ucdm | Universidad Carlos lll de Madrid

Departamento de Matemdticas

4 N
DIFFERENTIAL EQUATIONS. Solutions

Degree in Biomedical Engineering

Chapter 4

Elena Romera

Open Course Ware, UC3M ‘@®@©\

http://ocw.uc3m.es/matematicas




4 METHOD OF SEPARATION OF VARIABLES

4 Method of separation of variables

4.1 Separation of variables

Problem 4.1.1 ) Writing u(r,t) = R(r)T'(t) we obtain (rR') + ArR =0, T' + AkT = 0.
it) u(r,0) = R(r)H(8) ~ (rR') — /;\R =0, H'+ \H =0.

i) u(z.t) = X(@)T(t) ~ kX" —voX' +AX =0, T' + \KT = 0.

) u(z,y) = X(@)Y(y) ~ X"+AX =0,Y"-AY =0.

v) u(r,t) = R(r)T(t) ~ (r 2R’) +Ar?R=0,T + \kT = 0.

vi) u(z,t) = X(2)T(t) ~ X" 4+ AX =0, T + \kT = 0.

t

T
)T (t
vid) u(z,t) = X(2)T(t) ~ X"+ AX =0, T" + AT = 0.

Problem 4.1.2

oo
u(x,y) = Z ap sinnz sinhn(r — y);

n=1
2sin 3z = u(x O)—ia sinnasinhnr = a - ap, =0Vn#3 =
Y _n:1 " 7 Sinh3r "

u(z,y) = - sin 3z sinh 3(7 — y).

Problem 4.1.3

nwy

o0
nn
p(z,y) = boy + Z by, cos(—— 7 ) sinh(—— 7

n=1

f(z) = ¢(x,L) = byL + i by cos(n—;—;p) sinh(nm) =

);

n=1
nmws

1 [t 2 L
bo=ﬁ/0 f(s)ds, bn:LsT(mr)/o f(S)COS(T)dS n =1

Problem 4.1.4

a) The compatibility condition is / = 0, that is / f(x)d

a0
b)
u(x,y) —b0+2b cos( —)cosh(mry)
n=1
(911 nmH

— nh

flz) = nzlb cos( )s1 ( 7 ) =
L 2L L nms
= n = —)d > 1.

by € R, /0 f(s)ds =0, b, Lmrsinh(mrH/L)/O f(s) cos( 7 )ds n >
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¢) Ifu(z,y) = tllglo v(z,y,t), where v is the solution of the problem

'%zm)? O<az<L, 0<y<H,t>0,
ov ov ov
8_(071171:) - @(l‘)O?t) - %(Iﬁy?t) - 07
ov
H.t
e H0) = (@)
v(z,y,0) = g(z,y),

then, by the conservation of energy,

L H L H
/ / g(z,y) dydr = / / v(z,y,0)dydr = bgLH.
o Jo o Jo

That is, bg is equal to the medium value of the initial data g on the rectangle.

Observe that the conservation of energy is deduced from the equation and the boundary
conditions:

E(t) = /’U:E/ /Av— —-O—I—O—l—O—i—/ J(x
Q a0 Ov

Problem 4.1.5

kv" — av =0, 0<z<L,
v(0) =v(L) =0.

a) The stationary or equilibrium solution satisfies the problem {

The only solution is v(z) = 0.
b) We separate variables and obtain

[ee]
u(e,t) = Y aysin(nmrax/L)e” @k e /LL,

n=1

9 (L
The initial condition implies a,, = 7 / f(s)sin(nms/L)ds. It is clear that, independently
0

of the initial data, we obtain tli}m u(x,t) =0, since all the exponents are negative.
o0
Problem 4.1.6

Problem 4.1.7

a) We separate variables and obtain

Z <ansm wnt) + by cos(wyt )sm V Ap )

where \, = n’n? / L%y wn = /ToM, /p, while a,, and b, are the Fourier sine coefficients of
g(x)/wy, and f(x), respectively. We write the time dependent part as o, cos|wy, (t — d,,)], and
develop the cosine of the sum, then we obtain

{a” sin(wndy) = an N an = +/aZ +b%

1
ay, cos(wpdy) = by, op = — al"Ctg(—an)
Wn bn,
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b) For every harmonic, (that is, for fixed n), in the antinodes we have sin(y/\, ) = +1, which

