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1.2. HOLOMORPHIC FUNCTIONS

2.1. At what points are the following functions differentiable in complex sense?

@) f(:) =2l
) £() = |2
) f&) =2, a0,
D) f) = Vil e=wtiy,
) 7z) ==,
f) §z) =hia), heC(R,C),
9) f(z)=h(y), heC'(R0),
M) 1) =hzy), heC' (RxRR),
i) f2) = 5 + 2P,
) $(z) = 2 Rez,
1
k) f(z) = m )

1) f(z) =€ :=€"cosy +ie"siny,

m) f(z) = 2"/ (=+3)

2.2. Find a holomorphic function f with real part:

a) u(z,y) =ax + by +c, a,b,ce R,
b) u(z,y) = e *(z siny —ycosy),
¢) u(z,y) =e Ycosz,
x
e) u(z,y) = e V" sin2ay,

=xe "cosy+ye T siny,

)
) =sinz coshy + 2 cosx sinhy 4+ 22 — y? + 4y,
)

_ =y
’L) ’U,(‘T,y) (I2+’y2)2 B
7 ulw,y) = 3 (~1)* (3’;) 222k
k=0

In which domain is f holomorphic in each case?

2.3. a) Prove that a harmonic function u on an open connected set U has a harmonic conjugate if and
only if there exists a holomorphic function f on U such that [’ = u, — iu,.

b) Let z9 = 2o + iyo and u € C?(D(z9,7)) be a harmonic function. Prove that

Y1 Ou 1 0u
U(¢1;Z/1):C+/ 6)35(95179)0{2/—/IO a*y(%yo)dx

Yo

is a harmonic conjugate of u on D(zg,r) with v(x,yo) = c.

1



Hint: You can use the Fundamental Theorem of Calculus in order to compute the partial derivatives of
v(21,Y1)-

2.4. Prove that the Cauchy-Riemann equations on polar coordinates are

ou 10v ov 10u

o rd0’  or  rab’
2.5. Using if required the Cauchy-Riemann equations on polar coordinates, find the holomorphic function

verifying:

2
a) its modulus is e” 2%

b) its modulus is (2% + y?)e”,
)

c) its argument is xy,

cos 6 +sin 0

r

d) its argument is 6 + r sinf,
e) its real part is

In which domain is f holomorphic in each case?

Hint: a) and c): if p(z) is a polynomial, then eP(*) is a holomorphic function.
2.6. If u(z,y) = ax® + ba?y + cxy?® + dy?, with a,b,c,d € R, for what values of a,b, ¢, d is u harmonic?
2.7. Find the harmonic functions which can be written as:

a) glax +by), abeR, b g@®+y°), ¢ glay),
d) gz + Va2 +y?), e g(@+yP)/x),  f)gly/x),

with ¢ a real function of class C2. Find in each case the holomorphic functions whose real parts are these
functions.

2.8. Find a holomorphic function f on C such that f(1+1i) =0, f/(0) =0 and Re f'(z) = 3 (22 — y?) — 4y.

2.9. Prove that if v and v are harmonic functions and «, 8 € R, then au + fv is harmonic. For what
harmonic functions u is also harmonic the function «??

Hint: A(u?) = 2|Vul? 4 2uAu.

2.10. Let U be an open connected subset of C and f : U — C a holomorphic function. Prove the following
statements:

a) If f/(z) =0 on U, then f is constant on U.

b) If Re f is constant on U, then f is constant on U.

¢) If Im f is constant on U, then f is constant on U.

d) If | f| is constant on U, then f is constant on U.

e) If f is holomorphic on U, then f is constant on U.

2.11. Assume that f is holomorphic on D = {z € C : |z| < 1}. Study if each function g below is
holomorphic on D:

Do we get the same result if we replace D by any domain A? And if A satisfies that z€ A <z € A?



2.12. Prove that if h: R? — R is of class C? and f is holomorphic, then
A(ho f)=Ah(f)-|f']?.

2.13. Prove that f(z) = 22 is holomorphic on C by checking that if satisfies the Cauchy-Riemann equations.
If f(z0) = a + bi, prove that the curves Re f(z) = a and Im f(z) = b are orthogonal at z .

Hint: Prove that the inner product of the tangent vectors of the two curves is 0.
2.14. Find all the holomorphic functions which can be written as u(z) + i v(y).

2.15. a) If Q(2) is a polynomial with different roots z1,. .., z,, and if P(z) is a polynomial of degree less

than n, prove that
Py~ Pl
Q) Q) -
b) Prove that there exists a unique polynomial p of degree less than n with p(z;) = wi (Lagrange’s
interpolation formula).

Hints: a) P(z) and Y.)_, % have the same values at z1,...,2,. b) Use the formula in the
previous item.



