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Time: 3 hours

Problem 1 (1.5 points)

Solve the equation 3xy2y′ + y3 = x sinx.

Solution:
We divide by 3xy2 and obtain a Bernouilli equation with n = −2:

y′ +
y

3x
=

sinx

3
y−2,

Now we change z = y1−n = y3 =⇒ z′ = 3y2y′ =⇒ y′ =
z′

3y2
and obtain a linear equation:

z′

3y2
+

y

3x
=

sinx

3
y−2 =⇒ z′ +

z

x
= sinx.

Applying the formula for the solution we arrive to:

z = e−
∫

dx
x

[∫
sinx e

∫
dx
x dx+ C

]
=

1

x

[∫
x sinx dx+ C

]
=

1

x

[
−x cosx+

∫
cosx dx+ C

]
= − cosx+

sinx+ C

x
,

and finally:

y = z1/3 =
3

√
− cosx+

sinx+K

x
.

Problem 2 (2 points)

Solve the equation xy′′ + 3y′ +
1

x
y = x2.

Solution:
Multiplying by x we have x2y′′+3xy′+y = x3, that is a non-homogeneous Euler type equation.
We solve first the homogeneous part, with the change:

x = et, t = log x =⇒ yx = yt
1

x
, yxx =

1

x2
(ytt − yt).

The new equation is:

x2
1

x2
(ytt − yt) + 3xyt

1

x
+ y = 0 =⇒ ytt + 2yt + y = 0.
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Making y = ert =⇒ r2 + 2r + 1 = 0 =⇒ r = −1 double root, so:

y = e−t(c1 + c2t) =⇒ yh(x) =
1

x
(c1 + c2 log x).

Finally we look for yp = Ax3 =⇒ y′p = 3Ax2, y′′p = 6Ax:

Ax3
[
6 + 9 + 1

]
= x3 =⇒ A =

1

16
=⇒ yp =

1

16
x3.

The whole solution is:

y = yh + yp =
1

x
(c1 + c2 log x) +

1

16
x3.

Problem 3 (2 points)

Solve the initial value problem

{
y′′ + 2y′ + 2y = g(t),
y(0) = 1, y′(0) = 0,

g(t) =


3, 0 < t < 2π,
0, 2π ≤ t < 5π,
1, 5π ≤ t.

Solution:
We write g(t) in terms of a Heaviside function and transform by Laplace the equation:

g(t) = 3 +H(t− 2π)(−3) +H(t− 5π)

(s2 + 2s+ 2)L[y](s)− s− 2 =
3

s
− 3e−2πs

s
+
e−5πs

s

L[y](s) =
3 + s2 + 2s

s(s2 + 2s+ 2)
+
−3e−2πs + e−5πs

s(s2 + 2s+ 2)
.

Now we write this in simple fractions so that we can antitransform:

3 + s2 + 2s

s(s2 + 2s+ 2)
=

3/2

s
− 1

2

(s+ 1) + 1

(s+ 1)2 + 1
= L

[
3

2
− e−t

2
(cos t+ sin t)

]
(s),

1

s(s2 + 2s+ 2)
=
s

2
−

1
2 (s+ 1) + 1

2

(s+ 1)2 + 1
= L

[
1

2
− e−t

2
(cos t+ sin t)

]
(s).

The solution is:

y(t) =
3

2
− e−t

2
(cos t+ sin t)− 3

2
H(t− 2π)

(
1− e−(t−2π)(cos(t− 2π) + sin(t− 2π))

)
+

1

2
H(t− 5π)

(
1− e−(t−5π)(cos(t− 5π) + sin(t− 5π))

)
=

3

2
− e−t

2
(cos t+ sin t)− 3

2
H(t− 2π)

(
1− e−(t−2π)(cos t+ sin t)

)
+

1

2
H(t− 5π)

(
1− e−(t−5π)(− cos t− sin t)

)
.

