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1.6. CAUCHY’S INTEGRAL FORMULA

The following wonderful formula can be deduced from Cauchy’s integral theorem with singularities:

Theorem 1 (Cauchy’s integral formula). If Q is a simply connected open set and f : Q@ — C is

holomorphic, then
1
1 (2) 4.
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n(y,a) f(a) =
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for every point a € Q, and for every closed curve v C Q\ {a}.
PROOF. Fix a € Q. The function defined by

is holomorphic on Q\ {a} and lim,_,,(z —a) F(z) = 0 since f is continuous on 2. Cauchy’s integral theorem
(with singularities) gives

/ F(z)dz=0, for every closed curve v C Q\ {a}.
gl

Therefore,

[/f(z)dzf(a)/7 (iza:%m’n(%a)f(a). f

zZ—aQa z

Recall that if v is a simple closed curve in the complex plane, the Jordan curve theorem says that the
open set C\ v has two connected components: Ext v (containing a neighborhood of the point at infinity) and
Int ~ (which is simply connected). Cauchy’s integral formula gives that the values on Int v of any holomorphic
function can be obtained from its values on =.

Remark: Unless otherwise stated, we will assume that the simple closed curves are positively oriented,
i.e., in the counterclockwise direction.

Corollary 1. If v is a simple closed curve and f is holomorphic on an open set containing v U Int~y, then

1/f(z)dzz{f(a), if a € Inty,
i)y z—a 0, ifacExty.

In particular, if 7 is the boundary of a disk, the following holds:
Corollary 2. If f is holomorphic on the open set Q, and D is a disk such that D C ), then

f)= o [ I

= — dw , VzeD.
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Cauchy’s integral formula has a surprising consequence: holomorphic functions are infinitely differen-
tiable and their derivatives are holomorphic functions.

Theorem 2 (Cauchy’s integral formula for the derivatives). If f : & — C is holomorphic on the
open set 2, then there exist all the deriatives ) of £, and they are holomorphic on Q. Furthermore, if D
is an open disk such that D C (), then

= :L!/ _Sw) 5 N
f (Z) 271 5D (w_z)nJrl dw7 vz S 5 Vne .

The proof of Cauchy’s integral formula for the derivatives uses the following result on differentiation
under the integral sign.



Theorem 3. Let E C RN, Q C C an open set, and g : E x Q — C a continuous function satisfying:
(1) g(x,-) : @ — C is holomorphic on § for each fized x € E.

(2) We have
99

(a,2)] < h(a).

for every x € E and every z € Q, where h : E — [0, 00] is an integrable function on E.
Then the function defined by

1) = [ ate.z)da

is holomorphic on Q, and
9g
=/ E(m, z)dx.

f'(2)
PROOF OF THEOREM 2. Since f is a continuous function on the compact set D, there exists a constant M

such that |f(w)| < M for every w € dD. Also,

1 1
<
’ (w — z)ntl ‘ ~ dist (z,0D)nt1 7

and so, for every z € Q and w € 9D,

’ f(w) ‘ - M
(w—z)n+1 1~ dist (z, D)7t

For each € > 0 consider the set D, := {z € D/dist (z,0D) > £}; we have for every z € D, and w € 9D,

f(w) ’< M

‘(w — z)ntL] = gndl

Since @D has finite length, M /"1 is integrable on dD and it does not depend on z. Also, f(w)/(w —z)"*1
is holomorphic on D for each w € dD. Thus, Theorem 2 follows from Theorem 8 by applying induction. §

In fact, the argument in the proof of Theorem 2 gives the following result for “Cauchy-type” integrals.

Theorem 4. Let v : [a,b] — C be a curve and ¢ € L'(). Then,

is holomorphic on C\ v, and

F(n)(z):ng/wﬂ:]))nﬂdw, VzeC\y.

We are going to obtain many interesting consequences of Cauchy’s integral formula. The first one is a
partial converse of Cauchy’s integral theorem.

Theorem 5 (Morera’s theorem). Let Q C C be an open set and f: Q@ — C a continuous function such
that

(1) /f =0, for every closed curve ~: la,b] — Q.
2

Then f is holomorphic on Q.



