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1.5. COMPLEX INTEGRATION
Integration along curves. All the curves 7 : [a,b] — C considered from now on will be piecewise C* (v

is continuous on [a,b], and [a,b] = U}_, [tk—1, tx] with 7/ continuous on each [tx_1, tx]).

If f:[a,b] — C is a function with complex values, f = u + iv, and its real and imaginary parts u, v
are integrable on [a, b], the integral of f on [a,b] is defined as

t[f@ﬁzliﬁﬂﬂﬁlzwﬁ.

Recall that if 7 : [a,b] — C is a curve, () = (z(t),y(t)) = x(t) +iy(¢), the integral along v of a 1-form
Pdx + Qdy (or the vector field (P, Q)) is defined as

b
[Pz Qdy= [ (Plalt).u®)s'0) + Qo). v(e) v ®) de.

If f is defined on 7, i.e. f:7([a,b]) — C and, for example, is continuous, then it makes sense to define

Lf(z)dszdzAfda:+ifdy.

b
[ 1= [ (fo@)e o+ i@ ®)d= [ r6e) a0+ o).

Hence,

and since z’(t) + iy’ (t) = v/(t), we have

b
/ﬂ@w:/fwwmwML

EXERCISES. fvfdz, where v(t) =t + 2ti for t € [0,1]; f‘z‘:l dz/z.

Reparametrizations. If ¢t = #(s) is a reparametrization of v, i.e., t : [¢,d] — [a,b] is C! and increasing,
then v(¢(s)) is also a piecewise C'! parametrization of the curve v, and we have

b d d
/f(v(t))v/(t)dtZ/ f(v(t(S)))V’(t(S))t'(S)ds=/ f((vot)(s)) (yot)(s)ds,

ie., the definition of [ f does not depend on the parametrization of the curve -, provided that we consider
parameterizations with the same orientation.

Change of orientation. The opposite arc to v : [a,b] — C is the arc 4 : [-b,—a] — C defined as
(t) = v(—t) and so, we have

a b
[ 1= [ s o= oy @ =~ [ 16,

and, therefore, a change of orientation on the curve, produces a change of sign at the integral.

Integration with respect to arc-length. We define the integral of f with respect the arc-length on v as

wauazlﬂwwWNMﬁ=lfw,
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where s denotes the arc parameter. It is easy to check that this type of integration is independent both on
changes of parametrization and also on orientation:

[reras= [ s

We say that f is integrable along v, and we write f € L(y), if fv |f(2)|]dz| < oo.

Theorem 1. Let ,~; be curves and o, 8 € C. If length~vy = f7 |dz| denotes the length of ~, then:
(1) /(aerﬂg)dz:a/fderﬂ/gdz, Y f,ge L(y),
ol ¥ ¥
(2) / fdz= fdz+---+ fdz, iflength (v; Ny;) =0 fori#j,Vfe L (U - Uy,
Y1U-Uyn 3

® | [ i< [1sene, vrero),

(4) i f is a measurable function on v and |f| < M on v, then ’f,y fdz’ < M length .

Recall that a curve v : [a,b] — C is closed if v(a) = v(b).

Theorem 2. If f : Q — C is continuous on the open set Q and f has a primitive on §, i.e., exists a
holomorphic function F on Q such that f(z) = F'(z) for every z € Q, then given any curve v : [a,b] — Q,
we have

(1) / f(2)dz = F(3(8)) — F(x(a)),

(2) /f(z) dz =0, if v is a closed curve.
2!

PROOF. (1) is a consequence of the chain and Barrow rules:

b b b
/ f(z)dz = / FOH () ' () dt = / F(4(t)) /() dt = / (Fon)(t)dt = F((b)) — F(1(a)).

Ttem (2) is a direct consequence of (1), since y(b) = v(a). 4

EXAMPLE 1. / e*dz = 0, for every closed curve ~.
¥

dz
EXAMPLE 2. / — =0, for every closed curve v that does not pass through the origin.

2
v Z
A simple closed curve is a curve whose starting point is also the end point and which has no other

self-intersections.

