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2 Integration Theory

2.2. Integration of general functions

Problem 2.2.1 Let f, : [0,1] — [—1,1] be a sequence of continuous functions such that
fn(x) = 0 almost everywhere with respect to Lebesgue measure. Prove that

1
lim fn( )dz =0.

n—o0

Hint: The functions f,, are uniformly bounded.

Solution: As |fn(z)] <1 foralln € Nand 1 € L'[0,1] we can apply the dominated convergence
theorem and so

lim Olfn(x)dx—/ol(lim fn(:c))dx—/olodm—().

n—o0 n—o0

Problem 2.2.2 Let (X, A, u) be a finite space measure: p(X) < oco. Let {f,} be a sequence
of integrable functions such that f,,(z) — f(z) uniformly in X. Prove that f € L'(x) and that

/fd,u: lim fndu.
b'e n—oo X

Hint: Uniform convergence implies that the sequence f,, is uniformly-Cauchy.

Solution: As f, tends uniformly to f, we have that there exists ng € N such that
| fu(z) — f(2)] < 1, Vn >mng, Vo € X .
Hence, by the triangle inequality,
@) < [f(@) = fu(@)[ + [fol@)] <1+|falz)],  VnZ=mno, Vo e X.

and so

/ Iflduﬁ/(1+!fno|)du=u(X)+/ ol < 00 = f € LMy).
X X X

Also, again by the triangle inequality,

[fa(@)| < |f(2) = ful@)| + | f(@)| S1+|f(2)| € L' (),  Yn=mo, Vo€ X,

and using the dominated convergence theorem we get that lim fn dp = / fdu.

n—o0
Problem 2.2.3* Let f, : (R, M, m) — [0, 00) be a sequence of positive Lebesgue-measurable
functions such that lim,_, fn(x)= f(z) for almost all z € R and, besides, [ frdz = [ fdz =1
for all n € N. Prove that

lim fn dr = / fdzx, for all z € R.

n—0o0

Hint: Consider the functions min(f,, f) and use an adequate convergence theorem. Recall that

min(z,y) = 7x+y_2|x_y|.
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Solution: Let F(x) = [*_ fodx and F(z) = [*__ fdz. We have that, for all z € R,

an<x>—F<a:>r:\/_Oo<fn—f>dx\ <[ Mh-flaes [lf-flde. )

On the other hand we have that, as n — oo,
fn— fae. = min(f,, f) — f ae..

Also min(f,, f) < f € L'(R). Hence by the dominated convergence theorem

lim Imn (fns f d:n—/fda:

n—oo
and, as |f, — fl=fn+ f— 2m1n(fn, , we obtain that
/|fn f|dﬂc—/fnda:—|—/fda:—2/m1nfn, da:—>/fda:+/fd9:— /fdx—O
as n — oo. Hence, using (1), we get that lim,, . Fy,(x) = F(z) for all x € R.

Problem 2.2.4 Let (X, A, 1) be a measure space and let f : X — R be an integrable function.

a) Prove Markov’s inequality:
plle € X2 1f@) =) < 2 [ 17ldn.

b) Using Markov’s inequality, show that if f is a measurable function, then

bl) [|fldu =0 = u(f #0)=0,
b2)  [|fldp < oo — p(lfl = 00) =

Give an example showing that it is possible to have that
[ifldu=cc and a(lf]= o) =
Hints: a) 1 < L |flontheset {zx€X : |f(z)| > e}. b1)If [ |f|du = 0, then u(|f(z)| > 1/n)}) =0
for all n € N. b2) If [ |f|du < oo, then {|f| = oo} C {|f] Zn} for all n € N.
Solution: a) p({z € X : \f(x)Za}):/ ld,uS/ \f\d / |f] dp.
{If1z¢} {If1=e} €

¢>/ mdu:/ !fdu+/ fldu=040=0.
X {If|=0} {If1#£0}

(=) Using part a) we have that u({z € X : |f| > 1/n}) =0 for all n € N, and so

pfz e X5 f@) £0}) = p( Jlz e X5 @) = 1/n}) <3z e X5 [f] 2 1/n}) = 0.
n=1

n=1

b2) Using part a) we have that for all n € N, and since [, |f|dp < oo

p{zr e X : f(z) =o00}) < p({x e X :|f| >n}) < /\f\d,u%O asn — 0o.

Hence,u({z € X : f(x) = c0}) = 0.
The converse is false: Take X = [1,00) and f(x) = 1/z. Then {x : |f(z)| = oo} = @ and so,

u({z: |f(2)] = 0o}) = 0 but [y |f]da = oo
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sinx

Problem 2.2.5 Prove that the function f(x) = is not Lebesgue-integrable in (0, c0).

