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1.8. THE RESIDUE THEOREM AND ITS APPLICATIONS

Definition. If a is an isolated singularity of f, the residue of f at z = a is the coefficient c_1 of its Laurent
series about z = a. We write Res (f,a) = c_1.

If a is a pole of order 1 of f (i.e., a simple pole), then

Res (f,a) = lim(z — a) f(2).

z—a

If a is a pole of order k of f, then

k—1
Res(f.a) =7 i D1 ddzk* ((z N “)kf(z))'

If f has at a an essential singularity, there is NO formula for the residue of f at a; there is only one
way to find this residue: to find the Laurent series of f about a and to find the coefficient c_; of the power
(z —a)~! in this Laurent series (this method also works if a is a pole of f).

If f has an isolated singularity at a and there exists lim,_,,(z — a) f(z) = ¢, with £ # 0, 00, then a is a
pole of order 1 of f and its residue is /.

Corollary. If z1,...,z, are different complex numbers and P(z) is a polynomial with degree less than n,
then the following partial fraction decomposition holds

P(2) _ Res(Q,21) Res (@, zn) - N = 1 .
Gom o Gom) | ama Tt Taos, o v Res(@a)= (e )00,

Q(z) =

EXERCISE. Find the partial fraction decomposition of — .
z23 —z

Residue theorem. Let Q) be a simply connected open set, f a holomorphic function on € unless on a set
{a;} of isolated singularities, and v C Q a closed curve that does not go through any a;. Then

/ f(z)dz= 2m’ZRes (f,a;)n(v,a;).

Proposition 1.

/Ozw Ricos.sind) d6 — /O% R(eie J;e—z‘a | 10 _zie—ie) Zifg@ _ /Zl:l R(% (z n %) 7%(2 B %)) % _

Remark. In order to apply Proposition 1, it is a VERY BAD IDEA to use the formulas cos = Re e and
sin@ = Im e*?, since the real and imaginary parts are not holomorphic functions.

2m 2
EXERCISES. Compute / sin”6 df and / 3% cos(nf — sin 6) d6.
0 0

In the following result, p.v. denotes the Cauchy principal value of an integral. Recall that if the poles
of f on the real line are 1 < - -+ < x,, then the Cauchy principal value of ffooo f(x) dzx is defined as

p.v./o; f(@)dz = lim (/wrsf(x)dz+/127Ef(x)d:z:+-~+/mn7€ f(x)d:z:+/R f(@)dz).

f:oof -R x1+e Tp_1+e Tnte

and it is equal to the integral [~ f(z)dz if f is integrable.
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Proposition 2. Let f be an holomorphic function on a domain containing the closure of the upper halfplane
H={z¢€ C: Imz > 0}, unless at a finite number of singularities, which can belong to the real axis, but in
this case they must be simple poles.

(1) Iflim, o0 2z f(2) =0, then

pv/ f(z)dx = 2mi Z Res (f,a) + i Z Res (f,a)

a€Sing(f) a€Sing(f)
Ima>0 a€R

(2) Iflim, o f(2) =0, and ¢ > 0, then

p.v. / f(z) e dx = 2mi Z Res eie?, +7rz Z Res eie?, )

acSing(f) acSing(f)
Ima>0 a€ER

(3) Iflim, ooz f(2) =0, ko k1,...,kn €C, c1,...,¢n >0, and g(2) = ko + k1 % + -+ + ky, en?,
then

pv/ f(x) g(x) de = 2mi Z Res(fg,a) + mi Z Res(fg,a).

a€Sing(f) a€Sing(f)
Ima>0 a€R

Remarks to Proposition 2.
(a) If f has poles of order greater than 1 in the real axis, but these poles are removable singularities or
simple poles of fg, then the conclusion of (3) also holds.

(b) If lim, 00 2 f(2) = 0 and f does not have poles in the real axis, then the functions in the integrals
in (1), (2) and (3) are integrable, and so, their integrals are equal to their principal values.

(¢) If ko = 0, the conclusion of (3) also holds if we replace the hypothesis lim, ,o zf(2) = 0 by the
weaker one lim,_,, f(z) = 0.

(d) Note that if f has a non-simple pole in the real axis, then f ¢ L'(R) and p.v.ffooo f(z) dz does not
exist.

(e) Although in general

Re (zw) # (Re z)(Rew), Re (2%) # (Re 2)?, ﬁ + Re%

we have Re (az) = aRe z for every a € R (and the same holds for the imaginary part). Hence, if f takes real
values on the real line and ¢ > 0,

pv/ flx coscxd:z:fpv/ f(z)Re ("*) dx = pv/ flx w””das)

p.v./_Oo f(z) sincedr = p.v./_Oo f(z)Im (e'®) dx = Im p.V./_OO f(z) e dx).

(f) If f takes real values on the real line and ¢ < 0, then —¢ > 0 and

p.v./_o:<> f(z) e do = p.V./_O; f(x)e e dx.

(9) In order to apply Proposition 2, it is a VERY BAD IDEA to use the formulas cos cx = £ (e® +-e7°7)

and sincz = - (€' — e '), since —c¢ < 0 if ¢ > 0 and vice versa.

2



(h) If f takes real values on the real line and ¢ > 0, then
p.v./_oo f(z) cos®ca dx = p. V/ f(z) = (1 4 cos2cx)de = %p.v./_oO f(2)Re (1 + &%) dx
== Re p.v./ f() (1 + ey clsc)7
pv/ f(x) sin c:z:dx—pv/ f(@) = (1 —cos2cx)d *fpv/ f(z)Re (1 — %) dx
=3 Re p.v./_OO f(z) (1 — e'?) dx).
(7) It is a BAD IDEA to use the formula

p.v./ (@) (ko + ky €% + -+ iy ew"r)dfﬂ_PV/ f () ko dx+pv/ f(x) ke '" da+

— 00

+pv/ flx ’C”Idx

since perhaps some of the principal values in the right side of the formula do not exist.

> sinz

dx.

ExaMpPLE. Compute p.V./

o T

Proposition 3. Let « € R\Z, and f a holomorphic function on C except at a finite number of singularities,
which are not in the positive real aris RT = [0,00), and such that

lim 2T f(2) =0, lim 2T f(2) = 0.

z—0 zZ—00

Then x*f(x) is integrable on [0,00) and

/0 xaf(x)dx:% Z Res (2*f(z), a),

a€Sing(f)

where we consider the argument in the interval [0,27) in order to define z®.

ExaMPLE. Compute for appropriate values of o € R:

o0 «
[
o X +1

The following result allows to compute the integral of very general functions on (0, c0).

Proposition 4. Let f be a holomorphic function on C except at a finite number of singularities, which are
not in the positive real azis RT = [0,00), and such that lim,_,o z f(z) = 0. Then

/000 f(z)dx = Z Res (f(z)logz,a),

a€Sing(f)

where we consider the argument in the interval [0,27) in order to define log z.

* dx
EXAMPLE. Compute/ -
0 x° + 1

Finally, the following proposition allows to compute the value of many series as another consequence of
the residue theorem.



Proposition 5. Let f be a holomorphic function on C except at a finite number of singularities and such
that lim,_, z f(2) = 0. Then

(1) Z f(n)=—m Z Res (f(z) cotannz, a) .

ngS:l;go(of) a€Sing(f)
(2) Z (-D)"f(n) =—-m Z Res (f(z) cosecrz, a) .
n;;;;(of) a€Sing(f)
EXAMPLE i L m?
' = n2 6