PRrROOF. It suffices to prove Morera’s theorem on each connected component of 2. Let A be a connected
component of  and zg a point in A. (1) implies that the function

F(z):/zf(w)dw, z€A,

is well defined. The argument in the proof of Fundamental Theorem of Calculus gives that F' is differentiable
on A and F’ = f. Hence, F is holomorphic on A, and Theorem 2 gives that f = F’ is also holomorphic on
At

Corollary 3. Let o : [a,b] — C be a curve and Q C C an open set. Let f : Q x o([a,b]) — C be a
continuous function such that f(-,w) : & — C is holomorphic on Q for each fized w € o([a,b]). Assume
that there exists a function g € L'(o) with |f(z,w)| < g(w) for every z € Q and every w € o([a,b]). Then
the function

Fl) = /U (2 w) dw

is holomorphic on Q.

PROOF. EXERCISE. Hint: Prove first that F' is a continuous function on €, and check that fv F(2)dz=0
for any closed curve 7 contained in Q. §

Theorem 6 (Cauchy’s inequality). If f is holomorphic on D(a,r) ={z € C: |z —a| <r} and
M, = max{|f(2)|: |z —al =1},
then

M, n!
rn

|f™ ()] <

ProOOF. Cauchy’s integral formula for the n-th derivative gives

’f(n)(a)|:‘n7'/ &dz‘gi/ M\d,ﬂgl/ 2] = n o
27 Jop(a,m (2 —a)*t 27 Jop(am 12 — al 27 Jop(as) T o

Cauchy’s inequality has the following consequences:

Corollary 4 (Liouville’s theorem). If f is an entire function (i.e., holomorphic on C) which is bounded,
then is constant.

Corollary 5 (Fundamental Theorem of Algebra). FEvery polynomial (with complex coefficients) of
degree n > 1 has n complex zeros (taking into account the multiplicity of its zeros).

Recall that a set K C C (or K C R") is compact if and only if it is closed and bounded.

Theorem 7. Let Q C C be an open set and f, : @ — C a sequence of holomorphic functions which are
uniformly convergent on compact sets contained in Q to a function f. Then f is holomorphic on  and the

derivatives {fr(Lk)}n uniformly converge on compact sets contained in Q to the derivative f*) for each k > 1.

Application: Laplace transform. If f : [0,00) — C is a measurable function with lim,_, f(z)e % =0
for some a € R and f € L'([0,n]) for every n, then the function (the Laplace transform of f)

Lf(z) = /000 fl@)e * dx

is holomorphic on the halfplane {z € C: Rez > a}.



PROOF. For each R> 0,2 € Qr={we C: Rew > —R}, ne€ N and 0 < z < n, we have
[f(@) e ] = [ f(2)]eR ) = | f(2)]e" T2 < | f(2)] e < | f(a)] ™.

Thus, .
F,(z) = /0 flx)e **dx

are holomorphic functions on Qg by the corollary of Morera’s theorem. Therefore, F;, are entire functions.
Since lim, o f(z) e™% = 0, there exists M such that |f(z)| < e** for every & > M. If n > M, then

|Fu(z) — Lf(2)| = ‘/ flz)e ?* dm‘ < / e emrRez gy :/ ela=Re2)e gy
n n n
Fix ¢ > 0. If Rez > a + ¢, then

9 00 1 _ 1
e(a—Rez)z dx < / e dy = —— [e—syg]ﬂf o 1 P

€ T=n 5 n—00

Fu) - L1 <
Note that this gives that f(x)e™** € L(]0, 00)), since f € L([0,n]) for every n.
Hence, {F,,} uniformly converges to Lf on {z : Rez > a+¢}, and so, it uniformly converges on compact
sets contained in {z: Rez > a}. Now the result follows from Theorem 7. 4§

The following interesting result gives that Cauchy’s integral theorem with singularities is not a gener-
alization of Cauchy’s integral theorem, since the functions on the hypotheses of Cauchy’s integral theorem
with singularities are, in fact, holomorphic in the whole domain.

