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1 FIRST ORDER DIFFERENTIAL EQUATIONS 3

1 First order differential equations

1.1 Elementary resolution methods

dN dP

Problem 1.1.1 Here k£ > 0 denotes a constant. a) e —kN. b) e kP(Py — P).

P P _d%y F

i N
Var ~rr Ve T

_ 2

Problem 1.1.2 a) Solving the system { :‘Z,__ch_:—;r to eliminate ¢, one obtains xy’ —y—a? =
0; b) (v)? + 2y —y =0; ¢) the family is (z — a)? + y? = r?, with a, r € R; since there are two

!/ : 0
constants we derive twice, yy” + (/)2 +1=0; d) y = y?> — 1; ¢) r_ L
r 1—cosf

1 2 Y
Problem 1.1.3 i) e¥dy = e3dx ~ y = = log(=e3® + ¢), i < - Cze®, ii1) (1 —y)e¥ =
2 3 +1
Y
1 . 1
e " + ge_‘“ +oc iv) Y2+ 2 = c(z? +4), v) y— - = arctanz + ¢, vi) y? = 22 +z + ¢,
Y
C(4 3 5 C(x—3 5 .
vii) ¥ = %, viii) V7% = %, ix) y = arctan(ce?s"%), z) y = ce® /2,
x y—
1,222 -1 2
Problem 1.1.4 ¢) Writing z = Y we have ' = —( : — z), that implies 2a7 = k, that
x z z ze—1
o2 a2 Ay 2o 3 s 4 — 3
is y x® 4 cx®, i) T2 cx Yy Cc—xQ’ ii) arctgz = cx y = wtan(cz?),
iv) —cosz =log|z|+k ~ y=xarccos(log(—)), v)e* =2loglz|+k ~ y = xlog(log(ca?)),
|
x
2
vi) log|z| — —= = —log|z| +k ~» logly| = 2\/?—!— k, wii) log|z* + 2| = log|z| + &k ~
e y

: 5 . 1
y*+ 23y = cx®, wiii) % =log|z|+k ~ y?=2?logca®, ix) éeZ/Z—4log|z| =4loglz|+k ~

e?/V =logcy®, ) log|secz| =log|z|+k ~ y= xarccos(g).
x

Problem 1.1.5

a) If (zg, yo) is the intersection point of the two straight lines Ax+ By+C = 0, Dx+Ey+F =0,
in the new variables the lines pass through the origin, Aw + Bz = 0, Dw + Fz = 0. The

equation becomes
S f Aw + Bz
N Dw+ Ez
that is homogeneous.
b) Substituting D = AE/B,

Ar+By+C = Arx+By+C
Dr+Ey+F  L(Az+ By)+F)’

that is a function of Az + By, so if we define z = Az + By the equation is

d=A+By =A+Bf ()
§2+F
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Problem 1.1.6 )

SOLUTION: i)z=2x+2y+4wz’=2(1+z2)wz:tg(2x+c)wy=—2—x+§tg(2x+c);

ii) z=x—y+5~ cotg(x —y+5)+cosec(x —y+5)=c—uz; i) w=c—1, z2=y+5~
4

2arctany+i =logc((z —1)2+ (y+5)?);iv) z=a+y~z—y+5bloglz+y— 1] =c.
:E_

Problem 1.1.7 ), dii) y vi) are not exact, i) If ¢ is the potential of the vector field

3 3 9¢ 3 a! 99 , 3
F=(y—a’,x+y%),then we have — =y—a° wd=ay——+9g(y); — =2+¢ =v+y> ~
ox 4 dy

4

g = yz; s0 ¢ =c~ yt —at +dzy = ¢, ) 2%9y%2? — 4? = ¢, v) ze¥ +sinzcosy = c,
1 .
vii) a2y + ysing = ¢, viii) 46 = 0 - Z iw) 22y? + 223y = c.
oM oM 1 1
Problem 1.1.8 a) By 1= e = ™ fy)=c—y; 0) (uf)y=—p~p= ?e(—/?);
1
c) uly) = g y(c+logyl).
o((4x + 3y3 O(3xy?
Problem 1.1.9 i) We try p = u(z), (« x; y)m) = ( ;y 2 ~ 9y = 3%+ 3ry?u’ ~
Yy T
/

