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1.7. LAURENT SERIES

Definition. A point a € Q is an isolated singularity of f, if f is holomorphic on Q\ {a}.

If @ is an isolated singularity of f, then there are only the three following possibilities:

(1) a is a removable singularity of f, ie., lim, ,,(z — a) f(z) = 0. By Theorem 13 in the previous
chapter, this happens if f is bounded on D(a,r) \ {a} for some r > 0, or equivalently if

Jlim f(2) € C.

z—a
(2) ais a pole of f, i.e.,
lim f(z) = o00.
zZ—ra

Proposition 1. Let Q2 be an open set, a € Q and f a holomorphic function on Q\ {a}. Then, a is a pole
of [ if and only if there exists an integer k > 1 (k is called the order of the pole of f at a) such that

floy = 2

(z—a)*’
where g is a holomorphic function on Q with g(a) # 0.

PRrooF. If there exists such a function g, then lim,_,, f(z) = co.

Conversely, if lim, ., f(2) = oo, then given a > 0, there is r > 0 such that |f(z)| > «, for every
z € D(a,r)\ {a}. Therefore, the function F(z) = 1/f(z) is holomorphic and bounded on D(a,r)\ {a}, since
|F(2)| < 1/« for every z € D(a,r) \ {a}, and so, a is a removable singularity of F. If we define F(a) :=
lim,_,, F(2) = lim,_,, 1/f(2) = 0, then Corollary 8 in the previous chapter gives that F(z) = (2 — a)*G(z),
where k > 1, G is holomorphic on D(a,r), and G(a) # 0. Hence,

N Lo 1 _ 93
1) F(z) (z—a)G(z) (z—a)’

and, since G(a) # 0, g(z) = 1/G(z) is holomorphic on a disk D(a,e) and g(a) # 0. Furthermore, g(z) =
(z —a)*f(z) on Q\ {a}, and so, g is holomorphic on  \ {a}. Thus, g is holomorphic on Q.

(3) Otherwise (i.e., (1) and (2) do not hold), a is an essential singularity of f.

Picard’s great theorem gives that a is an essential singularity of f if and only if, for every € > 0,
f(D(a,e)\ {a}) is the whole complex plane C unless, perhaps, a point. In particular, for every w € C, there
exists a sequence a,, — a with f(a,) = w.

If a is a removable singularity of f, then f has a Taylor series about a

o

[ = calz—a)"

n=0
on some disk D(a,r).
If f has on a a pole of order k, then Proposition 1 gives that f has a Laurent series

oo

1 n __ . n
a+;cn(zfa) = Z en(z —a)”, c_p #0,

n=—~k

C_L Cc_

f(z):erer

z —

in a “punctured” disk D(a,r) \ {a}.
Finally, if f has at a an essential singularity, then f has a Laurent series

oo

@)=Y ealz—a),

n=—oo

with infinitely many c_,, (n € N) different from zero.
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EXAMPLE. 0 is an essential singularity of the function f(z) = e!/#, since
0

el/zzi%e)m: 2. (_ZZ)!’ 270

m=0 n=-—oo

Theorem 1. Assume that v,7v1, ¥2, -..,7, are simple closed curves such that v;, v2, ...,7, are contained
in the interior of 4. If f is an holomorphic function on the closure of the domain Q with 9Q = U?_;v, U,

then .
/f(z) dz = Z f(z)dz,

k=1""7k
and the following Cauchy’s formula holds for every a € Q:

f(z) dz 3 Z/ f(z)dz i f(a).
k=1"7k

~ zZ—a zZ—a

Theorem 2 (Laurent’s theorem). If f is holomorphic on Q ={z:r < |z—a| < R} (0 <r < R < 0),

then there is a sequence of complex numbers {c,}52 _ . such that
(oo}
f(z) = Z en(z—a)”, VzeN.
n=—oo

This series uniformly converges on compact sets contained in 2. Furthermore, if Q is the largest annulus
centered on a such that f is holomorphic, then

