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4 Z-transform

Problem 4.1 Find the Z-transform of the following functions (with sampling period 7" and

a € C):
1. f(x) =1, 2. f(z) ==,

3. fw) = °, 4 f@) = a*,

5. f(x) =€, 6. f(x) = cos (ax),
Solution: 1) Zpf(z) => 0 gz " = 1—711/z - Zi .
2) Zpf(z) = o onTz""=2T% > nz""! = —sz%(ZfLo 02 ") = zTﬁ = (Ziizip
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Problem 4.2 Find the Z-transform of the following sequences (with a,b, «, 5 € C):

1. fp=1, 2. fp=n,
3. fa=n?, 4. f, =n?,
5. fp, = "8 6. f, =a",
7. fn = cos(an + f3), 8. fn =sin(an+ fB),
9. f,=nad", 10. f,, = n%a",
11. f, = n3a", 12. f,=a""', if n>1, fy=0,
13.fn—aa%bn,a7éb 14.fn:an+1:2n+1,a;éb,

Hint: Some Z-transforms can be deduced from the previous problem.

Solution: (1) (Zfn)(2) = 57, (2) (£2/n)(2) = Zpz> B) (Z2fa)(2) = % (4) (Zfn)(2) =
) (5) (Zfa)(2) = 25, (6) (ZFa)(2) = 25, () (Zfa)(2) = 02l (5
(Zf,)(z) = ZnBizsnlecd) () (7£,)(2) = 227, (10) (Zfu)() = “2EH) (1) (Z£,)(2) =

2

ax(z Hetel) | (12) (Z£a)(2) = 2550 (13) (Z£a)(2) = =gy - (14) (Z£)(2) = =y -

Problem 4.3 Prove Theorem 4.3.
Hint: Use the properties of the Laurent series.

Problem 4.4 Prove Theorem 4.5.
Hint: Use the properties of the Laurent series.

Problem 4.5 Prove Theorem 4.6.
Hint: Use the properties of the Laurent series.



Problem 4.6 Find the Z-transform of the sequence f,, by using the items (1) and (2) in
Theorem 2. Deduce the general term of the sequence f,,, by using some previous problem.

e fo+1 —2f, =5, with fo=—4,

e frnv2 = 2fn1+ fn=0, with fo=1, fi =4,

o2 =fopr+ fn, with fo=1, fi=1,

e fnes3 —6fpra+12f,41 —8f, =0, with fo=0, fi =2, fo =16

e for2 = fa1 —2fn =0, with fo=0, fi=1,

e fag1+3fn=n, with fo=—2/3,

o far2 = 3fny1 +2fn =1, with fo=-3/4, fi=1/2,
cAfpio+Afui1 + fo=dn, with do=1,d,=0 (n>1), fo=0, f1=1/4.
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Hint: Apply the Z-transform to both sides of each equation and use the formula relating
(Z fr+k)(2) with (Zfn)(2).
Solution: (1) (Zfn)(2) = ;55 — 557, fa=2"—5. (2) an)(z)zzfl—l—B(zzlz,fn:3n+1
( ) (an>( ): yfizl, fn - 7[(1+ )n+1 ( 2 )n ] (4) (an)( ) — Q(ZZ(Z—;%) ) fn =N 2"
() fo= Z+ 50— (6) fu = BT = FH+5 (D fa=n—1+22(8) fo = 0,
fo=(=1)"(n mzlnﬁnzl

z—1"

A digital filter is an operator which maps a sequence f, (called input) on other sequence g,
(called output) by using the formula

N M
gn—i_Zngn—j:Zakfnfk) nEN,
j=1 k=0

where ay, B € C and M, N € N are fixed constants, and f,, = ¢, = 0 if m < 0.

Problem 4.7 Prove that if f,, and g, are Z-transformable, then

_ : S gt
(Zgn)(2) = H(2) (Zfn)(2),  with  H(z) = 1+ g
j=1Pj%

i

for z with large enough modulus. The function H(z) is called digital filter transfer function.
Hint: Apply the Z-transform to both sides of the equation and relate (Zg,—;)(2) and (Z f,—1)(2)
with (Zg¢,)(2) and (Z f,,)(z), respectively.

Problem 4.8 The sequence h, whose Z-transform is the transfer function H is called shock
response. Prove that the output g, is the convolution of A, and the input f,.

Hint: Use Theorem 4.5.

Problem 4.9 Consider the following digital filters with their inputs. In each case calculate



the transfer function and the output:

N M
1. g0 + Z/ngnfj = Zakfn—k7 with fn, = 0.
1 k=0

j=

N N
2. gn + Zﬁjgnfj = fu+ Zﬁjfnfjv with any fp,.

j=1 Jj=1

3. 9n +39n-1+2¢gn—9 = fn, with fo=1, f, =0if n > 1.

4. gn — gn—1 = fn, with f, = 1.

5. 90+ gn—1=3fn + fn_1, with f, = 2n.

. ZM apz™F
Solution: (1) H(z) = W, (Zgn)(2) =0, g, =0, (2) H(z) = 1, (Zgn)(2) = (Zfn)(2),
=
22 22 n n z
9o = fnr (8) H(2) = 2izms» (Z0n)(2) = sz » 90 = (C1)"H = (2", (4) H(z) = 5,
22 4 22 zZ n

(Z9)(2) = 2z g = n+ 1, (5) H(z) = S5, (Zgn)(2) = 055220 g = dn+ 1 — (—1)".

Z-TRANSFORMS TABLE
(a,b,a, B € C)

ZNE) = . ZE) =
2 = o Al =

Z0) = T 2t = T,
z 22 4 az 22 az CLQ
e e

2?sin B + zsin(a — B)
22 —2zcosa+1

an+1 _bn+1 22
}(Z):m (a #0), Z[ﬁ}(z):m (a #b),
1

Zfal(z) = , if fo=a""1, n>1, fo=0.

zZ—a

2% cos B — zcos(a — f3)

Z[cos (an + B))(z) = , Zlsin(an + B)](2) =

)

22 —2zcosa+1
z
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