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1 Fourier series

Problem 1.1 Given £ > 1 and a € R, compute the Fourier series of the following functions
defined on [—L, LJ:

Lj@) =1, 2 fa)=cos T
3. f(z) = 4. f(z) =a®
5. f(z) =€ 6. f(z) =22,
RQ—’I“Q
7. f(z) = with L=7mand 0 <r < R.

R2 —2Rrcosx + 1%’
Problem 1.2 Given a € R, compute the Fourier cosine series of the following functions defined
on [0, L]:
L fl)=1, 2 f(z)=
8. fle) =z, 4. f(z)

Problem 1.3 Given a € R, compute the Fourier sine series of the following functions defined
on [0, L]:
L f)=1, 2. f(z)
3. f@) ==, 4 fz)=

Problem 1.4 Given a € R, compute the Fourier series of the following functions defined on
[—L, L]
L f(z) =z, 2. f(z)=alzl,

3. f(x)=e, 4 fl@)="

x|

Hint: Use the two previous problems.

Problem 1.5 Prove the equality

2 e
=n 6

Hint: Apply (FSe) to the function in (FS4).

Problem 1.6 Prove that if f is continuous, f’ is piecewise continuous on [—L, L] and f(—L) =
f(L), then

—nm

L

ao(f') =0, an(f’):n%bn(f) and b, (f') = ——an(f) (n>1).

Problem 1.7 Prove that if f and f’ are continuous, f” is piecewise continuous on [—L, L],

f(=L) = f(L), and f'(~L) = f'(L), then
" 7 nmy2 I nm\ 2
ao(f") =0, an(f") = =(F) anlf) and ba(f") = =(55) balf) (1= 1).



Problem 1.8 (1) Find a formula for the complex Fourier coefficients ¢, in terms of the (real)
Fourier coefficients a,, and b,,.

Hint: Use the identities cos z = 1(e’* + e7%) and sinz = £ (e* — e7%).

(2) Find formulas for the (real) Fourier coefficients a,, and b,, in terms of the complex Fourier
coefficients ¢,,.

Hint: Use the previous item.

Problem 1.9 At which points x of the interval [—L, L] does the Fourier series of f converge
to f(x)?
1. f(z) ==z, 2. f(z) = 2°

Problem 1.10 Solve the heat equation on a rod with zero temperature at finite ends (0 < x <
L,t>0):

%u(m,t):kaa—;u(x,t), ifo<z<L,t>0,
u(0,t) = 0, w(L,t) =0, ift >0,
u(z,0) = sin 272 | ifo<z<L.

Problem 1.11 Solve the heat equation on a rod with isolated endpoints (0 < x < L,t > 0):

%u(m,t)zk%u(m,t), f0<ax<L,t>0,
Ju(0,t) =0, Ju(L,t)=0, ift>0,
u(z,0) = f(z), if0<az<L.

Problem 1.12 Solve the Laplace equation on the square {(x,y) € R?: 0<x<m, 0<y<m}:

2 2
Au= Frulz,y) + Lyulr.y) =0,

w(0,y) = u(m,y) =0,
u(z,0) = 2sin3x, u(x,m7) =0.

Hint: Check that the function v(y) = c1e*¥ + coe™ = ky cosh u(m — y) + ko sinh u(m — y) is
solution of the differential equation v"(y) — p?v(y) = 0.