1
r = limsup |c_p '™, = = limsup | ¢, |V/™ .
n— oo n— oo

PRrROOF. Fix 7 <1y < p1 < p2 <19 < R. We are going to prove that f is a Laurent series on the annulus
{p1 < |z—a| < p2}. If |lw— a| =ry, then

’z—a’§p£<1
w—al = ro
and
I 1 1 1 1 i(z—a)”_i (z—a)"
. w—a—(—a) w— —a  uw— _ = — )+l
w—z w-a—(2-a) w-aq_ 70 w-a‘Z\w-a —(w—a)”
w—a
If |w — a|] = 71, then
w—a| _r
< =<1
z—a 1
and
I -1 -1 1 -1 i(w—a)n_ i (w—a)"
wfz_zfaf(wfa)_zfal w—a  z_gq z—al (z —a)rt1
i — n=0 n=0
z—a

If p1 < |z — a] < pa, then Theorem 1 gives

_1 fw) oL fw) .
1(z) = 27 /wa|_r2 w—z d 27 /wa|_r1 w—z d
1 s z—a)" 1 i w—a)”
el f(w) (Z (u(} — a)31+1> dw+ o— ol f(w) (Z (i — a)n)H) dw

n=0 n=0

(L ORI ) L
‘;)(m’/.wa -y >( ) *Z<2m’/wa|mf( Jomard )(z—awl’

n=0
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where we can change the order of integrals and series since the series converge uniformly.
Note that Theorem 1 gives that the values of the integrals

1 f(w) 1

= S = —a)"d
2mi | (w—a)ntt Yo om | fw)lw =a)" dw,

w—al=ry w—al=ry
do not depend on r; and ro, we can write
o0 o0 c o0
_ _ n —n—1 _ _ n
FR) =) enlz=a)"+ ) CE Y calz—a)
n=0 n=0 n=-—oo

for every p; < |z —al < pa. As we can choose any r < r; < p; < py < rg < R, then f is equal to this
Laurent series for every z € Q. {

EXERCISE. Obtain the Laurent series of f(z) = 2/(2% — 4z + 3), on the domains {|z| < 1}, {1 < |2] < 3}
and {|z| > 3}.

Definition. We say that f is meromorphic on  if f is holomorphic on € unless on isolated singularities,
and they are either removable or poles.

Corollary 1 (Bernouilli-I’'Hépital’s rule 3). If fi and fo are meromorphic functions and have a pole at

a, then
R RE)
z—a f2(z) z—a fé(z)

PROOF. Let k; be the order of the pole of f; at a, then f;(z) = g;(2)/(z — a)* with g; holomorphic at a
and g;j(a) # 0 for k =1,2.
If kl = kg, then

and

lim fi(2) = lim i .
a=a fo(z)  amagh(2)(2 —a) ™R —kiga(2)(z —a) ™Mt 2= gh(2)(2 — a) — kig2(2)  g2(a)
If ki < k‘Q, then

fG) o 91— ) (s — o)ke—kr 91(2)
M RG)  nee gk e T
and
i ) OG0 b @m0 B 60 kel

~
|
o~
n
Q
)
—~
N
~

2va fy(z)  2magh(2)(z —a) 7R = kaga(2)(z —a) Rl ama 92(2)(z —a
If k1 > ko, then a similar argument gives the result. f

Corollary 2 (Bernouilli-I’Hépital’s rule 4). Let fi, fo be two holomorphic functions on {|z| > r} for
some r >0, such that lim,_, o f1(2) = lim, o fa(2) = c0. Then

i 1B o fi2)

choo fa(z) | ameo fi(2)

PRrROOF. The functions f1(1/z) and f2(1/z) are meromorphic on a neighborhood of 0 (and they have a pole at
0 since lim, ¢ f1(1/2) = lim,_,q f2(1/z) = o). Hence, they satisfies the hypotheses on Bernouilli-I’'Hépital’s
rule 3 at 0 and
_ap—2 £/ /

b A1) A0/ et RO A

z=o0 fo(z) w0 fa(l/w)  w—0 —w2fi(1/w)  z—o0 fi(2)
Theorem 3. f is meromorphic on the open set Q if and only if f = g/h with g, h holomorphic functions
on ) and h is not identically zero.