Every simple closed curve in the complex plane admits a well-defined interior (and exterior); that follows
from the Jordan curve theorem. A positively oriented curve in the complex plane is a simple closed curve
such that when traveling on it one always has the curve interior to the left (and consequently, the curve
exterior to the right), i.e. it is oriented counterclockwise (in the opposite direction to the movement of the
hands of a clock).

ExaMpPLE 3. / = 2mi, if v is a positively oriented curve with a in its interior such that - intersects

L Z—a
the line {z € C: Rez = Rea} exactly twice:



Denote by « and 8 the two points in the intersection of v and the line {Re z = Rea} (with Im o < Im f3).
Let Fy(z) =log(z —a) = log|z — a| +iarg (z — a), where we choose the argument arg (z —a) € (—m, 7]. Since
Fi(z) is holomorphic on the halfplane {Rez > Rea} except at the point a, and F](z) = 1/(z — a), we have
for vy =yN{Rez > Rea},

d _
/ : = F1(B) — Fi(a) =log|B — a| +im/2 — (log|a — a| — im/2) = log 15— al +am
w2 lae — al
If we consider now the function Fy(z) = log(z — a) = log |z — a| + iarg (z — a), with arg (z — a) € [0, 27),

then F5(z) is holomorphic on the halfplane {Rez < Rea} except at the point a, and Fj(z) = 1/(z —a). If
v2 =77 N{Rez < Rea}, then

/ . _ Fy(a) — Fo(8) =log |a — a| +i37/2 — (log |8 — a| +im/2) = —log 15 = al +im.
Ny 20 law — al

Therefore,

d d d —
/ “ :/ z +/ “ |ﬂ |+z7rflog|ﬂ |+i7r:27ri. i
yZ—a - sz—a |a al la — al
EXERCISE. What happens if a belongs to the exterior of the curve v and there exists a halfline L starting

at a with LN~y = 07

EXAMPLE 4. Since

/%7/dx+idy7/xdxfzydm+zxdy+ydy
N 5 Ty n . 2 + 72

dz d d
Im/— /x Z 4 x:/d(arctang>:/d(argz),
v ? 22 +y? ¥ z v

i.e., the imaginary part of the integral fv dz/z is the variation of the argument along .

we have

Definition. Let v : [o, 5] — C be a closed curve (i.e., such that v(a)) = v(8)) and a ¢ v([a, B]). The index
or winding number of v around the point a is the number n(vy,a) defined by

1 dz
n(v,0) = 2772/7,2—@'

It can be proved that the winding number n(v, a) is an integer representing the total number of times
that v travels counterclockwisely around a. The winding number depends on the orientation of the curve,
and is negative if vy travels around a clockwisely. The proof of this fact is very complicated, but it is easy to
prove the following simpler result:

EXAMPLE 5. If v is a closed curve of class C1, then n(vy,a) € Z:
In order to prove that, consider v : [a, 5] — C and the functions

)= [ gl = 00 - a).

defined when = € [a, 8]. Tt is easy to check that g is differentiable on [«, 5] and

@) = = (@) e M 0(0) = ) + e () = Z L O 0) ) e ) =

Therefore, g is constant on [a, (], and so,

e MO ((8) — a) = g(B) = gla) = e MV (y(a) —a) = (a) -
Since v(8) = () # a, we have e~ "#) = 1. Therefore, 271 "(1:¢) = ") =1 and so, n(y,a) € Z. ¢
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Theorem 2 gives that if f has a primitive on 2, then fy f = 0 for every closed curve contained in €.
The following result gives that both facts are equivalent.

Theorem 3. Let f : Q — C be a continuous function on the open set ). The following facts are equivalent:

(1)  There exists a holomorphic function F : Q — C such that F' = f.
(2) /f =0, for every closed curve v C Q.
v

PrOOF. Theorem 2 gives that (1) implies (2).
Let us prove the converse implication. Fix zg € Q. If € is connected, we can define the function

F(Z)—/Z:f— /.

7=
where +, is any curve contained in ) from zy to z, since f,y f =0 for every closed curve v C Q. It is easy to
check (by using the argument in the proof of the Fundamental Theorem of Calculus) that F’ = f on Q.