2
E_Z2, p = x2; the solution is 2% + 23y = ¢; ii) if we try again pu = p(x), we arrive to the
T

. @ Bry+2 . . .
equation — = , that is impossible because the right hand term depends only on x; then

po 6yt -z
1
we try 1 = p(y), and obtain y(y) = —, and the final solution 2x2+£+3y2 = ¢; ii1) p(y) = siny,
) Y
1 2
a?siny = ¢ w) ply) = =, % +a=co) uy) =y, ysine +y' = ¢ vi) pr) = 2% 2% =c

Problem 1.1.10

O(TattmylTm — 3anyStmy  §(2z5Ty™ — 9ty TTM) - { T(m+1)=2(n+5)

dy B Oz 3(m+8)=9(n+1) ’

that implies n = 2, m = 1; final solution 27y? — 23y° = c.

_ (3 1 1

Problem 1.1.11 i) p=e Jz = — ~ y = —(/x3,u+c) =2 4c), i) p=e" ~
x w

log|sinz| + ¢

y = e %(c+ arctane®), i) p =1+ 22 ~ y = ;) o= et ey = (22 +

1+ 22
e+ 22 -2 +2, v) p=sinz ~y = (22 +c)cosecx, vi) p = R (c — x),
Vi) = xsine ~ y = e LL’.COS$ + C, Vi) = eV = (3y? + c)e?’.
zsinx
. 1 , 7 1 y
Problem 1.1.12 i)z =~- w2 == -1~ z=2z(c—loglz|) wy=—""—"=;1i) 2 =
y : (e Tog[7])
1 2
— w2 = Eop ey = 22(c—2?) ~ 22y% (c—22) = 1;dii) 2 = y> ~ 2393+ 32(6 — 2?) sinz +
Yy x
1 1
9(2 — a?) cosa = ¢; i) z = yl/3 sy = (22* + ca?)? v) 2z = — y2(2—0 — g 4 ce™107) = 1
Y
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1 .
y v

it is also a homogeneous equation, that can be solved with the change w = =; the solution is
x

ot — 2%y? +ey? = 0.

Problem 1.1.13 This is a Bernoulli type equation, that can be solved with the change z =

cx+2x

Problem 1.1.14 z =logy ~ 2’ = Qz — P, which is linear; the solution is y = e

Problem 1.1.15 If u(z,y) = ¢(s), s = x + y?, we have

O3z + 2y +y*)p) _ 9((x + 4wy + 5y*)u)

dy ox
~ (24 29)0 + Bz + 2y + y?)2y¢’ = (1 +4y)o + (x + day + 53°)¢’
/
W A 2a ¢ =s;

6wty s
the equation (z + y?)(3z + 2y + y?) dz + (z + y?)(z + 4oy + 5y2) dy = 0 is exact with solution
23 4+ 2%y + 222y + 2wy + xyt + 0 = c.

Problem 1.1.16 i) Homogeneous and also Bernoulli type with n = 2, 3® = 23(3logz + ¢),
ii) linear, 2xy + cos 2r = ¢, i4i) exact differential, 322 + 232 + 2%y? = ¢, iv) exact differential,
e” +siny = ¢, v) Bernoulli type and also exact differential, zy® 4+ zcosz — sinz = ¢, vi)

2
Bernoulli type equation or we can use an integrating factor, z3y? + §LL‘3 —2logx = c.

Problem 1.1.17 i) p=y ~p = 2 p= LA y = c1log|x| + co; i) ply) = ¢/ (x) ~ p/ =
T x
. Cc .
gwp=cywy=62em;ii2)p(y)=y’(:6)wp’=—§wp=§wy2=clx+02;w)p=y’w
3
,_P P x 2 2 2 / ;_ P /
pP==—F—"wp=— I+ — ) =c;v)p = T)~»»p =—~»p=cy~»p =

k2 _ )
Tywp=i k2y2+cwy=61ekx+02e"“‘;v1)p=y’wp/=_§+4WP=2“’+§”*y=

2?2 + ¢ log|z| + ca.

