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2 Integrals depending on a parameter

3.3. Laplace transform

Problem 3.3.1 Given a,b € R, n € N, calculate the Laplace’s transform of the following
functions:

1) fit)y=1, 2) f(t) =1t",
3) f(t) = cosat, 4) f(t) =sinat,
5) f(t) — sn;at , 6) f(t) — eat7
7) f(t) = the, 8) f(t) = e sinbt,
9) f(t) = e cosbt, 10) f(t) = e*sinhbt,
11) f(t) = e™ cosh bt 12) f(t) = tcosat,
13) f(t) = t2e "t cost, 14) f(t) =t ge Tsinzdx,
0 ifo<t<l1
15) f(t) = cos3t, 16) f(t) =<’ " (keN
) £(0) = cos ) £ {(t_m oy (kem
Solution: 1) Integrating directly:
0o —zt1t=N _ ,—zN
L1](2) = / e *dt = lim [6 } = lim tmem 1 .
0 N—oo L —2 1t=0 N—o00 z z

2) We can calculate it integrating by parts and applying induction, but we can also apply the
property (7) of the Laplace transform:

dTL

L)) = (1) () = (1 (F) =

The last identity can be proved by induction: it is clearly true for n = 1; if we suppose that
(dVdz")(1/z) = (=1)"n!/z"*L then (d"TY/dz"T1)(1/2) = (d/dz)((—1)"n!/2"T1) = (=1)" L (n+
1)!/2n+2,

3) and 4): We can calculate them integrating by parts, but we are going to obtain them as an
application of property (5) of the Laplace transform. Applying this result to the sine and cosine
functions we obtain:

L[cost](z) = z L[sint|(z), —L[sint|(z) = z L[cost](z) — 1.

Substituting the second equation in the first one, we obtain that:

z
Licost](z) = —2* Licost = Llcost](z) = ——
[cost](2) z* Llcost](z) + z [cost](2) a1
and substituting, for example, in the first equation:
Lisint)(z) = - Lfeost]() = 5
sint](z) = — L[cost](z) = —— .
z 2241
Finally, the property (3) of the Laplace transform:
1 1 z/a z
Licosat](z) = . L[cost](z/a) = o GlaZTl = o
. 1 . 1 1 a
Lisinat](z) = . Llsint](z/a) = eS| =g
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5) Applying the property (9) of the Laplace transform:

sin at o * a . T17=N
[ ; ](z) = /z Llsinat|(7)dr = /Z de = ]\}gnoo [arctan a] .
. N z T z a
= lim arctan — — arctan — = — — arctan — = arctan — .
N—ro0 a a 2 a z
6) Using the property (2) of the Laplace transform:
1
L[e™(z) = L[1](z — a) = , if Rez>a.
z—a
7) Using again the property (2) of the Laplace transform:
Lie™)(2) = L™ (2 — a) = — if Rez > a
N - (z—a)rtl’ '
8) and 9): Again by the property (2) of the Laplace transform:
L[e™ cosbt](z) = Llcosbt](z — a) = S S -
(z—a)?2+b2"’
b
L[eat sin bt](Z) = L[Sin bt](z — a) = m .
10) and 11): First, by the linearity of the Laplace transform:
Llcoshb](2) = L[(e" + )/2](2) = (LI (=) + Lle™)(2) = & (s + ) = -
2 2\z2—b z+b 22— b2
1 1 1 1 b
. _ bt —bt _ bt —bt _ _
Llsinhv1(2) = Ll(e" — e)/2](2) = 3 (L)) — L) = 5 (-5 - ) = o

and using now the property (2) of the Laplace transform:

L[eat cosh bt](z) = L[cosh bt](z — a) = (z—:;;—b? )
L[e™ sinh bt](z) = L[sinh bt](z — a) = = 632 — 2

12) Using the property (7) of the Laplace transform:

J d . L2 g2
L[t cosat](z) = —£(L[cosat](z)) = _a(zg —|—a2) = (22 +a%)2 "

13) Using again the property (7) of the Laplace transform and the part 9) of this problem:

i d? L d? z+1 (z+1)B-(2+1)%
L[t?e "t cos t](z):@(L[e cost](z)) :@(m> =— =+ 12 +1)°

14) Using the properties (7) and (8) of the Laplace transform and the part 8) of this problem:

