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2 Integration Theory

2.4. Decomposition of measures

Problem 2.4.1 Let u, A be measures defined on the same o-algebra. Prove that if we have at
the same time A\ | g and A < pu, then A = 0.

Solution: As A L p we have that X = AU B with AN B =@, A(A) =0 and u(B) = 0. But
then, as A < p we have that \(B) = 0. Hence, A(X) = AMA)+ A(B)=0 = A =0.

Problem 2.4.2 Let X = [0,1], M = B([0,1]), m the Lebesgue measure on M, u the counting
measure on M.

a) Prove that m < p but dm # fdu for all f.
b) Prove that m has not Radon-Nikodym decomposition with respect to .
¢) What hypothesis fails to apply in Radon-Nikodym theorem?
Hints: a) Suppose that there exists such an f. Then, there exists z¢ such that f(zp) # 0.

Consider the set A = {x¢}. b) How must be a measure which is mutually orthogonal with u?

Solution: a) If A C [0, 1] verifies u(A) = 0, then A = & and so, m(A) = 0. Hence, m < u. Now,
let f # 0. Then 3 zp € [0,1] such that f(xo) # 0. Let A = {x0}, then m(A) =0, but

[tan=[ rin=t@)zo — ma)# [ i
A {1‘0} A
c) What is failing here to apply Radon-Nikodym theorem is that u is not o-finite.

Problem 2.4.3 Let (X, M, ) be a measure space. Let N be a o-subalgebra of M and let
v be the restriction of u to N. If 0 < f € L'(u) prove that there exists g N-measurable,
0 < g € L'v), such that [, fdu = [pgdv for all E € N. Besides, g is unique module
alterations in v-null sets.

Hint: Consider the measure A(E) = [, f du for E € N'. The function g is called the conditioned
expected value E(f|N') of fwith respect to N.

Solution: Let us define A(E) = [ f du for E € N. Then X is a positive finite measure in X. As
A < u, by Radon-Nikodym theorem, there exists an A/-measurable function, g :— [0, 0o] such
that d\ = gdv or equivalently, such that

)\(E):/gdy foral Ee N = /fdu:/gdy for all E € V.
E E E

Observe that, as f € L'(u1), we have that also g € L'(v). Besides, g is unique up to zero-measure
sets, since

/gldu:/gﬂly VEeEN = /(gl—gz)dl/:0 VEeEN = ¢ =g rv-ae.
E E E

Problem 2.4.4 Let p and v be finite positive measures on the measurable space (X, .A). Show
that there is a nonnegative measurable function f on X such that for all A € A

Ja=nau= [ sa.
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Hint: The statement is equivalent to pu(A) = [, fd(p+v).

Solution: Since p and v are positive, we have that u < p + v and so, by Radon-Nikodym
theorem, there exists a positive function f € L'(u + v) such that

,u(A):/Afd(,u—i—V), VAc A = /A(l—f)du:/Afdy, VAcA.

Problem 2.4.5 Let m be the Lebesgue measure on the real line R. For each Lebesgue mea-
surable subset E of R define

n(B) = [ o dma).

a) Show that m < p.
b) Compute the Radon-Nikodym derivative h = dm/dpu.

Hints: a) Use Problem 2.1.1. b) Given a Lebesgue-measurable set F, consider the function
f(z) = ﬁ X () and use problem 2.2.21.

Solution: a) If i(E) = 0 then, by problem 2.1.1, we have that m({z € E : ﬁ #0}) =0 and
so, m(E) = 0. Hence, m < p.

b) As m < p, by Radon-Nikodym theorem, there exists a positive function f € L!(u) such that,
for any Lebesgue-measurable set F,

m(E):/Ef(x)du(x) and /Rgdm:/Rgfd,u, Vge Li(m).

by problem 2.2.21. Then, for any Lebesgue-measurable set E

1 1 f(z) / f(z)
E = = _ = =
w(E) /E 22 dm(x) /R T2 e (z) dm(x) Ry X () du(x) 112 du(z),
and so f@) 1 a.e., that is to say f(x) = 1 + 22 almost wh
T s LA y f(x) = x* almost everywhere.

Problem 2.4.6 Let m be the Lebesgue measure on the real line R. Consider a measurable
function f : R — [0, 00] such that f and 1/f are Lebesgue integrable on each bounded subset of
R. For each Lebesgue measurable subset of R define

W(E) = /E £ () dm(x)

a) Show that m < p.
b) Compute the Radon-Nikodym derivative h = dm/du.