Hint: Divide (0, 00) in the intervals (nm, (n + 1)7] (n > 0).
Solution: We have that

00 | o o0 (n4+1D)m | o oo 1 (n+1)m
/ ‘Smx‘dm:Z/ ‘SmﬂdeZ/ |sina|d .
0 z n=0nm €T n=0 (n + 1)7T nm
But the function |sin z| is m-periodic and so
> |sinz 1/ 1 T 2 o 1
/0 ; ‘d$ZW<Zn+1)/()Slnxdx:7an:oo

n=0 n=1

and so, [°[sinz /x| dx = oo and f ¢ L'(0, 00).

Problem 2.2.6 Discuss whether the following functions are Lebesgue integrable or not. Give
an argument of why they are not, or find the value of the integral:

a) flz) = m for & € (0, 00).

b) g(x) =sinz + cosz for z € R.

Hints: a) On (0,6) we have | f(z)| < Cx/(14+22) € L*(0,6) and on (8, 00) we have | f(z)| < 2/2 €

LY(8,00). b) |sinx+cos x| is m-periodic, f(z) > 0 on (—7/4,37/4) and ff’:éi |sinx +cosz|dx =

2V/2 > 0.

1—
Solution: a) As lim i

= 1 we have that, given £ > 0, there exists § > 0 such that
z—0 $2/2

ll—cosx

=y (<1+5, if 2] <8,

Therefore, since z/(1 4+ 22) is bounded in [0,§] (because it is continuous there), if = € (0,4),

then
(1+e)2?/2 1+e

— L'(0,9).
F(@)l < z(1 + 22?) 2 1+ a2 € L'(0,9)
On the other hand, if = € (J, 00) then, by part b2) of problem 2.1.8:
2 2
|f(z)] < < 5 eL(§,00).

~x(l+22) a3

Hence, f € L1(0,00).
b) If z € [—m, x|, then g(z) =0 <= tanz = —1 <= = = —7/4 or z = 37/4. Hence,g(z) >0
in [—m/4,37/4] and, as g is m-periodic and

3mr/4 3mr/4 —3n/4

/ g(z)dx = / (sinz + cosz) dx = [— cosx + sin x]i;j;/m =22,
—7/4 —m/4

we conclude that g ¢ L'(R), since

3pi 4 e

/g(x)]dx:2/4 ]sinw+cosx|dwzz2\@:oo.
R _x

nez”’ ~ztnT nez
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Problem 2.2.7 It is easy to guess the limits

n
a) lim (1 — E)nex/Qdaj,
n—oo Jq n

n

b) lim (1 + E)Tle_ggcd:r.
0

n—00 n
Prove that your guesses are correct.

Solution: a) Let f,(x)= (1—%)"65’:/2){[07“] (). Aslimy o (1—2)" =", we have limy, o0 fo(z) =

e~*/2. Hence, in view of problem 2.1.8 part bl), we guess that:

lim (1 - f)ne‘l”/%la: = lim fn(x)dr = / ( lim fn(zv)) dx = / e 2dx = 2.
0 0 0

n—oo n n—oo Jq n—oo

To prove it, we will show that |f,(z)] < e=%/2 € L'(0,00) and then our conjecture will be
a consequence of the dominated convergence theorem. To do that it is enough to prove that
(1—-2)" <e®if z € [0,n]. This inequality is equivalent to nlog(l — %) < —x. If we define
F(z) := x4+ nlog(l - ¥) for x € [0,n], then we must prove that F'(z) <0 for x € [0,n]. But

1
Fl(z)=1- - :—1:61”1 <0 = F is decreasing = F(x) < F(0)=0.

b) Let gn(fv)=(1+%)"€_2”><m,n] (). As limy, o0 (1+ £)"=¢", we havenli_{rolo gn(x)=e"". Hence,
in view of problem 2.1.8 part bl), we guess that:

n

lim ; <1 + E)ne_zgcalr): = lim OOgn(av) dzx = /000 ( lim gn(x)) dzx = /OOO e Pdr =1.

n—00 n n—oo [q n—o00

To prove it, we will show that |g,(x)] < e™® € L(0,00) and then our conjecture will be a
consequence of the dominated convergence theorem. To do that it is enough to prove that
1+ 2)" <e”if v € [0,n]. This inequality is equivalent to nlog(l + %) < x. If we define
G(z) :=x —nlog(l+ ¥) for x € [0,n], then we must prove that G(z) > 0 for z € [0,n]. But

1 z/n
1+ 1+

G'(z)=1- >0 = G is increasing = G(z) > G(0) =0.

