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Problem 1 (1.5 points)

Solve the equation

dy 5 3

——= —=dYy = —-xY".

dx Y i
SOLUTION:
This is a Bernoulli equation with n = 3, we can make the change:
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p=yl B =y = Y= 2yl — = —2’23/ .
With the change, the new equation is linear, and we solve it:
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Problem 2 (2 points)

Find the general solution of the equation:
y' +y = tg(x).

SOLUTION:
First we solve the homogeneous equation and try y, = e"*, then:

P41=0 = r=+i = yu(r)=cicos(x)+ cysin(x),

We obtain a particular solution from these two independent solutions, y; = cos(x) and yy =
sin(z) using variation of parameters:

Yp = V1Y1 + V2Y2,

where:

v = — 7‘7/2]%(%) dx, v = nR(x)
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cos(z) sin(z)

W(yl’”)" _sin(z) cos(x) ‘—1'

So:
v = —/sin(m) tg(x)dx = /(cos(a:) — sec(z))dx = sin(z) — log | sec(x) + tg(x)|.
vy = /cos(w) tg(z)dr = /sin(:c)dm = —cos(x).
Then a particular solution is:
yp = (sin(z) — log | sec(z) + tg(z)|) cos(z) — cos(z) sin(z) = — cos(zx) log | sec(z) + tg(z)|.
The general solution is:

y = c1 cos(x) + o sin(x) — cos(x) log | sec(x) + tg(z)].

Problem 3 (1.5 points)

Solve the integro-differential equation
f’(:z:)+/0x4-f(x—t)dt:a?—sinx, f(0) =2.

SOLUTION:

The equation is  f'(x)+4x f(z) =x —sinz  where * denotes the convolution. Now we apply
the Laplace transformation:
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Now we make a decomposition into simple fractions of the first fraction and obtain:
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Finally, the solution is
@) 1 +25 0 +1
Tr)=——-cosx + — -cos2x + —.
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Problem 4 (2.5 points)

Solve, using separation of variables, the telegraph equation

0?u ou 0%u
@"’25"‘“—@, t>0, JJE(O,W),
u(0,t) = u(m,t) =0, t>0,

u(z,0) = 4sin(2z), z € [0, 7],
%(9:70) =0, x € [0, ).

ot



SOLUTION:

We consider solutions of the form u(z,t) = ¢(x)G(t) so

G"(1)d(x) + 26" (1)6(x) + G(t)d(x) = & (x)G(1)
G'(1)+2G(t) | ¢"(x)
an T e

We also separate the conditions:

u(0,t) =0 = ¢(0) =0, u(m,t) =0 = ¢(m) =0,
The eigenvalue problem is known:

¢//($) + )\Qb({]j) == 0, ¢7’L(‘7j) = Sin(nl‘)’ -
{¢(0):¢(ﬂ—):0 — )\n:nz, n=12...
The time problem for each A, = n? is the following:

u(z,0) =0 = G'(0) =0.

{ G (1) + 2Gn(t) + (1 +12)Ga(t) = 0,
G (0) = 0.

With G,, = e we obtain:

-2+ /4—-4(1 2
4 2r+(14n*)=0 = r= (L+n%)

— — :l:
nt.
and.

Gn(t) =e™" (01 cos(nt) + c2 sin(nt)).

Gh(t)=e t( — ¢1 cos(nt) — cosin(nt) — cynsin(nt) + con cos(nt)).
With the initial condition:

G0)=0=—c1+con = ¢ a

So

n

1

Gn(t) = Ke™* ( cos(nt) + — sin(nt)).
n

The product solution, using also the superposition principle is:

u(z,t) = i By sin(nz)e™ ( cos(nt) + ! sin(nt)) :
n=1

n

With the non homogeneous initial condition we obtain the coefficients:

- By=4
u(x,0) = 4sin(2x) = z B, sin(nz) = { 2=
n=1

B,=0, n#2.
The solution is then:

u(z,t) = 4sin(2x)e_t(cos(2t) + % sin(2t)).

Problem 5 (0,5 + 0,5 + 1,5 = 2.5 points)



a) Transform the following into a Sturm-Liouville problem:

o rjf) +M2p=0, 0<r<2,
¢(2) =0,
[9(0)] < .

b) Prove that all the eigenvalues are positive and determine the orthogonality relation satisfied
by the eigenfunctions.

c¢) Find the eigenfunctions and eigenvalues.
SOLUTION:

a) If we divide by r we obtain a Sturm-Liouville equation with p =7, ¢ =0 and o = r:

4 <rd¢> + Arg =0,

dr \_ dr
1
This can be done directly or with an integrating factor, that is H(r) = et
b) We use the Rayleigh quotient to estimate the eigenvalues:
2 2 2
[—rome ]+ [ r@eiar [ ree)par
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/ 2 (r)r dr 2 (r)r dr
0 0
and
A=0 = ¢(r)=0 Vr = oé(r)=C=¢2)=0.
So A > 0.

Two eigenfunctions, ¢, (r) and ¢,,(r) satisfy the orthogonality relation:
2
/ On(T)om(r)rdr =0 for n # m.
0
c¢) The original equation is:

r?¢" +r¢ + Mg =0

Since A > 0, we can make the change:

z d d dz d
e=Vir = 7 VN dr dzdr fdz

The new equation is a Bessel equation of order zero:
2 2
20z + 20, +27°¢ =0

The solution is a linear combination of the first and second kind Bessel functions of order
Z€ero:

¢ = c1Jo(2) + 2Yo(2) = e1Jo(rvVA) + c2Yo(rvA)

The boundedness condition implies that ¢y = 0, so:

o(r) = Jo(rv')),



and with the boundary condition we obtain the eigenvalues:

2
nO,n

6(2)=0=Jo2VA) = A =2, n=12,...

4

where the 79, are the infinite zeroes of Jy. The eigenfunctions are:

én(r) = Jo (7“77%)’ n=12...




