az<L,ye

U(ij) =01 (y)* y €R,
U(L,y) = g2(y)7 y € R.
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