38

z
n

Problem 2.2.8 Let (X, A, ) be a measure space and let f, : X — R be a sequence of

measurable functions such that -
> / [ Faldps < 00
n=1 X

Prove that:

a) The series ) f, converges almost everywhere in X to a function f: X — R:

Z fulz) = f(2), for almost every x € X .
n=1

b) f € L (p).
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c) /deﬂzi/xfndu-
n=1

Hints: a) Consider the function F(z) := Y00, | fn(z)| € L'(X), why? Then |f(z)| < F(z) < 0o
almost everywhere (use problem 2.2.4). b) It follows easily from a). c) g, := f1+-- -+ f,, verifies
limy, 00 gn(z) = f(z) a.e. and |g,| < F. Use a convergence theorem.

Solution: a) Let F(z) = Y7 | fn(x)| € [0,00]. Then, as a consequence of monotone convergence

theorem N N
| Fan= [ dim 32 ) dn(a) = Jim, /. > o)l o)

= lim Z/Ifn ) du(a Z/Ifnldu<oo

by hypothesis. Therefore:

FelL'(y) = F(z) < oo ae. :>Z]fn )| < o0 a.e. :>an converges a.e.

b) As |f(z)| = ‘an ‘ Z | fu(z)| = F(x) € L' (1) we conclude that also f € L*(pu).

1

N
c) Let sy(z) = an(ac) Then:

|sn(z |<Z|f” )| < F(x) € L' (p) and sy(xz) = f(x) as N — o0,

and so, by the dominated convergence theorem:

/deu—/legnoosN(x)du(x)—ngnoo sn(z) dp(z) = lim Z/ fndp = 1/X!fnldu-

X

Problem 2.2.9 Prove that
. e dz
im —_— =
n—oo Jo (14 x/n)ral/n

Hint: fp(x) < %X(OJ] (z) + (1 + 2/2)72 X(1.00) (@) € LY(0,00) for n > 2 and so we can use
dominated convergence.

Solution: Let fn(.’IJ) = Wl)nml/n
o If z € (0,1], then fu(z) < 7 < 5 € Ll(o 1].

o If v € (1,00), then f(z) < (1+xl/n)” < T /2) < 4 e L(1,00).

Hence, f,,(z) < % X(o.1] (z)+ X(1.00) (T) € L'(0, 00) and, by the dominated convergence theorem
and problem 2.2.8,

oo o0 [ee] o0 1
lim _de lim fn(z)de = / ( lim fn(x)) dx = / —dr=1.
0 0 0

n—oo Jq (1 + x/n)”xl/” n— 00 Neroo e

for x € (0,00). Then, using problem 2.1.8, we have for n > 2




Problems of Integration & Measure: Integration of general functions 6

Problem 2.2.10 Let us consider the functions

nr —1
(xlogn + 1)(1 + na2logn)’

fn(x): 1‘6(0,1].

Prove that )

1
lim fo(x) =0,  but lim | fu(w)de=;.

n—oo n—o0 0

What is the relevance of this result?

—1 -1
Hint: Prove that ne = + ne .
(zlogn+1)(1 +nx?logn) zlogn+1 (nlogn)x?+1

Solution: First of all, we have that

T 1

. . log?n o nlog®n 0
lim fp(x) = lim T T = 5 =0.
o o (x+ logn)(xz—’_ nlogn) -

Now, we decompose f,(z) into simple fractions:

A, B,x + C,

fn(x):xlogn—}—l 1+nz2logn

Eliminating denominators we obtain the equivalent equation
nx —1= A,(1 +nz?logn) + (Byz + Cp)(zlogn + 1)
and from this, it is easy to obtain: A, = —1, B,, = n and C),, = 0. Hence,

1 1 1
-1 nT
de=| ———d S L
/0 flz) dx /0 xlogn +1 x+/0 1+ nx?logn v

_ [ _ log(xlogn + 1)}96:1 N [log(l + na? 1ogn)r:1

logn =0 2logn =0
log(logn +1)  log(1+ nlogn)
N logn 2logn ’

and so, using L’Hopital rule, we obtain

—1/t 1+logt
lim 1f (z)dz = — lim log(logt +1) + lim log(1 +tlogt) _ .~ Togi+l | |, Titlog?
n—oo Jo 7" t—>00 logt t—00 2logt t—oo 1/t t—oo 2/t
1
—1 1 t(1+logt 1 ogr 711 1
=lim —+ = limwzo—kf limlolgtizf-lzf.
tooologt+1 2 t—oo 1+4tlogt 2t—>oo@—|—1 2 2

Hence,we have obtained that lim,, o fol fo(z)dx # fol (limy, 00 fn(x)) dr and as a consequence
we obtain that f,(x) — 0 as n — oo but not monotonically and also that we can not dominate
the functions f, by an integrable function in (0, 1].

Problem 2.2.11 Consider a > 0.

a) Prove that for each > a the function v(¢) : decreases for t > 1/a.

T 1122
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b) Find an upper bound of the function

n

=Ty tzenzle

by a function which just depends on x and a.

c) Calculate

& n

L=1 ——
nl—g)lo a 1+ n2x? T
and say what theorem you used.

d) Calculate L using monotone convergence theorem and Barrow’s rule in the cases a > 0,
a=0,a<0.