Hint: Use the argument in the previous exercise.
Solution: b) h(z) =1/f(x).

Problem 2.4.7 Let us consider the increasing function F(z) = max{0,z + [z]}, where [z]
denotes the integer part of . Let upr be the Borel-Stieltjes measure associated to F'.

a) Calculate up((0,5]), ur([4,8]) and pp([3,7)).

b) Prove that pp is not absolutely continuous with respect to Lebesgue measure.
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Hint: b) Consider, for example, the set A = {1}.

Solution: a) ppr((0,5]) =10, nr([4,8]) =9, pr([3,7)) = 8.
b) If A= {1}, we have that up(A) = F(1+) — F(1-) =2 —1=1 but m(A) = 0.

Problem 2.4.8 Let upr be the Borel-Stieltjes measure associated to the increasing function

0, ifz<0,
Flz)=<z, if0<z<l1,
1, ifl<z.

a) Prove that up < m, being m the Lebesgue measure.
b) Is there the Radon-Nikodym derivative of pp with respect to m?. If so, find it.

c) Let u be the measure that counts rational numbers in [0, 1], that is to say that u(A) =
card (AN [0,1] N Q). Prove that pr L p.

Hints: a) Given I = [a,b), prove that up(I) < m(I) since x — F(x) is increasing. Apply
Caratheodory-Hopf’s theorem. b) Use problem 2.2.25. ¢) Consider the set [0,1] N Q.

Solution: a) Since F' is continuous we have that
pr(la b)) = F(b) = F(a) <b—a=m([a,b))

because F(x) < z, Vx € R. In fact, the function f(z) := x — F(z) is continuous and increasing.
Hence, f define a Borel-Stieltjes measure ;i and, by Caratheodory-Hopf’s theorem we have that
pr=m—pupr > 0. Hence, 0 < p <m = pp < m.
b) Hence, there exists the Radon-Nikodym derivative of pp with respect to m. By problem
2.2.25 we have that

pr = F'dm = X(0.1) dm.
c) Let B=[0,1]NQ. As m(Q) = 0 we have that m(B) = 0 and, by part a) that up(B) = 0.
On the other hand, u(B¢) = card (B N [0,1] N Q) = card (&) = 0. Hence, pr L p.

Problem 2.4.9 Let us define the increasing function

Flz) e’ ifx <0,
€Tr) =
24 arctanx, ifx>0,

and let pup be the associated Borel-Stieltjes measure.

a) Caleulate ur((0, 1]), jup((~2,0]), 1 (0) and i (R).
b) Prove that prp = f(z)dx + 0o, for certain f > 0, and being Jp the §-Dirac measure at
x =0.

c) Is true that up < da?

Hint: b) Observe that 6g = pg with H the Heaviside function: H = X(0.00) and apply Exercise
2.2.25 to pr—g.

Solution: a) pup((0,1]) = 7/4, pup((—=2,0]) =2—1/€%, pp(0) = 1, pup(R) = 2+m/2. b) As 6o = ppu
with H the Heaviside function H(x) =1 for x > 0 and H(z) = 0 for z < 0, then

pE — 00 = UF — WH = [LF—H
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and by problem 2.2.25 we have that

e’ ifx <0,
ifx>0.

up — 8 = fdx, where f(z)=(f—H) (x) = {

1
1422
¢) No, consider the set F = {0}. Then, m(A) =0 but pp(4) = F(0T)—F(0")=2—-1=1#0.

Problem 2.4.10 Let us consider the increasing function

0, ifx <0,
F(z)=<q2%/2, if0<xz<l,
1, if1<zx,

and let pup be the Borel-Stieltjes measure associated to F.

a) Prove that pp is not absolutely continuous with respect to Lebesgue measure m.

b) Find the Radon-Nikodym decomposition of pp with respect to m.

Hint: b) Use problem 2.2.25 on (—o0, 1) and on (1, 00).

Solution: a) Let E = {1}. Then, m(E) = 0 but up(E) = F(11) — F(1
b) Using problem 2.2.25 we get that up = f'dm + \ with f(z) =
A=34.

“)=1-1/2=1/2#£0.
F'(z) = xx,, (v), and