L[t/ot e sin dz () = _i(L[/OtexSinm?D(z) _ _d%e et sntl)
d 1 322 +4z 42
_@(2((Z+1)2+1)> T (P r22422)2
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15) Fist, we must express f(¢) in terms of simpler functions. As

cos 3z +isin 3z = € = (&™) = (cosx + isinz)?
= cos>x + 3icos’z sinz — 3cos z sin’z — isin’x

we deduce that cos®z = cos3x + 3coszsin?z = cos 3z + 3cos z(1 — cos?z) = cos3x + 3cosz —

3cos?z, and so 4 cos®z = cos 3z + 3cosz, that is to say,

3
cos’xr = — cos3x + — cosx .
4 4

Therefore, using now the part 3) of this problem:

1z +3 z 284+ 72
42249 42241 (224+1D)(22+9)

Llcos®t](z) = i Lcos 3t](z) + g Licost](2)

16) Let us observe that f(t) = (t — 1)*H(t — 1) where H(t) is the Heaviside function. Hence,
using the property (4) of the Laplace transform we get

LUIZ) = L)) = s

Problem 3.3.2 a) A function f is said periodic with period P > 0, if f(t) = f(P +t) for
all t € (0,00). Prove that the Laplace transform transform of a periodic function with period
P > 0 verifies

1 P
LG = 1 [ @t
1—e 0
b) Calculate the Laplace transform of the function f(¢) = ¢ — [t], being [t] the integer part of t.

Solution: a) Decomposing the integral into two parts and making the change of variable t = u+ P
in the second one, we obtain that:

P [e'e] P [e)
L{f](z) = /0 e FLf(t) dt + / e P f(t) dt = /0 e P f(t) dt + / e #WHP) (w4 P)du.

P 0

But, as f(u+ P) = f(u),

P o) P
L[f](z):/0 eth(t)dt—FePZ/O eZ“f(u)du:/O e P f(t) dt + e TFL[f](2),

from which the requested formula is deduced after solving for L[f](s).

b) Let us observe that f(¢) is the decimal part of ¢ and so it is periodic with period P = 1.
Hence, using the part a) we get

L[f](z) = . _16_2 /01 e *'tdt.

Integrating by parts, we obtain, for Re z > 0, that:

LIfI(z) = —1e*z ([— %te"ﬂ Z; n % /01 e_tht) = - _1672 ( _ e: - é [e=*] Zé)

1 e * 1 _ 1 1
:1—€_Z<_ z _;(62_1)>:7_
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Problem 3.3.3 Calculate the inverse Laplace transform of the following functions:

632 6—32

1)F(Z):m, 2)F(z):m,
1 z

3)F(z):m, 4)F(z):m’

5) F(z) =log(1+1/z).

Solution: 1) It does not exist since limge(;)—00 £(2) # 0.
2) By the property (4) of the Laplace transform:

: 1
F(z) = L[f(t = 3) H(t - 3)|(2) , with L[f](z) = JERyE
To obtain f(¢) we can use several methods:
1 11 1
a) Decomposing into simple functions: Pl =131 %_1_4 , and using the table of Laplace
transforms:
1 1 1 1 z 1 1
t:L’l[ ]t:folHt—fol[ }t:—l— 2t) = ~ sin’t.
f() 23+4Z() 4 Z() 4 22+4() 4( COS ) 28111

b) Using the convolution for Laplace transform (See Definition 3.6 and Proposition 3.7):

10 =27 [l - L aglo - ([ fma))o

— (1% (sin2t)/2)(t) = ;/O Sin2(t — x) do — o=t

[cos2(t — )]

1
=0 ] (1 —cos2t).

N

Once we have obtained f(¢) applying the property (4) of the Laplace transform, we deduce that:

LY F)(t) = % sin?(t — 3) H(t — 3).

3) Using the table of Laplace transforms, we know that Llsinat](z) = a/(2% + a?). Hence,
F(z) = L[%sinat](2) - L[2 sinat](z) and so, by the Proposition 3.7 on the Laplace transform of

the convolution, we deduce that F' = L[f] with

f(t) = (l sinat) * (1 sin at) = % /t sinazx sinfa(t — z)] dx .
a= Jo

a a

Using now the trigonometric formula 2sin Asin B = cos(A — B) — cos(A + B), we get

1 t
f(t) = M/o [cos (az — a(t — x)) — cos (az + a(t — z))] dx
1 1 rsin(2ax — at w=t
=52 ), [ cos(2az — at) — cosat] do = 22 [sm((;a;a) — x cos at] -
1 [sin at ; ; sin(—at)} 1 . ; 1 ; ;
= —tecosat — ———| = —sinat — — tcosat.
20?1 2a 2a 2a3 2a?