Solution: a) We have that

1 —t%2? 1
/ = — = O R t2 = —
Y = Gy 22

and therefore, since x > a > 0,

1 1 1
t>- = t>- = !> = 1-2# <0 = J(t)<0.
a x T

Hence,v(t) decreases in the interval [1/a, 00).

b) As a consequence of a)
a .
’U(t)gv(l/a):m lftZI/a

Therefore, if n > 1/a,

n a
Inle) = T = v <vl/0) = G
c) As F(z) = e € L'(a, ), by the dominated convergence theorem:
a? + a2

lim “dx:/ lim 22dx:/ Odx =0.
n—oo [, 1+ n<z o n—ool4ncx o

d) Using the monotone convergence theorem and Barrow’s rule, we have:

o n o n | | N n_
. — ( I ) T .
A o 1+n22? de = I, o \NDoo 1+ n2g? Xie) oz = lm Jfm W T+n22 ™
T . z=N _ 1. . _
= nl;n;o A}gnoo [arctan(nx)]iZ) = HILH;O A}gnoo (arctan(nN) — arctan(an))
— lim (5 - arctan(an))
= lim (5 —arctan(an)).

Hence, L=5 -5 =0ifa>0,L=5-0=Fifa=0and L=75 —(—-5) =mifa <0.

[e’s) 1 2
Problem 2.2.12 Calculate L = lim ;m; dz .
n—oo Jo (1 +a22)"
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Hint: {f,} is a decreasing sequence and fo € L'((0,0)). So we can use a convergence theorem.
Solution: a) We have that

ful®) > o) & (A+n2®)1+2H)>14+n+1D2?> & nat>0

and this is obviously true.

b) First, observe that

o © 1+ 222 ! 2 © 1+ 222
z)dr = ———dz < 1+ 2x dx—l—/ —dzx
| pw= [ s [0 2ans [0

1 ®© 1q © 1q
:/(1+2x2)d$+/ 4dx—|—2/ — dr < oo.
x x
0 1 1

Hence, using the monotone convergence theorem for decreasing sequences or the dominated
convergence theorem:

oo o oo
L = lim Jn(z) dx :/ lim f,(z)dz :/ 0dx =0,
since, for x # 0,
1 2 1 + é
0< lim fu(z) < lim e = lim 0+0 .
n—00 n—>001+n$2_|_”(n2_ x4 n—)oop+%+712;nx4 0+0+%
1
1

Problem 2.2.13 Prove that lim log(n + 7) e *cosxdr =0.

n—oo Jq n

. log(n+z) _, . ) .
Solution: Let fp(xr) = ——=¢e “cosx for z € [0,1]. First of all, using Stolz criterion we
n
have, for all z € [0, 1], that
1 1 1)—1 1
limw:lim op(r +n+1) Og($+n)zlim logw:loglzo.
n—oo n n—oo (n + 1) —-n n—00 x+n
Also Lo 0
og(n +
fala) < ZEEE= <1 e 2([0, 1)

and so we can apply the dominated convergence theorem:

11 1 1 1
lim Og(n—mexcosa:dx:/ (lim Og(nm)emcosxdx:/ O0dxr=0.
0 0

n—o0 Jq n n— o0 n

Problem 2.2.14 Let f, : R — R be the sequence of measurable functions defined by

2n’ 2n

n\T) =
fn(@) 0, otherwise.

{ncosnw, if z € [—9-, 5-],

Study whether

nh_}rrgo ! fn(z) al:l::/Tr lim f,(z)dz

T n—oo

or not. Can be applied in this case the monotone convergence theorem or the Lebesgue domi-
nated convergence theorem?
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Solution: If x # 0, then eventually = ¢ [—o-, 2] for n large enough and so f,(z) = 0 for

2n 2n

n > no(x). Hence, lim,,_,o fn(z) = 0 for all 2 # 0. On the other hand,

us

/fn —/ ncosnz dr = [sinnx]iiiinl = sing - (—sinz> =1-(-1)=2.
T — 2n
2n

Therefore,

n—o0

2 = lim fn )daz#/R(nh_}rgOfn(a:)) dr =0

and as a consequence we obtain that fn(z) = 0 as n — oo but not monotonically and also that
we can not dominate the functions f, by an integrable function in R.

Problem 2.2.15 Let (R, B(R), 1) the measure space defined by
u(A) =card (ANN), A e B(R).
Prove that f(z) = xsin(7wz) is p-integrable but not Lebesgue-integrable.

Solution: We have that p is the counting measure on N and
/|f ) dp(a Z|n81nn7r)]—O:>f€L1()
On the other hand, since f(x) is even

/le(w)ldﬂ(w)=2/0 |dx—2z/ 2)| da.