-1
; the

Problem 1.1.18 z = y — x verifies 2/ = 272, that is of separate variables, z =
x—+c

1
z+c

solution is y(x) = x

1., 5 ..
Problem 1.1.19 Substituting y = kx® we have kaz® ! = 326 — 2kx0t — k222042 4 2kgo 1,

2,2
2
so a = 2, k = 3; writing z = y— 322 we obtain the equation 2z’ = % —I——z; now w = z~ ! verifies
: x
2 5
2 1 1 15¢ —
the linear equation w’ = _r —w, that has the solution w = — (¢ — = /as4 = l;
3 x 22 3 1522
1522
finally, y = 32 .
nally, y x° + 2P
1.2 Applications
1 3 1 222 1
Problem 1.2.1 i)y, =2 == i)y, =L == i)y =L T =~

r Yo T Yo 2xy Q/é .
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2 —x
Problem 1.2.2 ) Family equation, ¢y’ = 2y ~, orthogonal family equation, 3’ = 2—T, solution
T Y

1
202 + 2 = k; i)y = 1J;y2 ~ 2logly| = 22 + y? + k; iid) y’=§wy2=2x+k; iv) Yy =
-y

2 w202 4 3y2 =k v) o = . 2logcoshy + 22 = k; vi) 3 = _—xZ oy =
3y ' ’ tghy ' ’ y?
oy T 3 2 N A 5/3 5/3 N T 2_ .2
k; vii) y' = — ~ 2y° — 3z =k;;mm)y=2—/3wy — a0 =k zx)yzgwm —y*=k.
Y Y [

Problem 1.2.3 For a curve y(z), build the tangent line at P = (z9,v0), vy = y(z0) +y (zo)(z—
y(o)

x0); the intersection with the axes are, A = ((zo — ENE 0), B = (0,y(z0) — oy’ (x0)); making
Y (o
2
equal the two distances |AP|? = |[BP|? ~ 22 + 23y (z0)? = %0))2 +y(z0)?; since P is a generic
x
Y o y c
point, we have the ODE x?(1 + (y/)?) = ( /)2(1 + ()2 ~ oy = :I:; Y=y =cr (the
Y

second is trivial).

Problem 1.2.4 If the lower part, S; has half the area of the upper part, Ss, then it is a
x

1

third of the area of the rectangle, that is, / y(s)ds = LY ~ 3y = a2y +y ~ y = ca?; if the
0

proportion is on the contrary we obtain y = ¢/x.
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S2

S1

1
Problem 1.2.5 a) This a separate variables equation, P(t) = m, using the initial con-
a2 ce™

dition, P(t) =

- b) if t = 0 corresponds to 1990 and we compute in thousands

1
b by ,.—
E—l—(l—a)e 2a

-3,
of fish we have M =1, P(2) = 3, P(4) = 5, that implies the system

=5
+(1- %)6_4“ ’

ISE(SS

1

b X+(1-X)Y =2 1 1

denoting — = X, e72¢ =Y, we have that gives X = =, Y = —; finally,
@ X+ (1-X)Y2= 6 g

)

o )
Tt — .

125

since e~ = Y/2 we arrive to the solution P(t) = T in 1998 we have P(8) = 5T~

5.052 fish; ¢) Jim P(t) = % — 6~ 6.000 fish.
—00

B ———————

1
1
1
1
1
1
1
1
1
1
H
2

4
Problem 1.2.6 a) Volume V = §7TR3, area A = 47 R?; the equation V' = —kA implies

1 3
4T R’R' = —k4mR?, that is, R’ = —k, with solution R(t) = ¢ — kt; if R(0) = 2 and R(i) =35

we obtain ¢ = 2, k = 1, which gives R(t) = 2 —¢; R(¢t) = 1 implies ¢t = 1 hour; b) R(t) =0
implies £ = 2 hours.

Problem 1.2.7 d'(t) = —kd(t) ~ d(t) = doe™*t, d(c) = % e h =275 s d(t) = dg2 0
15.30

do
t = ology(—=) ~» T = 5600 log,( a0

d(t)

) + 67 (Nowadays 2018);



1.2 Applications

a) Ty = 3.391 years; b) Th = 7.084 years; ¢) T3 = 10.570 years.




