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4 Z-transform

If f:]0,00) — C, we define the discrete Laplace transform with sampling period 7" > 0 as the
function (of the complex variable w) given by

oo

(Lrf)(w) = 3 f(nT) e,

n=0

If { fn}nen is a sequence of complex numbers, its discrete Laplace transform can also be defined
by means of the above formula, by substituting f(n7") and T, by f,, and 1, respectively, i.e.,

(L{fa})(w) = (Lfa)(w E:ﬁz

In both cases the Z-transform is defined as

Therefore, (L1 f)(w) = (Zrf)(el™) and (Lf,)(w) = (Zf,)(e?).

As a direct consequence of Cauchy-Hadamard formula, we have:

Theorem 4.1 If f : [0,00) — C, then Zrf and Zf, converge if |z| > pr and if |z| > p,

respectively, with

pT:limsup|f(nT)|1/n, pzlimsup\fn|1/n.

n—oo n—oo

Definition 4.2 We say that f is Zp-transformable if pr < oco. Analogously, we say that f, is
Z -transformable if p < cc.

The next result contains the main properties of the Z-transform.

Theorem 4.3 If f,, g, are Z-transformable sequences, a, 5 € C and k € N, we have:
1) Z(afn =+ /Bgn) =aZfy+ B Zgn.

d

2) (Zfuen)(2) = 2 ((Zf2)(2) = $520 7).
3) (Zfui)(z) =2"8(Zf)(2), if we define fr, =0 for m < 0.
4) (Z(a"fn))(2) = (Zfn)(z/), if a # 0.

) (

Z(nfa))(2) = =2 (Z fa)(2)-
6) If (Zfn)(2) converges for |z| > p, gn is the sequence g, = fn/n if n > 1 (go can be any

(Zg0)(z) = go+ [ EEAEZI0 g
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(7) If we define the first difference of the sequence fn, as Afy = fut1 — fn, then

(Z(Afa))(2) = (2 = D)(Z2fn)(2) = foz.



(8) If we define the second difference of the sequence f, as

A2fn = A(Afn) =Afn+1 = Afn = o2 = 2fn1 + [,
then
(Z(A%fa))(2) = (2 = D2(Zfa)(2) = foz(z = 1) = (fi = fo)=
= (z = DX(Zfa)(2) = for(z = 1) = Afoz.
(9) If we define the k-th difference of the sequence f, as

Akfn — A(Akflfn) — Akilfn—l—l . Akflfn,

then
k—1
(Z(AFf))(2) = (2 = DF(Zfa)(2) =2 _(z = DFTIAI fy,

§=0
where AV fo = fo and Al fo = Afy.

(10) If sn = > p_o fes Z[fn converges on |z| > p, and |z| > max{1l,p}, then (Zsy,)(z)

2(Zfa)(2)/(z = 1),

(11) Ift, = 3325 fa forn > 1, Zf, converges on |z| > p, and |2| > max{1, p}, then (Zt,)(2)

to+ (Z2fn)(2)/(z = 1).

(12) If fmn = 0 when m is not an integer multiple of k, define gn = fxn. If Zfn converges on

|z| > p, then Zg,, converges on |z| > pF and (Zgn)(2) = (Zfn)(zY/*).

(13) Define g, = 0 when m is not an integer multiple of k, and ggn = fn. If Z fn converges on

|z| > p, then Zg,, converges on |z| > p/* and (Zgn)(2) = (Zf,)(2%).

Definition 4.4 Assume that the Z-transforms of the sequences f,, and g, converge, respectively,
on |z| > py and |z| > pg. The convolution of the sequences f, and gy, is defined as the sequence

hy given by
n
hp = frxgn = kagnfk .
k=0

Theorem 4.5 Consider sequences fy, gn and hy. Then:
a) Jn*9n = gn * fn.
C) fn*(gn*hn):(fn*gn)*hn

Theorem 4.6 Assume that the Z-transforms of the sequences f, and g, converge on |z| > py

and |z| > pg, respectively. If |z| > max{py, py}, then
(Z(fn* gn))(2) = (Zfn)(2) (Zgn)(2).

The next result gives a method for calculating the inverse transform.

Theorem 4.7 a) Let F(z) be a bounded analytic function on {z € C: |z| > p}. If we define

(for n > 0)
1 dr
fn = nl den 5:0F<1/§)7

then (Z fn)(z) = F(2).



b) We also have (for n > 0)
1
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In AF(z)z"ldz,

where v is any circumference with center O and radius R > p.

c) As a consequence, if two sequences have the same Z-transform, then both sequences are the

same.

Z-TRANSFORMS TABLE

(a,b,a, 8 € C)

z

Zn)(2) = m,

Z0)(:) =
222 z
2n)(z) = L,

2% cos B — zcos(a — B)

Z[cos (an + p)](z) =

22 —2zcosa+1

a™ — b z
Z{ p—> }(Z)Zm (a # ),
Zhal(e) = .

zZ—a

Zla"(z) = —
2na")(:) = =55
Zl o) = L),

az 22 az CL2
2t a")(z) = A )

(z —a)t ’
22sin B + zsin(a — )
22 —2zcosa+1

an—H _ bn+1 22
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if fu=a""", n>1, fo=0.

Z[sin (an + B))(2) =

9
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