Now, if x € (n,n + 1), then |f(x)| = z|sin(nz)| = (—1)"xsin(7x) and integrating by parts, we
have

n+1 _1\n _ _1\n n+1
/ |z sin(nzx)| dx = _=D E cos(7r:c)]z:nJrl + (1)/ cos(mx) dx

™ =n s
1 1 =n+1
= —(-1)" [; x cos(mx) — = sin(wx)} i::
n+1 n n+1 n
— (-1 n(i -1 n+l % -1 n): -
(B - S ) =

Hence,

o = f¢&LY(m).

\_/
I

/If ) dp(z ifj

Problem 2.2.16

a) Prove that the sequence of functions

verify that f3(t) < fn(t) for n > 3.

b) Calculate
. V4 n2z
lim ——dx
n—oo Jo (1+z)"

State correctly the results and theorems you need to get to the solution.
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Hint: b) To start, do the change of variable ¢t = nx.
Solution: a) We have that

t\3 t\n t t
(14—7) S(l—i——) & 310g(1+7>§nlog(1+*>
3 n 3 n
. t t
and if we define F'(t) = nlog (1 + ﬁ) — 3 log <1 + §> we have

t/3—1t/n

F) = arymat i)

>0 = F is increasing.

Hence,F(t) > F(0) = 0.
b) Doing the change of variable t = nx we obtain that:

1 2 n n
/de:/ 1+jdt§/ BE LI
o (1+a)" o (47" o (I+3)°

using the part a) we obtain, for n > 3, that

1+t 1+t 1
T Ly Xom 1) S 738 Xow () € L710,00),
since
14t ' X1+t ! >t <t
/ —I_tdtﬁ/(1+t)dt+/ i‘_ dt:/(1+t)dt+27/ +27/ Y .
o (L+3)° 0 1 = 0 1 1P

Hence, since

. t\" ¢

lim (1+—> =e, t>0,
n

n—oQ

using the dominated convergence theorem we obtain

lim

tntnte _/°° 1+t
oo Jo (L) o

o0
lim ————dt = L+t)e"dt.
Now, the sequence of positive functions Gy (t) = (1+1) e™" x, 5, (t) is clearly increasing, and so,

by the monotone convergence theorem:

1 2 1 N
lim [ 2T g / lim Gy(t)dt= lim | (14+t)etdt.
n—oo Jq (1 + 1‘)” 0 N—oo N—o0 Jo

But (1 + t)e™! is continuous on [0, N] for all N and therefore is Riemann-integrable in [0, N].
Hence,we can use Barrow’s rule. By using integration by parts we can compute easily a primitive:

u=1+t = du=dt,dv=e! = v=—et,

/(1 +t)etdt=—(1+t)et + /e_t dt=—(1+t)e ' —et=—2+t)e".

Finally,

1 2
n-+n‘x _
li ———dx = 1i —2+te =Y =2 — i
A Gy @ i E@ e B NI oW
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where we have used L’Hopital rule.

3

Problem 2.2.17 Calculate lim M T

Solution: Proceeding as in the previous problem we begin proving that (1 + é)g) < (1 + i)n

n

for n > 5 and ¢t > 0, or equivalently that 5 log (1 + é) < nlog (1 + %) To prove it, we define
F(t)=nlog (1+ 1) —5log (1+ £). We have that F(t) > F(0) = 0 since

t/5—t/n
(1+t/n)(1+1t/5)

Now, we do the change of variable t = nx:

4.3 n 3
/n—l—na: d:p:/ 1+t gt
o (T+z)n o (I+t/n)"

F'(t) =

>0 = F is increasing.

14+t . t\n
Let fn(t) = At i/ny Xo.n (). As nlg]go <1 + E) = e, we have that
nlgrl;o fu®) =1 +t)e™ X(0,00 (1) -

On the other hand, | f,,(t)| < Ao L'[0, ). Hence, by the dominated convergence theorem,

(1+¢/5)
1 4,..3 n 1 t3 o]
lim mdaj: lim +dt:/ (1+t3)etat.
n—oo Jo (1 + )" n—oo Jo (1+1t/n)" 0

To compute this last integral, we apply the monotone convergence theorem and later we use
integration by parts and L’Hopital rule:

. n+n Ay3 . N 3N —t . 3 N 2 —t
im [ 20T e = tim [ (14 etdt = hm( (143 =N 43 [ dt)
n—oo fg (1+$) N—oo 0 N—oo 0
N N
—1+3 Jim (- [2e71];Z N+2/ tetdt) =146 lim [ teldr
N—oo 0 N—oo 0
t=N N
=1+6 lim (— [te™"],—, +/ e*tdt> =1+6="7.
N—oo - 0
Ve 1 1
Problem 2.2.18 Prove that log — dx = g — -
0o 1—x T —n

Hint: Use that 1/(1 —x) = Y 2 2™ for « € (0,1) and then apply an adequate convergence
theorem.

