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4 Z-transform

If f : [0,∞) −→ C, we define the discrete Laplace transform with sampling period T > 0 as the
function (of the complex variable w) given by

(LT f)(w) =
∞∑
n=0

f(nT ) e−nTw .

If {fn}n∈N is a sequence of complex numbers, its discrete Laplace transform can also be defined
by means of the above formula, by substituting f(nT ) and T , by fn and 1, respectively, i.e.,

(L{fn})(w) = (Lfn)(w) =
∞∑
n=0

fn e
−nw .

In both cases the Z-transform is defined as

(ZT f)(z) =
∞∑
n=0

f(nT ) z−n , (Zfn)(z) =
∞∑
n=0

fn z
−n .

Therefore, (LT f)(w) = (ZT f)(eTw) and (Lfn)(w) = (Zfn)(ew).

As a direct consequence of Cauchy-Hadamard formula, we have:

Theorem 4.1 If f : [0,∞) −→ C, then ZT f and Zfn converge if |z| > ρT and if |z| > ρ,
respectively, with

ρT = lim sup
n→∞

|f(nT )|1/n, ρ = lim sup
n→∞

|fn|1/n.

Definition 4.2 We say that f is ZT -transformable if ρT < ∞. Analogously, we say that fn is
Z-transformable if ρ <∞.

The next result contains the main properties of the Z-transform.

Theorem 4.3 If fn, gn are Z-transformable sequences, α, β ∈ C and k ∈ N, we have:

(1) Z(αfn + βgn) = αZfn + β Zgn.

(2) (Zfn+k)(z) = zk
(

(Zfn)(z)−
∑k−1

j=0 fjz
−j
)
.

(3) (Zfn−k)(z) = z−k(Zfn)(z), if we define fm = 0 for m < 0.

(4) (Z(αnfn))(z) = (Zfn)(z/α), if α 6= 0.

(5) (Z(nfn))(z) = −z d

dz
(Zfn)(z).

(6) If (Zfn)(z) converges for |z| > ρ, gn is the sequence gn = fn/n if n ≥ 1 (g0 can be any
number), and |z| > ρ, then

(Zgn)(z) = g0 +

∫ ∞
z

(Zfn)(ξ)− f0
ξ

dξ .

(7) If we define the first difference of the sequence fn as ∆fn = fn+1 − fn, then

(Z(∆fn))(z) = (z − 1)(Zfn)(z)− f0z .
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(8) If we define the second difference of the sequence fn as

∆2fn = ∆(∆fn) = ∆fn+1 −∆fn = fn+2 − 2fn+1 + fn ,

then
(Z(∆2fn))(z) = (z − 1)2(Zfn)(z)− f0z(z − 1)− (f1 − f0)z

= (z − 1)2(Zfn)(z)− f0z(z − 1)−∆f0z .

(9) If we define the k-th difference of the sequence fn as

∆kfn = ∆(∆k−1fn) = ∆k−1fn+1 −∆k−1fn ,

then (
Z(∆kfn)

)
(z) = (z − 1)k(Zfn)(z)− z

k−1∑
j=0

(z − 1)k−j−1∆jf0 ,

where ∆0f0 = f0 and ∆1f0 = ∆f0.

(10) If sn =
∑n

k=0 fk, Zfn converges on |z| > ρ, and |z| > max{1, ρ}, then (Zsn)(z) =
z (Zfn)(z)/(z − 1).

(11) If tn =
∑n−1

k=0 fk for n ≥ 1, Zfn converges on |z| > ρ, and |z| > max{1, ρ}, then (Ztn)(z) =
t0 + (Zfn)(z)/(z − 1).

(12) If fm = 0 when m is not an integer multiple of k, define gn = fkn. If Zfn converges on
|z| > ρ, then Zgn converges on |z| > ρk and (Zgn)(z) = (Zfn)(z1/k).

(13) Define gm = 0 when m is not an integer multiple of k, and gkn = fn. If Zfn converges on
|z| > ρ, then Zgn converges on |z| > ρ1/k and (Zgn)(z) = (Zfn)(zk).

Definition 4.4 Assume that the Z-transforms of the sequences fn and gn converge, respectively,
on |z| > ρf and |z| > ρg. The convolution of the sequences fn and gn is defined as the sequence
hn given by

hn = fn ∗ gn =
n∑
k=0

fk gn−k .

Theorem 4.5 Consider sequences fn, gn and hn. Then:

a) fn ∗ gn = gn ∗ fn.
b) fn ∗ (gn + hn) = fn ∗ gn + fn ∗ hn.
c) fn ∗ (gn ∗ hn) = (fn ∗ gn) ∗ hn.

Theorem 4.6 Assume that the Z-transforms of the sequences fn and gn converge on |z| > ρf
and |z| > ρg, respectively. If |z| > max{ρf , ρg}, then

(Z(fn ∗ gn))(z) = (Zfn)(z) (Zgn)(z).

The next result gives a method for calculating the inverse transform.

Theorem 4.7 a) Let F (z) be a bounded analytic function on {z ∈ C : |z| > ρ}. If we define
(for n ≥ 0)

fn =
1

n!

dn

dξn

∣∣∣
ξ=0

F (1/ξ) ,

then (Zfn)(z) = F (z).
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b) We also have (for n ≥ 0)

fn =
1

2πi

∫
γ
F (z) zn−1 dz ,

where γ is any circumference with center 0 and radius R > ρ.

c) As a consequence, if two sequences have the same Z-transform, then both sequences are the
same.

Z-TRANSFORMS TABLE
(a, b, α, β ∈ C)

Z[1](z) =
z

z − 1
, Z[an](z) =

z

z − a
,

Z[n](z) =
z

(z − 1)2
, Z[nan](z) =

az

(z − a)2
,

Z[n2](z) =
z(z + 1)

(z − 1)3
, Z[n2 an](z) =

az(z + a)

(z − a)3
,

Z[n3](z) =
z(z2 + 4z + 1)

(z − 1)4
, Z[n3 an](z) =

az(z2 + 4az + a2)

(z − a)4
,

Z[ cos (αn+ β)](z) =
z2 cosβ − z cos(α− β)

z2 − 2z cosα+ 1
, Z[sin (αn+ β)](z) =

z2 sinβ + z sin(α− β)

z2 − 2z cosα+ 1
,

Z
[an − bn
a− b

]
(z) =

z

(z − a)(z − b)
(a 6= b), Z

[an+1 − bn+1

a− b

]
(z) =

z2

(z − a)(z − b)
(a 6= b),

Z[fn](z) =
1

z − a
, if fn = an−1 , n ≥ 1 , f0 = 0 .
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