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5 STURM-LIOUVILLE PROBLEMS 28

5 Sturm-Liouville problems

5.1 Eigenvalues and eigenfunctions

Problem 5.1.1 i) A\, = 0?72, n > 1, g,(x) = sin(nmx). i) A\, = n?7%, n > 0, pu(z) =
cos(nmz). iii) Ay = (n 4+ 1/2)%72, n > 0, p,(x) = sin((n + 1/2)7x).

Problem 5.1.2 i) A\, = n?7? — 3/4, n > 1, yp(x) = e */?sin(nzwz). ii) Ao = —1, yo(x) = 1;
Ay = (4n?7? = 3)/12, n > 1, y,(z) = &3*/2(sin(nmz) — Q"T” cos(nmx)). iii) Ao = 0, yo(x) = xe™7;
An = —p2, n > 1, where p, = n—th positive zero of the function f(z) = tgz — z, yn(z) =
e

“Esin(pnx).
Problem 5.1.3 L .
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If A =0 we have 22¢? = 0= ¢ = 0. So A = 0 is not an eigenvalue.

Problem 5.1.4 i) We use the test function ¢(x) = 1 — 22, which satisfies ¢'(0) = ¢(1) = 0.
Therefore
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(With the test function ¢(z) = cos(mz/2) the bound is better, A\; < Ty
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iii) With ¢(z) = 222 — 3,
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5.2 Generalized Fourier series

Problem 5.2.1

a) We write u(x,t) = X (x)T(t) and obtain the following equation for x that is not a Sturm-
Liouville equation: X" — VX' 4+ XX = 0.

b) The solution is
(o]

u(z,t) = Z a,e 0%/ % sin(nra/L)e i + b )t

n=1

9 (L
The initial condition implies: a, = Z/ (f(x)e~"0%/28) sin(nrz/L) d
0
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Problem 5.2.2 We must have H = p, aH = p/, that implies H(z) = of " als)ds
Problem 5.2.3

A
a) For H(z) = 1/x we have (z¢') + —¢ = 0.

x

b
[ pada
b) For every pair (p, \) we have A = Ob—l > 0. If A =0 then ¢/ =0, and this leads to
/ O = dx
1 X

¢) A =n2712/(logh)?, n > 1, p,(x) = sin(nmlogx/logh).

p=0.

d) The eigenfunctions are orthogonal with respect to the weight o(x) = 1/x.

b T
. nmlogx, . mmlogx. 1 logb / . .
—dr = —== dz=0 .
/1 sin( log b ) sin( Togb ) de =/ sin(nmz) sin(mnz) dz , n#m

e) Tt is clear that sin(nmlogx/logb) = 0 at the points © = b™™ m =1,2, --- , n— 1. (Or also
we can see that the zeros are z = b*, where the 2’s are the zeros of sin(nz) on 0 < z < ).

Problem 5.2.4 -
u(r,t) = Z anJo(7707nr/a)e_(k"5»n/“2)t,

n=1
where 79, = n—th zero of the Bessel function Jp, and the coefficients are obtained by
a
/ f(r)Jo(nonr/a)rdr
_Jo
Qp = = )
/ Jg(nomr/a)r dr
0

Problem 5.2.5

a) The problem represents the vibration of a string tied up at the end points, with a reaction
force au, if @ > 0 (or damping if a < 0), and friction Su; (if 8 < 0) proportional to the
velocity.

b) Writing u(z,t) = X (z)T(t) we have

X'x) | al@) H'M) F)H'{Y)
0 = -
p@X (@) " pla)  H)  p)HE)

So, we need f(z)/p(x) = constant.

¢) If now 8 = cp, the separate equations are
ToX" + (a4 Ap)X =0, H"—kH +XH =0
The solutions of the time problem are, depending on the values of A:
eht/2 [cl sinh(ty/k?/4 — X) + cg cosh(t\/k? /4 — /\)] if A< k?/2,
T(t) = 2 (cit + ¢3) if A= k2%/2,
ekt/2 [(51 sin(ty/A — k2/4) + ca cos(t4/A — k2/4)] it A > k2/2.
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Problem 5.2.6 Solving the spatial equation (obtained after applying the separate variables
method) we have that \, = n?72/L? n > 1, X,(z) = sin(nwz/L). On the other hand the
temporal equation is: 7" + aT” + (b+ X\)T = 0. The solution is different according to the values
of X in relation with a and b. So, if 72/L? > a?/4 — b, the solution of the telegraph problem is

u(x,t) = Z e~ /2 (A, sin(wnt) + By, cos(wyt)] sin(nma/ L),

n=1
22 2
where w, = nL72T - az + b, and the coefficients are
B 2 [F
Ay = ;w:’ B, = Z/o f(s)sin(nws/L) ds.