Solution: As %= = > > 2™ for 0 <z < 1, and 2" log(1/x) > 0 on [0,1), as a consequence of

x
the monotone convergence theorem, the integral and series symbols commute:

Loy 1 RN | |
log — dz = " log —dx = z" log —dx .
/0 1—2 gm /Onz::l gm nzz:l/o gq:

Using again the monotone convergence theorem we obtain that:

1 o0 1
1 1

/ v log — dx = lim / x"log — dx .
0o 1—x T “— N—oo Ji/n T
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But integrating by parts and using L’Hopital rule:

1 n+1 —_ 1 n
1 1yz=1
lim x log dxr = lim <[w log —r —i—/ v dw)
€

e—0t e—»0+t \ln +1 rlz=¢ n+1
6n—}—l 1 xn—i—l r=1
- (- S [
ailél‘*‘ n+1 08 € + (TL + 1)2 =€
y gntl ) N 1 1 N 1 y log e
= lim oge = im ———
Dot nt1 8 (n+1)2 (n+1)2 n+1cs0+r e (D)
1 1 1/e 1 1
= = I = (1-tim ) = ——
(n+ 12 (n+1)2eo0r =2 (n+ 12\ Do (n+1)2

Hence
oo o

1
T 1 1 1
og-de=S —— =51 |
/0 1-z 2z% nz:l(n—i-l)2 7122712

Problem 2.2.19 Let (X,P(X),u) be a measure space with X countable, X = {x,}°, and
1 the discrete measure defined as:

/‘({xn}) = Pn /‘(A) = Z Pn (pn > 0) :

€A

Let f: X — C be a complex function.

a) Prove that if f > 0, then / fdu= Z f(zn)p
X n=1

b) Prove that f € L'(y) if and only if >°°, | f(25)| pn < 00, and in this case,

/deu =3 sl

Hints: a) f =372, f(zn) X,,,,- b) Decompose f = u+ivand u=u* —u™, v =0" —0v".
Solution: a) It is clear that f = > >°, f(xn) X(.,,- Hence, as f > 0, as a consequence of
monotone convergence theorem, the integral and series symbols commute:

s /fon Yoo, (@) du(z Z/ F(50) X,y (@) dii(z)
=Z o) =3 fa
n=1 n=1

b) By part a) we have: f € L'(n) < [y |fldp < oo < 302, |f(@n)| pn < 0o. Besides, in
this case:
b.1) If f: X — R, then f = f+ — f~ with f*, f~ > 0 and by a):

/deﬂz/){f*dﬂ—/xf_dﬂanjlf*(wn)pn—;f‘(xn)pn
= YU @)~ @) e = Y fa
n=1

n=1
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b.2) If f: X — C, then f = u+ v with u,v : X — R and by b.1):

[ tdu= [ wdnsi [ vdn=3"u@)pu+i vleps
X X X —r

n=1

=3 (ulwn) + iv(@a)) pu = 3 () pa-

n=1 n=1

—1

o0
Problem 2.2.19 Calculate lim nZsin .
i=1

n—00 n

Hint: Consider and adequate measure space and apply a convergence theorem.

Solution: Here the measure space is (N, P(N), u) where p is the counting measure, i.e. the
measure considered in the previous problem with p, = 1 for all n.

Let ¢, (i) = nsin(27%/n). Since sinz < z for x € [0,7/2] we have: |¢,(i)| < 27 for all n € N.
Also 27% € L'(u) since Y32, 27% < co. Hence, by the dominated convergence theorem:

0 2—i 0 00
dpnden == lm 3 o) =3 lim n()
1= 1= 1=

. 27 SN 1
=Y limnsin=— =) 2= —5 -1=2-1=1,
=1 noiE =3

2

Problem 2.2.21* Let (X, A, ) be a measure space and ® : X — Y be a mapping. Let us
consider the image measure space (Y, B,v) by ® (B = ®(A) and v = po®™1). Let f: Y — C
be a function. Prove that

a) f is B-measurable if and only if f o ® is A-measurable .

b) If f > 0 is B-measurable, then / fdv = / (fo®)dp.
Y X

c) If f is B-measurable, then f € L'(v) if and only if f o ® € L(u), and in this case

/deV:/X(foq))d,u.

d) Let ®(x,y) = 2%y be defined on the square Q = [0, 1] x [0,1] in the plane, and let m be
two-dimensional Lebesgue measure on Q). If y is the image measure of m by ®, evaluate
the integral [ t? du(t).

Hints: a) Use the definition of A. b) Prove it first for simple functions and then approximate
any f > 0 by simple functions and apply monotone convergence. c¢) Decompose f = u + iv and
u=u"—u",v=v"—0v". d) Apply c).