Theorem 8. Let Q2 be an open set and a € Q. If f is holomorphic on Q\ {a} and lim,_,,(z —a) f(z) =0,
then there exists the limit of f as z approaches a, and if we define

f(a) == lim f(z),

z—a

then f is holomorphic on 2.
PROOF. Let D be a disk such that a € D and D C . The function

1
g9(z) == — 7(1”) dw
21t Jop w— 2
is holomorphic on D (by Theorem 4). Furthermore, Cauchy’s integral formula (Theorem 1) can be generalized
(with the same proof) to holomorphic functions with singularities as in the statement by using Cauchy’s
integral theorem with singularities. Hence,
1
f(z):% ODw(iUldwg(z), for every z € D\ {a}.

Thus, lim,_,, f(2) = lim,, g(2) = g(a). If we define f(a) := lim,,, f(2) = g(a), then f(z) = g(z) for
every z € D and so, f is holomorphic on .

Definition. A point a is a removable singularity of f if f is holomorphic on Q\{a} andlim,_,,(2—a)f(z)=0.

EXAMPLES. (1) z = 0 is a removable singularity of the function f(z) = (e* — 1)/z. Note that this implies
the following: the real function f defined as f(z) = (e® — 1)/z if x # 0 and f(0) =1 is of class C* on R.

(2) Prove that lim, ,gzlogz = 0. Is z = 0 a removable singularity of the function log z? It is possible
to apply Theorem 87

We know that every analytic function is holomorphic. The following theorem gives that the converse
also holds. Therefore, it answers to the two following questions:

What functions are analytic?

What is the radius of convergence of the series?



Theorem 9 (Taylor’s theorem). A function f is holomorphic on the open set Q if and only if f is analytic
on . Furthermore, if a € Q0 and r is the minimum distance from 0 to the point a,

f(z) = i /(a) (z—a)", for every z € D(a,r).
n=0

n!

Also, the radius of convergence at the point a is the distance from a to its closest singularity of f.

PRrOOF. We know that every analytic function is holomorphic.
Assume now that f is holomorphic on Q and fix a € Q. Consider r = dist (a,9Q) and fix p < p’ < r.
We are going to prove that f is a power series on the disk D(a, p).

1 1 1 1 Il &K/z—a\" ~= (z—a)"
w—z_w—a—(z—a)_w—al_z_a _w—az<w—a) _nz::(w—a)”ﬂ'

w—a

If z € D(a, p), then

z:i f(w) dw:i w mﬂ dw

/) 2mi /w_a|=p/ w—z 270 Jjw—a|=p’ f(w) (; (w — a)"+1>
(L @ N e =S L@ e
= 7;) (27” /w_a|_p/ (,w _ a)n+1 d > ( ) - ng Tl' ( ) )

by Theorem 2. As we can choose any p < r, then f is equal to its Taylor series for every z € D(a,r).
Therefore, f is analytic at a for every a € Q.

This result has several important consequences:

Corollary 6. If f is holomorphic on the domain 2, and there exists a point a € Q0 such that
O:f’(a):~~:f(")(a):~~~, for every n>1,

then f is constant on €.

ProoOF. If Q was a disk with center at a, the corollary would be a direct consequence of Theorem 9. In the
general case, since {2 is connected, we can join any point z € 2 with a by a curve contained in 2. Since this
curve is compact, we can cover it with a finite number of disks centered at points in the curve, and contained
in 2, and such that the center of each disk is contained in the previous disk. By applying Theorem 15, we
can prove successively that f is constant (= f(a)) on each disk, starting with the disk centered at a and
finishing at the disk centered at z. Hence, f(z) = f(a) for every z € Q. 4§

EXAMPLE?: The Taylor series at = 0 of f(x) = e~1/2" is 0, but f is not constant.

Corollary 7. If f is holomorphic on the domain S and there exists a sequence {a,}°2, contained in Q with
Gn F# G if n % m, and such that

3 lim a,=a€, and f(a,)=0, n>1,

n—oo

then f(z) =0 for every z € Q.

PROOF. Since a,, # a,, if n # m, we have a,, = a for at most one n; hence, we can assume that a, # a for
every n. Note that f(a) = 0, since f is continuous at a. If f(")(a) = 0 for every n, then Corollary 1 gives
that f = constant = f(a) = 0. Otherwise, we can define

k=min{n: f™(a) #0}.

5



Thus, by Theorem 9,

> (g
1= L0 = -y,
n=~k ’

n

where

o~ [(a — "9 (a *)(q
o= T oS I o g = T 0
n=k ’ n=0 !