25 +1)L
implies: x = &,jzo,l,--- ,n—1.
2n
c)
2
<3;J;n) = a2w? sin?(wy (t — d,)) sin?(V A, z),
oUy, \ 2
< 8::) = a2\, cos?(wp(t — 6,)) cos? (VA ),
L L L
/ sin?(\/Ap 2) do = / cos®(\/An ) da = 3
0 0
1 L 1 L 1
E(t) = §paiwg§ sin?(wp (t — 0,)) + §T0043L)\n§ cos®(wn(t — 0,)) = ETQTLQTFQOZ%.
2 [t 8A 16T A2
d) a;=0 ~ a1=b1=—/ f(s)sin(nrs/L)ds = — ~ Ep= 02 :
L J, 0 Lm
Problem 4.1.8
a) Deriving and integrating by parts the second term,
L ou 0%u Lou 0%u L ou 0%u L 5%u ou
E'(t) = — ——de+T — dr = — ——dx — T — —d
®) p/o ot o 0/0 oz 9zoL " p/o ot oz 0/0 02 ot ™
Lou, 0%u 0u
= —(p—=m5 —Tor—)der =0
ot gz~ Togge)dr =0,
ince u(0,¢) = u(L,t) = 0 impli oul®_
since u(0,¢) = u(L,t) = 0 implies =~ =0

b) Using linearity, it is enough to prove that the unique solution with zero initial data is the
zero solution. Since E(t) = constant, then E(t) = E(0) for every t > 0. Butif f =¢g=01in
the previous problem, the initial energy is

P L 2 T o / 2
E(0) =35 | (9(@)*de+— [ (@) de=0.
0 0
So, for every t > 0,
-L I
ou\ 2 T Aun 2 o
g/o <d_?> dm+?0.o (d_Z) dr =10 =>£=0éu=const(mt=>u=0.

Problem 4.1.9 Separating variables

u(x,t) = agt + b + Z (an sin(cent) + by, cos(cnt)) cos(nz).

n=1

The initial position implies b, = 0 for every n > 0. The initial velocity is then,

8 [ee]
8sin?x = 4(1 — cos(2x)) = 6—?(:13, 0) =aop+ Z ancn cos(nz),
n=1
so agp =4, ag = —2/¢, ap, = 0 for every n # 0, 2. Then, the solution is

2
u(z,t) = 4t — — sin(2ct) cos(2z).
c
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Problem 4.1.10 We separate variables u(xz,t) = X (x)T'(t), the time-dependent equation is
T" + oI’ + \pc®T = 0, where the eigenvalues are obtained in the spatial problem, \, = n?,

. - . . —a++vVa? —4c?n?
n > 1. The associated characteristic equation in 7' has the solutions r = 5 .
So it is important the sign of a2 —4c?n?. Since the initial condition is u(x,0) = sin(2x), we only
need the value for n = 2. The solution is then:

i)sia<4de ~  u(x,t) = (agsin(zt) + by cos(zt))e" /% sin 2z,

i1) si o = 4c ~~ u(z,t) = (cat + g2)e */?sin 2z,

iii) st a > 4c > u(z,t) = (hoe®t + joe™")e™ /2 sin 2z,
V162 — o2 Va2 — 16¢2 . e
where z = 5 , W= 5 . The initial conditions imply:
e o 2w+ 2w — «
az 25’ 2 , €2 2’ 92 ) 2 dw J2 dw

Problem 4.1.11

a) Let us separate u(r, ) = R(r)H(#), the angular part gives us the eigenvalues A, = n?, n > 0.
With them we solve the radial part, an equidimensional equation: 72R” +rR' — \,R = 0.

noon >
™ 2L Witk the

We use the non singularity condition at » = 0 and obtain: R(r) = { 1. n=0

boundary condition, the solution is:
u(r,8) = % /: flp)do + ; (:—I)n % 7; f(¢)[sin ng sinnd + cos ng cos nd] de
— | 10)P0.0)do,

where Poisson’s Integral Formula is:

P(r,0,¢) =—|[1+2 Z (£>n [sin ng sinnf + cos ngbcosnﬂ]}
n=1
- 1+2§: —)n cosn(6 — ¢)
27 — ’

b) We define z = r el®=9) and obtain

a
(7Y n(0-0)i -
1+2 (—)“‘z 1+25 n
-I-;ae +;z

1 2z 1 1+z 1 1— |22
= ~Rell = Re| 2| =_—
27 e[ +1—z] 27 e[l—z] 21 1 —2Rez + |z|?

1 a? —r?

T or a? — 2ar cos( — @) +r?’

P(r0,6) — %’Re _ o
s 27

Then

1 T (12 _ ,,,2
u(r,6) = 2 /_7r a? — 2ar cos(8 — @) + r? 1(9) do.
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¢) At r =0, we have u(0,0) = % i f(o) do.

1
Problem 4.1.12 Since sin®4 = 4_1(3 sin @ — sin 30), it is easy to obtain the solution u(r,0) =

1
—(3rsin @ — r3sin 36).
4

Problem 4.1.13

a) We use odd symmetry around the diameter: 6§ = 0, and obtain the solution from the so-
lution on the entire disk using the boundary condition obtained by odd reflection: g(0) =

g(0), 0<b<m,
{ —g(—0), —m<6<O0. Then

u(r.6) = / " G(6)P(r.0.6) do
T 0
- / J(O)P(r0.6)dd — | g(—6)P(r.0,6)do

0 -7

_ /O " (B)P(r.0,6) - P(r,0,— )| do.

Also, we can separate variables directly and obtain:

u(r,0) = i (£>n %/Owg(gb) sinng d¢ sinnb.

b) Now, we use even symmetry, the solution is

ulr.0) = /0 (P 0.6) + P(r.0, )| do.