Solution: a) Let B be a borelian subset in C. Then, by definition,

fiB)eB =  7N(fTH(B)=(fo®) ! (B) €A

b) First, if s = x, with B € B, then

[ siv=v(B) = @7 B) = [ s di= [0 du= [ somde. @)



Problems of Integration & Measure: Integration of general functions 14

Secondly, if s = >"_,

/stl/—/y(jz:chBj)dy—icj/yxBjdy
_jz::lcj/x(XBjo / (ZCJ )du—/X(socb)du.

Finally, if f > 0 is B-measurable, then let {s,} 2, be a sequence of positive simple functions in
Y such that

CiXp, is a simple function, then using (2):

0<s1 <~ <8y NF, as n — 00.

But s, o ® are positive simple functions in X such that
0<s510P<---<s5,0P--- N fod, as n — 00.

Using now twice the monotone convergence theorem:

fdl/— lim SndV: lim (snofb):/(fo@)du.
X

n—o0 n—oo X

c) If f is B-measurable, then by part b):
Feru « [ Iflar<oo e [ (flo@)du= [ 1f@)du< o0 = fod e L),
Besides, in this case, if If f: X — R, then f = f* — f~ with f*, f~ >0 and by b)
/fdl/Z/(f+—f)dV:/f+dl/—/fdl/
Y Y Y Y
— [rovydu [ o@du= [ (1 =)o) dn= [ (Fow)au
X X X b's
Finally, if f: X — C, then f = u + iv with u,v : X — R and by the previous identity:
/fdl/—/(u—i—iv)dv—/udv—i—i/vdu
Y Y Y Y
:/(uo®)du+i/(vo®)du:/ ((u—i—iv)o(I))d,u:/(foq))du.
X X X X

d) Using part b) and applying Fubini’s theorem we get

/thu(t):/ (t? 0 ®) da:dy—// (z,y)) da:dy—// 22y)? dx dy
R 0,1]x[0,1]

3

= ([ #a) ([ ) =[0I =555
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Problem 2.2.22 Let (X,.A, 1) be a measure space and let p : X — [0, 00] be a measurable
function. Let us consider the measure defined by the density p:

I/(A):/pdu, Ae A
A
Prove that

a) If f > 0 is measurable, then / fdv :/ fpdu.
X X

b) If f is measurable, then: f € L!(v) if and only if / |flpdp < oo, and in this case
X

/dev—/xfpdu-

Hints: a) This is the exercise 2.1.3. b) Decompose f =u +ivand u =ut —u", v =v" —0v™.
Solution: a) This is the exercise 2.1.3. b) If If f: X — R, then f = f* — f~ with f*, f~ >0

and by b)
/deuz/x(ﬁ—f—)dyz/Xﬁdu—/Xf—dy

= [ rtpdn= [ rpdu= [ 7= pdu= [ fodu.

Finally, if f : X — C, then f = u + v with u,v : X — R and by the previous identity:

/del/:/X(u—l—iv)dV:/Xudl/—l—i/dey

:/ upd,u—i—i/ vpd,u:/(u—i—iv)pdu:/ fpdu.
X X X b's

Problem 2.2.23 Let X = R?\ {(0,0)} and dm = dz dy be the Lebesgue measure on X. Let
® : X — R be the function given by ®(z,y) = log(x? + y?) and let x be the image measure of
dm by .

a) Calculate the value of u([0,1]).
b) Prove that p has the form du = F(t) dt and find F(t) explicitly.

Hints: a) p([0,1]) = m({(z,y) : 0 < log(z* + y?) < 1}). b) Calculate [; f(¢)du(t) for any
fe L' ().

Solution: a) By definition of image measure we have

([0, 1)) = m(@~1([0,1]) = m({(z,y) : D(x,y) € [0,1]}) = m({(z,y) : 0 < log(a® + y*) < 1})
=m({(z,y):1<2®+y* <e}) =n((Ve)* - 1) =n(e—1).

b) Let f € L'(u). Then, using polar coordinates,
_ o _ 2, .2 _
/Rf(y)du(y)—//x(f ®)(z,y) dz dy //Xf(log(x +y?)) da dy
2T oo [e'e)
:/ / f(logrQ)rdrdH:QW/ f(logr?)rdr,
o Jo 0
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and doing the change of variable y = log > we obtain

[ swauts) =2 [ sy sentay= [ ameray.
Hence, du = F(y) dy where F(y) = mev.

Problem 2.2.24

a) Let f : R — [0,00] be an integrable function on R and such that [~ f(z)dz = 1.
Prove that F(z) = [*__ f(y)dy is a probability distribution function and that besides F is
continuous (f is called the density function).

b) Prove that the Borel-Stieltjes measure with distribution function F' coincides with the

measure defined with the density function f: v(A) = [, f(z) dz.
c) Calculate F(x) if
1 if ze0,1],
0 otherwise.

