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1.8. THE RESIDUE THEOREM AND ITS APPLICATIONS

Definition. If a is an isolated singularity of f , the residue of f at z = a is the coefficient c−1 of its Laurent
series about z = a. We write Res (f, a) = c−1.

If a is a pole of order 1 of f (i.e., a simple pole), then

Res (f, a) = lim
z→a

(z − a)f(z) .

If a is a pole of order k of f , then

Res (f, a) =
1

(k − 1)!
lim
z→a

dk−1

dzk−1

(
(z − a)kf(z)

)
.

If f has at a an essential singularity, there is NO formula for the residue of f at a; there is only one
way to find this residue: to find the Laurent series of f about a and to find the coefficient c−1 of the power
(z − a)−1 in this Laurent series (this method also works if a is a pole of f).

If f has an isolated singularity at a and there exists limz→a(z − a)f(z) = ℓ, with ℓ ̸= 0,∞, then a is a
pole of order 1 of f and its residue is ℓ.

Corollary. If z1, . . . , zn are different complex numbers and P (z) is a polynomial with degree less than n,
then the following partial fraction decomposition holds

Q(z) =
P (z)

(z − z1) · · · (z − zn)
=

Res (Q, z1)

z − z1
+ · · ·+ Res (Q, zn)

z − zn
, with Res (Q, zj) = lim

z→zj
(z − zj)Q(z) .

Exercise. Find the partial fraction decomposition of
1

z3 − z
.

Residue theorem. Let Ω be a simply connected open set, f a holomorphic function on Ω unless on a set
{aj} of isolated singularities, and γ ⊂ Ω a closed curve that does not go through any aj. Then∫

γ

f(z) dz = 2πi
∑
j

Res (f, aj)n(γ, aj) .

Proposition 1.∫ 2π

0

R(cos θ, sin θ) dθ =

∫ 2π

0

R
(eiθ + e−iθ

2
,
eiθ − e−iθ

2i

) ieiθdθ

ieiθ
=

∫
|z|=1

R
(1
2

(
z +

1

z

)
,
1

2i

(
z − 1

z

)) dz

iz
.

Remark. In order to apply Proposition 1, it is a VERY BAD IDEA to use the formulas cos θ = Re eiθ and
sin θ = Im eiθ, since the real and imaginary parts are not holomorphic functions.

Exercises. Compute

∫ 2π

0

sinnθ dθ and

∫ 2π

0

ecos θ cos(nθ − sin θ) dθ.

In the following result, p.v. denotes the Cauchy principal value of an integral. Recall that if the poles
of f on the real line are x1 < · · · < xn, then the Cauchy principal value of

∫∞
−∞ f(x) dx is defined as

p.v.

∫ ∞

−∞
f(x) dx = lim

R→∞
ε→0+

(∫ x1−ε

−R

f(x) dx+

∫ x2−ε

x1+ε

f(x) dx+ · · ·+
∫ xn−ε

xn−1+ε

f(x) dx+

∫ R

xn+ε

f(x) dx
)
,

and it is equal to the integral
∫∞
−∞ f(x) dx if f is integrable.
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Proposition 2. Let f be an holomorphic function on a domain containing the closure of the upper halfplane
H = {z ∈ C : Im z > 0}, unless at a finite number of singularities, which can belong to the real axis, but in
this case they must be simple poles.

(1) If limz→∞ z f(z) = 0, then

p.v.

∫ ∞

−∞
f(x) dx = 2πi

∑
a∈Sing(f)
Im a>0

Res (f, a) + πi
∑

a∈Sing(f)
a∈R

Res (f, a) .

(2) If limz→∞ f(z) = 0, and c > 0, then

p.v.

∫ ∞

−∞
f(x) eicx dx = 2πi

∑
a∈Sing(f)
Im a>0

Res
(
f(z) eicz, a

)
+ πi

∑
a∈Sing(f)

a∈R

Res
(
f(z) eicz, a

)
.

(3) If limz→∞ z f(z) = 0, k0, k1, . . . , kn ∈ C, c1, . . . , cn > 0, and g(z) = k0 + k1 e
ic1z + · · · + kn e

icnz,
then

p.v.

∫ ∞

−∞
f(x) g(x) dx = 2πi

∑
a∈Sing(f)
Im a>0

Res (fg, a) + πi
∑

a∈Sing(f)
a∈R

Res (fg, a) .

Remarks to Proposition 2.
(a) If f has poles of order greater than 1 in the real axis, but these poles are removable singularities or

simple poles of fg, then the conclusion of (3) also holds.

(b) If limz→∞ z f(z) = 0 and f does not have poles in the real axis, then the functions in the integrals
in (1), (2) and (3) are integrable, and so, their integrals are equal to their principal values.