Or also,

u(r,0) = L /Oﬂg(qﬁ) do + ni::l (g)n %/Oﬂg(qﬁ) cosng do cosnb.

™

Problem 4.1.14 We separate variables and obtain the eigenvalues A, = 9n?, n > 1, and the
solution

u(r,0) = Z a3 sin(3n).
n=1

The boundary condition implies:

6

7-‘-a?m

/3
/ f(s)sin(3ns) ds.
0

p —

Problem 4.1.15 i) The radial equation (equidimensional), 7?R” + rR’ — n?R = 0, has the
following solutions that satisfy the condition R(b) =0,

_ [ /)t =/t n=1,
R(r) = { log(b/7), n=0.
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So, the solution has the form

u(r,0) = Bolog(b/r) + Z[an sinnf + B, cosnd][(b/r)" — (r/b)"].

n=1

The condition at r = a implies

1 s
ml(b/a)" — (a/b)"] J =

1 ™
= gt | 7O
1

o = b — oy

1) We use linearity to write u = u; + ug, where

Aul = O, A’LLQ = 0,
{ u(a,0) = f(6), { u(a,0) =0

oy = f(s)sinnsds, n>1,

f( Ycosnsds, n > 1.

u(b, ) =0 u(b,0) = gEH).

We have already solved u;. The solution ug is obtained in an analogous way, interchanging a
by b. Now we join both:

wr0) = [ 1F)Q100,5) +9(5)@a(r,6,9)] ds,

where

Qi(r,0,s) = %igig;g + % Z ((;));Z;: : E;;Z))Z cos(n(f — s))

n=1
1 log(r/a) 1 > (r/a)” — (a/r)"

Q2(r,0.5) = 5 oebja) T 7 ; (bja)" = (a oy 0= 9))

i)
u(r, ) :/_ 9(s)Q3(r,0,s)ds,
where
Q3(r,0,5) = — Z (2;23"1 3 cos(n(f — s)).

T

iv) The compatibility condition is f(s)ds =0, that is, the total flux through the boundary
-7

is zero. The solution is

u(r,0) = Bo + f( 5)Q4(r,0,5) ds,

where

e

and [y € R is a free parameter; we do not have uniqueness.

Problem 4.1.16 The solution is

4 o (r/a)” = (a/r)®
u(r, ) = — — — f(s)sin(2ns) ds sin(2nd).
= 2= (b/af (/b /
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K/&/ _

e

-L L 3L

4.2 Fourier series

Problem 4.2.1

Problem 4.2.2 i) S(z) = Z % sin(nx) . i) S(r) = Z %sin(@k—l—l)m)—z
n=1

1
2 2E+ D) 2 T sin(4kx) .
i) S(x) = Z <2k2:r_ [ 7r(2]<:8—|— 1)3) sin((2k + 1)z) — Z % sin(2kx) .
k=0 k=1
w) S(z) = Z 71_(4:Tk_1) sin(2kx) .
k=1

Problem 4.2.3

a) Let us define f(z) = —f(L —z). Since we have cos((nw(L —y)/L) = (—1)" cos(nmy/L), with
the change of variables L — z = y in the integral from L/2 and L, we have:

9 (L
by, = Z/o f(s)cos(nws/L)ds
2 L/2 L/2
= 7 (s)cos(nms/L)ds + 7 Ff)(=1)"cos(nmwy/L) dy = 0,
0 0

in the case where n is odd.

b) In fact, for even n, that is n = 2k, the corresponding coefficient is:
4 L/2
bop, = — f(s)cos(2kms/L) ds.
L Jo
Also, we can calculate directly the Fourier cosine coefficients on [0, L/2]:
4 L/2
Cm = — (s) cos(2mms/L)ds,

and obtain the same series.
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Problem 4.2.4 We cannot differentiate term by term the Fourier sine series of f(z) and obtain
the Fourier cosine series of f’(x) because f(x) is discontinuous at = = 2k, k € Z.

oo
Problem 4.2.5 We consider the Fourier cosine series: e = ZA" cos(nmx/L). We derive

n=0
and obtain the Fourier sine series e* = — Z n—; Ay, sin(nmx/L). Let us differentiate again, in
n=1
the right way:
e = L(el _ 1) 4 i ("”)QA + 2((=1)mek — 1) cos(nra/L)
= —(e" = - ,+=((—= - T :
L L) "L

2L((=1)"el — 1)

Both Fourier cosine series must be equal, so we deduce that A, = ,n>1,
) L2 + n2n?
AO = z(eL - 1)
o0
Problem 4.2.6 Let us consider the Fourier sine series: coshz = Z by sin(nmx/L). Deriving
n=1

we obtain the Fourier cosine series

. 1 > [nm 2
sinhz = E(coshL -1+ nz::l [T by, + z((—l)" cosh L — 1)] cos(nma/L).

Deriving again,

o0

2

coshx = ng:l ( - %) [% by + Z((—l)" cosh L — 1)] sin(nmx/L).

2nm(1 — (—1)" cosh L)
L2 + n2n?

Now the two Fourier sine series are equal, so we deduce that b, =

— ERC-

oS0