)= {

Hints: a) F is increasing because f > 0 and is continuous by the dominated convergence theorem.
b) The Borel-Stieltjes measure pp coincides with the density measure vy by the Caratheodory-
Hopf’s extension theorem since for semi-intervals [a,b) we have: prp([a,b)) = F(b) — F(a) =
fabf(a:) dr = vy¢([a,b)). Observe that pp({a})=0 for all @ € R since F' is continuous. c)
F(z)=0,ifx <0, F(z) =z ifx €[0,1] and F(z) =1if x > 1.

a) As f > 0, then F is increasing since for x1 < x5 we have that
Feo) =Py = [ way= [ sway= [ sy,
Also, if z, — x¢ as n — oo we have that
F(z,) = /_Z fly)dy = /Rf(y) X(—ooomy(¥) dY

and |f X(foo,zn)| < f € LY(R). Hence, by the dominated convergence theorem,

fim () = [ (Jim 00Xy ®) dy = [ 0%y 0y = Flan).

n—oo n—oo

Hence, F' is continuous.

F is the distribution function of the probability measure given by the density f: v,(A) =
J4 f(y) dy for any borelian A in R.

b) For all semiopen interval [a,b) we have, since F' is continuous, that

b
ur((a,b)) = F(b) - Fla) = / Sy = [ sy =vo0).

Hence, by Caratheodory-Hopf’s extension theorem, up = vy.
c) We have
. 0, ifx <0,
F(%)Z/ fdy=3 [fldy==, if0<z<1,
- folldyzl, ifl1<zx.
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Problem 2.2.25* Let g : R — R be an increasing derivable function with bounded derivative
¢’ on each compact set. Let us consider the Borel-Sticltjes measure space (R, B(R), mg). Prove
that my = ¢g’dm, that is to say that the Borel-Stieltjes measure mg coincides with the measure
defined by the density ¢’ and therefore for all f: R — R, f € L!(m,), we have

/Rfdmg:/ngldWZ/Rf(t)g’(t)dt.

Hint: Use the Caratheodory-Hopf extension theorem and that f; g dm = g(b) — g(a). This is
trivial if ¢’ is continuous by Barrow’s rule, but for ¢’ only bounded we must use an approximation
argument: let g,(t) = (f(t + hy) — f(t)/hyn. Then g, — ¢ for all ¢ € [a,b). Use dominated
convergence to conclude that [ ¢'dm = g(c) — g(a) for all ¢ € [a,b). Finally use monotone
convergence, since [a,b) = U, [a, ¢,] with ¢, /b as n — oco.

Problem 2.2.26* Let us consider the Lebesgue measure space (R", M, m), where M is the
o-algebra of Lebesgue-measurable sets and m is Lebesgue measure. Let f : R — R be a
measurable function. Prove that

a) If f > 0orif f € L'(m), then
a.l) fla+z)de = f(x)dx.
R R
1
N ]det T’ Rn

a.3) More generally,/f(T(x))da::
A

a.2) - f(T(x))dx (z)dx, for all T € GL(n).

1
|det T|

/ f(x)dx, for all T € GL(n) and A € M.
T(A)
b) If ® : R — [0, 00| is a Borel function, then

/ &(||z|]) dz = nQn/ B(r)r"Ldr,  where Oy = m({z € R": |lz] < 1}).
Rn 0

c) Let B, ={z € R": ||z|| < 1}. Then

dx dx
- <00 & a<n and <00 & a>n.
B, 2]l re\B, [zl

Hints: Let i = T'(m) be the image measure of m under T: a.1) If T'(x) = a+x, then u(A) = m(A)
since m is translation-invariant. a.2) u(A) = m(T~1(A)) = |det T~!|m(A). This fact is easy for
semi-intervals [a1,b1) X -+ - X [an, by,) and so it is a consequence of Caratheodory-Hopf extension
theorem. a.3) It follows from a.2) and the fact that, as T is bijective, we have x,. ., 0T = x,. b)
Let v = || - || om be the image measure under || - ||: then prove that v[a,b) = Q,(b" — a™) and as
g(t) = Qut™ is increasing and continuous, conclude from Exercise 2 that v = ¢’ dm = nQ,t"~'dt.
c) Apply part b).

Problem 2.2.27* Let f: R — R be a Lebesgue-integrable function. Evaluate

[e.9]

lim f(z—n)

n—oo J__

x
1+ |x

de.




Problems of Integration & Measure: Integration of general functions 18

Hint: Apply the change of variables y = x + n and divide the integral in two parts: one on
the interval (—oo, —n) and the other one on (—n,00). Apply Lebesgue dominated convergence
theorem to prove that the first integral converges to 0 and the second one to ffooo f(x) dx.

Solution: [ f(z)dx.



