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Problem 1 (1.5 points)

Solve the equation  3zy?y’ +3° = rsin .

SOLUTION:
We divide by 3xy? and obtain a Bernouilli equation with n = —2:
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Now we change z =y " =1y = 2/ =3y% = ¢/ = 32 and obtain a linear equation:
Yy
z' y sinz _,
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37y2+37z_ ; :>z+5_smx.

Applying the formula for the solution we arrive to:
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and finally:
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Problem 2 (2 points)

1
Solve the equation  xy” + 3y’ + Y= z2.

SOLUTION:
Multiplying by  we have  2%y” +3xy’+y = 3, that is a non-homogeneous Euler type equation.
We solve first the homogeneous part, with the change:
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The new equation is:

1 1
552;(%& — ) + 31’%; +y=0 = yu+2y+y=0.



Making y =e™ = 124+2r+1=0 = 7 = —1 double root, so:
¢ 1
y=¢e ‘(c1+cat) = yp(z)= p (c1 + c2logx).
Finally we look for y, = Az? = Yp = 3Ax2, Yy, = 6Az:

1 1
Ag[ 1}: ’ A= — = —a°.
z° |6+ 9+ ¥ = 16 == Y 1696

The whole solution is:

o = (e + e log ) +
= = —(c1 +clogzx —z°.
Y=Yn T Yp - 1 2 10g 16
Problem 3 (2 points)
Solve the initial value problem
3, O0<t<x?2
y" 42y + 2y = g(t), ’ s
=1, y@© =0, W=\ 0 wst<im
vw=n v - 1, br <t.

SOLUTION:
We write g(t) in terms of a Heaviside function and transform by Laplace the equation:

g(t) =3+ H(t —2m)(—3) + H(t — 5m)
) 3 36—27rs 6—57rs
(s*+2s+2)Lyl(s) —s—2=—— .
Liyl(s) = 3+ 5%+ 2s N —3e7 2T 4 70T
yisr= s(s2+2s4+2) s(s?242s+2)

Now we write this in simple fractions so that we can antitransform:

3+ 5%+ 2s 3/2 1 (s+1)+1 3 et _
- =~ |- - — t t
s(32+25+2) s 2(s+1)2+1 3 g (costsint)) (s),
1 s L(s+1)+3 o[ e_t( i 4 sing)] (s)
= - — == = — — ——(COS Sin S).
s(s2+2s4+2) 2 (s+1)241 2 2

The solution is:

|
-

y(t) = g — -~ (cost +sint) - gH(t —2m) (1~ e~ cos(t — 27) + sin(t —27)) )
+%H( — 5m) (1 — e~ (=57 (cos(t — 5m) + sin(t — 577)))
= g - e;(cost +sint) — gH(t — 2m) (1 — e 2™ (cos t + sin t)>
—i—%H(t — 5m) (1 — e =5 (_cost — sin t)) .

Problem 4 (0.5 + 1 + 1 = 2.5 points)

a) Split into two one-variable problems

Up — 2Uyy = 2u, —s<x<3g, t>0,
u(—7/2,t) = u(mw/2,t), t>0,
Uy (—7/2,t) = uy(mw/2,1), t >0,

u(x,0) = 8 — 3sin(22) — 8 cos(22), —§ < <
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b) Solve both problems.
¢) Find the solution of the original problem.
SOLUTION:
a) We separate u(z,t) = ¢(z)G(t) and obtain the problems:

¢ (x) + Ao(z) =0,
P(=7/2) = o(7/2), { G'(t) =201 - NG(®).
¢'(—m/2) = ¢'(7/2),

b) With the boundary conditions we know that (or we calculate them):

2
)\n = <TL/7T2> = 47’L2, n = O, 1, 2, Ce. ¢n(x) =C1 COS(QTL%') + &) Sln(2n$)
e
Then 2
G'(t) =21 —4n®)G(t) = G(t) = K24,

¢) The product solution, using the superposition principle, is:

u(z,t) = Age® + Z e(2-8n%)1 (A, cos(2nz) + By, sin(2nx))

n=1

The initial condition implies that:

w(@,0) = Ao+ 3 (A cos(2nz) + By sin(2nz)) = 8 — 3sin(2z) — 8 cos? (22)
=38 —%:slin(Q:U) —4(1 + cos(4x)),
and from this we obtain that B, =0, n#1, A,=0, n#0,n#*2y:
Ay=4, By=-3, Ay——4.

The solution is thus:

u(z,t) = 4e* — 3¢ % sin(2x) — 4¢3 cos(4z).

Problem 5 (0,5 + 0,5 + 1 = 2 points)
a) Prove that the following problem is not of Sturm-Liouville type and transform it into one:

{ $2¢,/+$¢I—|—)\¢:O,
¢(1) =0, ¢(e)=0.

b) Prove that all the eigenvalues are positive.
¢) Find the eigenvalues and eigenfunctions of the problem.

a) A Sturm-Liouville problem is of the form:

d d
2 (1052 + a0+ 200 =0

In our case, we should have: 2% = p(z), x = p'(z), that is impossible, so we look for an
integrating factor H(x) to transform the problem:

H(z)(2?¢" +2¢ + X)) =0 = H(z)2> =p(z), H(z)r=p(z)

=  H'(z)2?+22H(z) = H(z)x = ‘Z/((;) = —% = H(z)= %
The problem is now:
d ([ d
080) + () + 2 L ol0) = 5 (050 ) + AT o =0,
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b) We use the Rayleigh quotient, with p =z, ¢ =0, 0 = %:

[6()e/ (@) / @ @)Pd [ (@)

/ () ) /j&(m)l

Also, A\ =0 = ¢ (z)=0 = ¢(x)=c=¢(1)=0,s0A>0.

A= > 0.

¢) We can solve it as an Euler equation: ¢ = 2" and use that A\ > 0:

r(r—1)+r+N=0 = rP=-\ = r==iv\
aEVA = oFi(Vloga) ¢(x) = c1 cos(vV/Nlog ) + casin(v/Alog x)
o(1)=c1 =0, #(e) = cosin(v/A) = 0.

We only have a non-zero solution if:

Ap =T, n=12... ¢n(x) = sin(nmlog x).