L [a2
Moreover, if there exists M € N such that M —1 < — az — b < M, the solution is
T

M-1
u(z,t) = Z e~ /2 [C,, sinh(zpt) + D, cosh(znt)] sin(nmz/L)
n=1
+ z e~ U/2 [ A, sin(wnt) + By, cos(wpt)] sin(nmz/L),
n=M

2 )
where z, = \/ az —b— %—, and the new coefficients for n between 1 and M — 1 are the

following

D 2 (L
Cp = (12,2:’ D, = Z/O f(s)sin(nms/L)ds.
. . . . L [a? .
Finally, if there exists M € N with — T b= M, the solution is
T
M—1
u(x,t) = Z ¢~ %/2 (O, sinh(zt) + Dy cosh(z,t)] sin(nra/ L)
n=1

+ e~ U/2(Eyt + Fyy) sin(Mna/L)

+ Z e~ U2 [ A, sin(wnt) + By cos(wyt)] sin(nrz/L),

n=M+1
with the coefficients:
F 2 [E
By =2 2M . Fu=< / F(s)sin(Mns/L) ds.
Jo

Problem 5.2.7

n?r?  m2r?

2R

b) If L = H, we have Ay m = A, wWhile @ # @mp for every n # m. If L = 2H the same
happens with the pairs (n,m) and (2m,n/2) for every n # m.

a) Apm = n>0,m>1, gpm(z,y) = cos(nrz/L)sin(mnry/H).
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¢)

/ / Pnm Pn’ m/dydx—/ cos(—)co(

that is zero always that n # n’ or m # m/’.

Problem 5.2.8

a) We separate variables u(Z,¢) = X (Z)T'(t) and obtain the problems

A
{AX+ ZX=0, Q AT — 0

X=0 0Q;

Let (¢, A) and (v, ) be two pairs of eigenfunctions and eigenvalues. The corresponding

A

equations are A¢ + —¢ =0, Ay + %d) = 0, Multiplying the first one by % and the second
c c

by ¢, subtracting and integrating on {2 we obtain, using the boundary conditions:

(DG — pAY) = (A —p czw—
o=, ),

1
@)

Then, if A # p we have that ¢ and 1 are orthogonal with respect to the weight o (%) =

& [ vt
b) Using the Rayleigh quotient, we have for the pair (A, ¢) that A = > 0.If A\ =0the
e
corresponding eigenfunction verifies / |Vgp|2 = 0, that is, it is constant; but the boundary
condition implies ¢ = 0.
¢) Let (¢n, An), n > 1, the pairs of eigenfunctions and eigenvalues. Solving the time equation
implies that the solution has the form

[ee]

u(Z,t) = Z[An sin(wpt) + By, cos(wnt)]én (T),

n=1
where the frequencies of vibration are w, = v/A,.

Problem 5.2.9
2

. . . Up)
a) The eigenvalues obtained when we separate variables are A, ,, = n2’m, n, m > 1, where
a
N2n.m = m~th zero of the Bessel function J»,. Then, the vibrating frequencies are w;, ., =
C2n.m
—

u(r,0,t) = Z Z [Ap m sin(wn mt) + Bpm cos(wn mt)] sin(2n8) Jop, (n2n.mr/a),

n=1m=1
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where the coefficients are A,, ,,, = 0 for every m, m > 1,

w/2 ra
4/ / g(r, 0) sin(2n0) Jop (N2n,mr/a)r drdf
0 0

a
7 [ T fayr
0

Bn,m =

Problem 5.2.10 Since the equation and the data are independent of § and the domain is
invariant under rotations around the vertical axis, z, the solution will not depend on 6. Then,
we separate variables in the form (r, z,t) and the solution is

o o0
u(r, z,t) Z Z An,m sin(nwz/H)Jo(nomr/a)e )\n,mkt’
n=1m=1
n2n2 770

where Ay =
are

2 +—5 Nom is the m—th zero of the Bessel function Jy, and the coefficients
a?

H / / f(r; z) sin(nmz/H)Jo(10mr/a) Tdrdz.
/0 ']O (770,m7'/a) rdr

anm =

Problem 5.2.11 We separate variables in (7,0, z,t) and we only have to be careful when
constant solutions appear in some cases by the Newmann condition at the boundary. The
solution is:

o0 o0 o0
u(r, 0, z,t) = Z cos(nmz/H) [An,ope_)‘”*o*okt—l— Z Z Apmp cos(ZmG)JQm(ugmpr/a)e_’\"»mmkt} ,

m=1 p=1
where
n27T2 %m
7z TAm =5, n=0m=0,p>1,
)\'n,,m,p =
TLQT('Q
F? n 2 07 m=p= 07

and vop, , is the p—th zero of the Bessel function Jj,,. Clearly

' 1 4 /2
tglgou(r,ﬁ,z,t) = Ao,0,0 = ﬁ/gf = m/o /0 | flr,0,2)rdrdfdz.
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