Problem 4 (0.5 + 1 + 1 = 2.5 points)

a) Split into two one-variable problems
ut − 2uxx = 2u, −π

2 < x < π
2 , t > 0,

u(−π/2, t) = u(π/2, t), t > 0,
ux(−π/2, t) = ux(π/2, t), t > 0,
u(x, 0) = 8− 3 sin(2x)− 8 cos2(2x), −π

2 < x < π
2 .
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b) Solve both problems.

c) Find the solution of the original problem.

Solution:

a) We separate u(x, t) = φ(x)G(t) and obtain the problems:
φ′′(x) + λφ(x) = 0,
φ(−π/2) = φ(π/2),
φ′(−π/2) = φ′(π/2),

{
G′(t) = 2(1− λ)G(t).

b) With the boundary conditions we know that (or we calculate them):

λn =

(
nπ

π/2

)2

= 4n2, n = 0, 1, 2, . . . φn(x) = c1 cos(2nx) + c2 sin(2nx)

Then
G′(t) = 2(1− 4n2)G(t) =⇒ G(t) = Ke2(1−4n

2)t.

c) The product solution, using the superposition principle, is:

u(x, t) = A0e
2t +

∞∑
n=1

e(2−8n
2)t (An cos(2nx) +Bn sin(2nx))

The initial condition implies that:

u(x, 0) = A0 +
∞∑
n=1

(An cos(2nx) +Bn sin(2nx)) = 8− 3 sin(2x)− 8 cos2(2x)

= 8− 3 sin(2x)− 4(1 + cos(4x)),

and from this we obtain that Bn = 0, n 6= 1, An = 0, n 6= 0, n 6= 2 y:

A0 = 4, B1 = −3, A2 = −4.

The solution is thus:

u(x, t) = 4e2t − 3e−6t sin(2x)− 4e−30t cos(4x).

Problem 5 (0,5 + 0,5 + 1 = 2 points)

a) Prove that the following problem is not of Sturm-Liouville type and transform it into one:{
x2φ′′ + xφ′ + λφ = 0,
φ(1) = 0, φ(e) = 0.

b) Prove that all the eigenvalues are positive.

c) Find the eigenvalues and eigenfunctions of the problem.

a) A Sturm-Liouville problem is of the form:

d

dx

(
p(x)

dφ

dx

)
+ q(x)φ+ λσφ = 0.

In our case, we should have: x2 = p(x), x = p′(x) , that is impossible, so we look for an
integrating factor H(x) to transform the problem:

H(x)(x2φ′′ + xφ′ + λφ) = 0 =⇒ H(x)x2 = p(x), H(x)x = p′(x)

=⇒ H ′(x)x2 + 2xH(x) = H(x)x =⇒ H ′(x)

H(x)
= −1

x
=⇒ H(x) =

1

x
.

The problem is now:

xφ′′(x) + φ′(x) + λ
1

x
φ(x) =

d

dx

(
x
dφ

dx

)
+ λ

1

x
φ = 0.
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b) We use the Rayleigh quotient, with p = x, q = 0, σ = 1
x :

λ =

[
xφ(x)φ′(x)

]e
1

+

∫ e

1
x(φ′(x))2dx∫ e

1
φ2(x)

1

x
dx

=

∫ e

1
x(φ′(x))2dx∫ e

1
φ2(x)

1

x
dx

≥ 0.

Also, λ = 0 =⇒ φ′(x) = 0 =⇒ φ(x) = c = φ(1) = 0, so λ > 0.

c) We can solve it as an Euler equation: φ = xr and use that λ > 0:

xr[r(r − 1) + r + λ] = 0 =⇒ r2 = −λ =⇒ r = ±i
√
λ

x±i
√
λ = e±i(

√
λ log x) =⇒ φ(x) = c1 cos(

√
λ log x) + c2 sin(

√
λ log x)

φ(1) = c1 = 0, φ(e) = c2 sin(
√
λ) = 0.

We only have a non-zero solution if:

λn = n2π2, n = 1, 2, . . . φn(x) = sin(nπ log x).
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