In particular, g is holomorphic on some disk D(a, R) (with the same radius of convergence of the series that
defines f at a), and so, it is continuous at a. Since

glan) = (an — a)F =0,

we have g(a) = lim,,_, o g(a,) = 0, a contradiction.

The following result is a consequence of the argument in the proof of Corollary 7. Since it is very
important, it must be stated in an independent way:

Corollary 8 (Zeros of holomorphic functions). If f is holomorphic and non-constant on the open set
Q, and a € Q is a zero of f (i.e., f(a) =0), then there exists a minimum integer k > 0 such that

f(2) = (2 —a)*y(2),
where g is holomorphic on £, and g(a) # 0.

Corollary 9 (Principle of analytic continuation). Let Q C C be a domain, and {a,}°; a sequence of
different points in 2 such that
3 lim a, =a € .

n—oo

If f and g are holomorphic functions on € such that

flan) = g(a,), for every m>1,

then f(z) = g(z) for every z € Q.
PRroOOF. It suffices to apply the previous corollary to the function f —g.
As a direct consequence, we obtain the following result:

Corollary 10. If Q C C is a domain with QNR # 0, and f1, fo are two holomorphic functions on 0 such
that

filanr = f2lonr ,

then fi = fo on Q. Consequently, if f is a function defined on an interval contained in a domain 2 C C
and f can be analytically extended to S, then this extension is unique.

Therefore, for instance, there is only one way to analytically extend the real exponential function to the
complex plane, and we know this extension: e* = e*(cosy + isiny).

Definition. Under the hypotheses in the previous corollary, we say that f has a zero of order k at a.
Corollary 11 (Bernouilli-I’Hépital’s rule). Let f1, fo be two holomorphic functions at a, such that
fi(a) = fa(a) =0. Then /

o ) i)

= fo(2) = f3(2)

PROOF. Let k1 and ks be the order of the zero at a of fi and fs, respectively. Thus,

S (n) a ) n) a
fE =Y W ey = Y W e (@ 0, (@ 20,

n=ky n=kso



If k1 = kg, then

i n " noky 0@ )
fim 1L2) Yot B (20" I Dl G i el S )
2 fo(2)  aayee A W iy @ vk 0@ ()
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(n) (n)
(a) n— f1"(a) n—kq 1
im 118) Yont G @)™ lim D A A A ()
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If k1 > kg, then

(n) (n)
O RS e O L D S el Gt
SN £ (@) = lim(z—a) lim ™ ()
z—a z z—a a z—a z—a ; a 1.
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)
—0.-—ML_—y,
Z(kz)(a)
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o f(n) (a) o0 (m) (a) —k
] D T G Yok o7 (2 — @)t
lim ?Ezi = lim =k ((n)(l)!) = lim(z — a)kl_k2 lim il ((n)(l)!) =0.
z—a z z—a [e'e) 2’ a z—a z—a ') > a —ko
? Z”:k2 (n—1)! (Z a a)n Zn:kz (n—1)! (2 — a)n k

If k1 < ko, the proof is similar.  f

Corollary 12 (Bernouilli-I’'Hépital’s rule at infinity). Let fi, fo be two holomorphic functions on
{|z] > r} for some r >0, such that lim,_, o f1(2) = lim, o f2(2) = 0. Then

. filz) fi(2)
AR TR R

PrOOF. The functions f1(1/z) and f2(1/z) are holomorphic on a neighborhood of 0 (they have a remov-
able singularity at 0 since lim,_,q f1(1/2) = lim,_o f2(1/2) = 0). Hence, they satisfies the hypotheses on
Bernouilli-I’'Hopital’s rule at 0 and

- fiz) L Aw) L —w (L w) L fi(2)
I 5 T A i) el Ty f2(1/w) = lim f;(z)

S

Theorem 10 (Open mapping theorem). If f is holomorphic on the open set  and it is non-constant,
then for each a € ) there exists € > 0 such that D(f(a),e) C f().

Theorem 11 (Maximum modulus principle). If f is holomorphic on the open set Q and it is not
constant, then |f| does not have a mazimum value on €.

Corollary 13. If f is holomorphic on the bounded open set Q) and it is continuous on Q=QUON, then the
mazimum value of |f| on Q is attained on ON.