(c) If k0 = 0, the conclusion of (3) also holds if we replace the hypothesis limz→∞ zf(z) = 0 by the
weaker one limz→∞ f(z) = 0.

(d) Note that if f has a non-simple pole in the real axis, then f /∈ L1(R) and p.v.
∫∞
−∞ f(x) dx does not

exist.

(e) Although in general

Re (zw) ̸= (Re z)(Rew), Re (z2) ̸= (Re z)2,
1

Re z
̸= Re

1

z
,

we have Re (az) = aRe z for every a ∈ R (and the same holds for the imaginary part). Hence, if f takes real
values on the real line and c > 0,

p.v.

∫ ∞

−∞
f(x) cos cx dx = p.v.

∫ ∞

−∞
f(x)Re (eicx) dx = Re

(
p.v.

∫ ∞

−∞
f(x) eicx dx

)
,

p.v.

∫ ∞

−∞
f(x) sin cx dx = p.v.

∫ ∞

−∞
f(x) Im (eicx) dx = Im

(
p.v.

∫ ∞

−∞
f(x) eicx dx

)
.

(f) If f takes real values on the real line and c < 0, then −c > 0 and

p.v.

∫ ∞

−∞
f(x) eicx dx = p.v.

∫ ∞

−∞
f(x) e−icx dx.

(g) In order to apply Proposition 2, it is a VERY BAD IDEA to use the formulas cos cx = 1
2 (e

icx+e−icx)
and sin cx = 1

2i (e
icx − e−icx), since −c < 0 if c > 0 and vice versa.
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(h) If f takes real values on the real line and c > 0, then

p.v.

∫ ∞

−∞
f(x) cos2cx dx = p.v.

∫ ∞

−∞
f(x)

1

2
(1 + cos 2cx) dx =

1

2
p.v.

∫ ∞

−∞
f(x)Re (1 + ei2cx) dx

=
1

2
Re

(
p.v.

∫ ∞

−∞
f(x) (1 + ei2cx) dx

)
,

p.v.

∫ ∞

−∞
f(x) sin2cx dx = p.v.

∫ ∞

−∞
f(x)

1

2
(1− cos 2cx) dx =

1

2
p.v.

∫ ∞

−∞
f(x)Re (1− ei2cx) dx

=
1

2
Re

(
p.v.

∫ ∞

−∞
f(x) (1− ei2cx) dx

)
.

(i) It is a BAD IDEA to use the formula

p.v.

∫ ∞

−∞
f(x) (k0 + k1 e

ic1x + · · ·+ kn e
icnx) dx = p.v.

∫ ∞

−∞
f(x) k0 dx+ p.v.

∫ ∞

−∞
f(x) k1 e

ic1x dx+

· · ·+ p.v.

∫ ∞

−∞
f(x) kn e

icnx dx,

since perhaps some of the principal values in the right side of the formula do not exist.

Example. Compute p.v.

∫ ∞

−∞

sinx

x
dx.

Proposition 3. Let α ∈ R\Z, and f a holomorphic function on C except at a finite number of singularities,
which are not in the positive real axis R+ = [0,∞), and such that

lim
z→0

zα+1f(z) = 0 , lim
z→∞

zα+1f(z) = 0 .

Then xαf(x) is integrable on [0,∞) and∫ ∞

0

xαf(x) dx =
2πi

1− e2παi

∑
a∈Sing(f)

Res
(
zαf(z), a

)
,

where we consider the argument in the interval [0, 2π) in order to define zα.

Example. Compute for appropriate values of α ∈ R:∫ ∞

0

xα

x2 + 1
dx .

The following result allows to compute the integral of very general functions on (0,∞).

Proposition 4. Let f be a holomorphic function on C except at a finite number of singularities, which are
not in the positive real axis R+ = [0,∞), and such that limz→∞ z f(z) = 0. Then∫ ∞

0

f(x) dx = −
∑

a∈Sing(f)

Res
(
f(z) log z, a

)
,

where we consider the argument in the interval [0, 2π) in order to define log z.

Example. Compute

∫ ∞

0

dx

x3 + 1
.

Finally, the following proposition allows to compute the value of many series as another consequence of
the residue theorem.
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Proposition 5. Let f be a holomorphic function on C except at a finite number of singularities and such
that limz→∞ z f(z) = 0. Then

(1)

∞∑
n=−∞

n/∈Sing(f)

f(n) = −π
∑

a∈Sing(f)

Res
(
f(z) cotanπz , a

)
.

(2)

∞∑
n=−∞

n/∈Sing(f)

(−1)nf(n) = −π
∑

a∈Sing(f)

Res
(
f(z) cosecπz , a

)
.

Example.

∞∑
n=1

1

n2
=

π2

6
.
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