If Q is not connected, then we can apply the previous argument to each connected component.  f

Next, we show that f,y f = 0 holds for every closed curve « and every holomorphic function f on €, if
Q) is a simply connected set:

Theorem 4 (Cauchy’s integral theorem). If Q is a simply connected open set and f : Q@ — C is
holomorphic, then

/f =0, for every closed curve v C ).
.

PRrOOF (IF f’ 1S CONTINUOUS). If 7 is a simple closed curve, let S be the interior of . Green’s Theorem,
with P(x,y) = f(2), Q(z,y) = if(2), gives

/7f<z)dz= [ty = [[ (52 -5 dwan= [[ir - f)deay=o.

where the last equality follows from Cauchy-Riemann equations.
If v is not simple, then it is the union of simple closed curves and we have proved that the integral along
each of them is zero, and so, the integral along ~ is zero. 4

PROOF (IF 7y IS THE BOUNDARY OF A RECTANGLE R). Given any rectangle ) contained in R, let us define

Q)= [ f(z)dz.
2Q

If we split the rectangle R into 4 congruent rectangles RV, R®) R®) R we have
I(R) = I(RM) + I(R®) + I(R®)) + I(RW) ,

since the integrals over the common sides cancel each other. Consequently, there exists R*®), with 1 < k < 4,
such that
[I(R™)| > = |[I(R)].

Denote by R; this rectangle R(%).

If we repeat this process, then we obtain a sequence of rectangles R D Ry D R D - D Ry, D -+,
satisfying

1

Denote by zg the point in R which is the limit of the sequence of rectangles {R,}, i.e., z0 = N, Rp.
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Fix any € > 0 and choose § > 0 such that

‘f(z) — f(20)

zZ— 20

- f/(Zo)‘ <e
for every z with 0 < |z — 29| < 4, and so,

|f(2) = f(20) = f'(20)(z — 20)| < elz— 20

for every z with |z — 29| < 6.
Since 1 = (2)’ and z = (22/2)’, we have

/ dz=0= / zdz,
OR., ORn,

1E) =] [ sz =] [ (1) = pe) = 1o - ) ]

and so,

< /8 17 = £0) = £ o)z - ) ] < & /a 12— 2] |dz

n

1
< 5/ 0ldz| = edlength (OR,) = e gd length (OR) ,
aRn

4% [I(R)| < [I(Ry)| < %sélength(é‘R),
|I(R)| < edlength (OR),
and so, [,n f=1I(R)=0.

PROOF (7 IS ANY CLOSED CURVE). First of all, note that the previous proof has the following consequence:
If o C Q is a finite union of horizontal and vertical segments such that it is the boundary of a polygon
contained in , then [ f =0.

Fix zp € Q and for each z € Q) define

F(z)=/2:f=[Yzf,

where 7, is any curve contained in € from zy to z obtained as a finite union of horizontal and vertical
segments.

Let us check that F' is well defined, i.e., it does not depend on the choice of v,: Assume that ~,,n, C Q
are curves from zy to z obtained as a finite union of horizontal and vertical segments. Therefore, v, — 7, is
a closed curve which is the boundary of a union of polygons @1,...,Qk, and each 9Q); is a finite union of
horizontal and vertical segments. Since € is simply connected, each Q; is contained in € and so, |, 0Q; f=0.

0=i anf:/%_nzf:/ [

[ =] 1
z Nz
and F' is well defined.
It is easy to check (by using the argument in the proof of the Fundamental Theorem of Calculus) that
F" = f on Q. Then, Theorem 3 gives that fv f =0, for every closed curve v C Q.

Hence,
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ExXaMPLES. If -y is any closed curve, we have

/eZde =0.
.

If v is any closed curve contained in the upper halfplane {z = z + iy € C: y > 0}, we have

22 COS 2
/idﬁo,
p z4+1

It is easy to generalize the previous theorem to holomorphic functions with a finite set of singularities.

Theorem 5 (Cauchy’s integral theorem with singularities). If Q2 is a simply connected open set, f
is holomorphic on Q\ {a1,...,ax}, and lim, 4, (2 —a;) f(2) =0, for j =1,...,k, then

/f:O7 for every closed curve v C Q\ {a1,...,ax}.
.





