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2 Fourier transform

We define the space of integrable functions on the real line, denoted by L!(R), as

[e.e]

L@ = {fi R Ci flh = [ 17@)]de < oo},

—0o0

Given f € L'(R), we define its Fourier transform as

f@ = Flw = o [ sw)eas.

In this case, as | f(w)| < = [T | f(2)| dz = 5=|| fll1 < oo, it is clear that f is a bounded function.

Iffé¢ LI(R) but there exists the principal value of the integral, then f is defined as this principal
value:

R

Definition 2.1 Given f,g € L'(R), we define its convolution as
1 [e.e]
(F9)@ =5 [ fe- o)y,

It is easy to check that || f * g[1 < 5=[f[l1]lg/l1 and so f* g € L*(R).

Theorem 2.2 (Properties of Fourier transform). Let f,g € L'(R), « €R, a,b € C, I CR
an open interval. Then

(1) Flaf +bg|(w) = aF[f](w) + bF[g](w).
(2) F[emxf(x)](w) = ]:[f](w—i—oz).

3) Flf(z —a)](w) = e“F[f](w).

(@) Flfan)]@) = & F[1(2):

6) F[F)) = FIo)

(7) If xf(z) € LY(R), then f is derivable and
Flaf@)(w) = ~i-w (F[f] ).
(8) If f is derivable, f' is continuous and f' € L'(R), then
]:[f’] (w) = —iw}"[f] (w) .

(9) If f(-,t) € LY(R) for all t € I, EI%(x,t) a.e. * € R and for allt € I, and 3 F € L'(R)
such that %—{(w,t)’ < F(z) a.e. x € R and for allt € I, then

? ?
F[a—{(x,t)] @) = 5 (FAw).
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Corollary 2.3 If f € L*(R) takes real values, then F|[f](w) = F[f](-w).
A direct consequence of (8) is the following

Corollary 2.4 If f is derivable, f' is continuous and f, f' € L*(R), then lim f(w) = 0.

|w|—00
This is a weak version of the following result:

Lemma 2.5 (Riemann-Lebesgue lemma). If f € LY(R), then f € Cy(R), i.e. f is contin-
wous and vanishes at infinity: R
lim f(w)=0.

|w]—o00

The following result shows that the Fourier transform can be inverted and that its inverse is
essentially a Fourier transform:

Theorem 2.6 (Inversion of Fourier transform). If f € L'(R) and f € L*(R), then
f($):]:71[f](x) = / f(w)eiiwxdw.

In particular, f € Co(R).

2.1 Fourier transform on L*(R)
We define the space of square integrable functions on the real line, denoted by L? (R), as
1/2
PR = {f:r>C fla= ([ If@ldx) " < oo},
As C.(R) ¢ L*(R) N L?(R) and C.(R) is dense on L?(R) we have that also L'(R) N L?(R) is
dense on L?(R) and so, given f € L?(R),
I {fa}2, € LY(R) N L*(R) such that ||f, — f|l2 — 0 as n — oo.

Now, the definition of f(w) applies for f € L*(R)NL2(R). It turns out that in this case f € L%(R)
and, in fact, Plancherel’s theorem holds:

P 1
Il = —=
i.e. Fourier transform preserves L?-norm in L'(R) N L?*(R) up to a multiplicative constant.
This fact allows us to extend Fourier transform to the whole L?(R): Given f € L?(R) let
{32, C LYR) N L?(R) be a sequence such that || f, — f|l2 — 0 as n — co. But then {f,}>
is a Cauchy sequence and as

Hﬂ—%hﬂﬁ%—mw—J;Mrﬁm

o0

Ifllz,  VfeLY(R)NLAR),

and so we also have that { fn o°_, is also a Cauchy sequence and therefore converges to a function
g € L*(R) since L?(R) is complete. We define f = g. But, as || f, — gll2 — 0 as n — oo, we also
have

. . 1
[ fullz = 1 fll2, [ fallz = llgll2, | full2 = Nors [ fall2 -

Hence, as the limit of a sequence is unique, we obtain Plancherel’s theorem for all functions in
L?(R):

I1fll2 = VfeL*R).

1
5=k,
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Theorem 2.7 One can associate to each f € L2(R) a function f € L2(R) so that the following
properties hold:

(1) If f € LY(R) N L2(R), then f is the previously defined Fourier transform.

(2) For every f € LA(R), [[fl2 = || fll2. i.c.

L [~ !f(x)ﬁdx = /00 ‘f(w)ﬁdw. (Plancherel’s theorem)

27r —0o0 —00

(3) sze mapping f — f is a Hilbert’s space isomorphism of L?(R) onto L*(R): % (f,g9) =
(f,q), i.e.

1 0 7 SSI -
o | f@i@ = [ fw)i@ide,  Vige P®).
(4) The following symmetric relation exists between f and f 1If:

R . R ‘
Yr(w) = ;ﬂ_/_Rf(x) e dg | Yrp(w) = /_R flw) e ™" dw

then
ler — fll2 =0 and |wr—fl2—=0  asR— oco.



FOURIER TRANSFORMS TABLE

Fle ] (w) = \/41?@6 /(4a)
f[\/ze_x2/(4a)](w) _ ot
P = oy
F:x22+aa2}(“’) = e ol

FX @] @) = 222
fﬁ%:kazzéwiJw%

Flox @) () = i 02— 000mas,
F X0 () = X oy (@] (@) = ;L _:;S aw

FllzX g (@)](w) =

ow sin aw + cos aw — 1

2 ;

Tw
1 — cos aw sin?(aw/2)
}-[(04 N ‘$|) —eel (x)]( ) = Tw? B w2
. 2 1

Fle @™ (w 6—7,71'/4 W /(401)’

) = e
f'_\/? e—lﬂ'/4 a2 } _ —law2

L (8% Y

_ a o —|Ww
f‘($_x0)2+042 ($+$0)2+Q2:|(w) =e | |COS$OW7

_ a & - —alw| s
]:-(CL’ —z0)2+a?  (z+w0)2+ 042:| () = e~ M sinaow,

i 1 .

e — 75“‘-" _ *Ol|w|
}—-(932 + a?)(z? + B?) () 2a3(a2 — 3?) (e Be ),
—i/2, if w<O,

rl
a z (w) =10, if w=0, (it’s understood as the principal value).

_ i/2, if w>0,