4) Using the table of Laplace transforms, we know that L[sin at](z) = a/(2%+a?) and L[cos at](z) =
z/(2% + a?). Hence, F(z) = L[%sinat](2) - Licosat](z) and so, by the Proposition 3.7 on the
Laplace transform of the convolution, we deduce that F' = L[f] with

f(t) = <ésinat) * (cosat) = (11/0t sin ax cosla(t — x)] dx .
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Using now the trigonometric formula 2sin A cos B = sin(A + B) + sin(A — B), we get

1 t
f(t) = % / [sin (aa: +a(t— :U)) + sin (aa: —al(t— x))} dx
aJo
1 [t 17— 2ax — at z=t
=% ; [sin(2aaz —at) + sinat] dex = %[ cos( QCZC at) + x sinat o
1 r—cosat ) — cos(—at) 1 .
:7[ —f—tsmat—i] = —tsinat.
2a 2a 2a 2a

5) Using the property (7) of Laplace transform we have that F'(z) = —L[tf(t)](z). But, F'(z) =
1/(z+1) —1/2, and so we deduce that —tf(t) = e~ — 1. Hence, f(t) = (1 —e™t)/t.

Problem 3.3.4 a) If F(z) denotes the Laplace transform of f and f € L'(0,00), prove the

identity
/0 — dx—/o F(s)ds

00 ,—ax —Bx
e — €
—dx.
0 X

Solution: a) Using Fubini’s theorem we obtain that:

/ ds—/ / f(t) _Stdtds—/o / _Stdb’)f(t)dt
—/0 (g [~ 570 ryae = / 50 4y

b) Taking f(t) = e=** — e~5* in part a), we obtain that:

oo ,—at _ ,—ft )
/ £ T at= / Lle= — e PY(s) ds
0 0

b) Use this identity to calculate

t
o0 1 1 . s+ qys=N 154
/0 (s—l—a S—I—B) S Ogs—i—ﬁ s=0 Ogoz
o° t
Problem 3.3.5 Calculate the integral f(t) = / % dx .
0 X

Hint: Calculate F'(z) = L[f](z) using Fubini’s theorem. Then, calculate the inverse Laplace
transform of F(z).
Solution: Applying Fubini’s theorem, we have that:

Y °° cosxt o=t gt o < dx
L[f](z)—/o (/0 1+$2da:) dt—/o (/0 e cosxtdt>71+x2

[ Licos xt](2) . o z i
_/0 1+ 22 d _/0 (z2+x2)(1+x2)d '

Now, decomposing into simple fractions, we obtain that:

1 Az+B Cxz+D 1
- thA=C=0, B=-D=——r .
(22 +22)(1+22) 22422 * 1+a2 "’ b ¢=0, 22 -1
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Hence,

—z *  dz z *  dx
L[f](z):z2—1/0 z2+332+22—1/0 1+ 22

=N 1 . rz=N
e T lim |arctan —
= z#—1N zlaz=0

-~ lim [arctanw]i

2’2 — I N—>oco —00

7 ( z 1 ) 1
C2\22-1 22-1/ 2241’
and from this we obtain that f(x) = 5 e, (z > 0). Finally, as the cosine function is even, f(x)
also is even, and then:
™

f(a;):§e*|"”‘, reR.

Problem 3.3.6 Solve the following initial value problems, obtaining first the Laplace transform
Y (z) of the solution y(t) and then, anti-transforming Y (z):

Yy — 5y = cos 3t , y" + 16y = cos 4t ,

1 2) ,
y(0) =1/2, y(0) =0, ¥'(0) =1,

3) y" — 6y + 9y = t2e3, 2 v+ 4y +6y=1+e",
y(0) =2, ¥ (0) =6, y(0) =0, y'(0) =0.

Solution: 1) Transforming the equation, using the property (5) of Laplace transforms and de-
noting Y'(z) = L[y(t)](z), we have:

2Y (2) —y(0) = 5Y(2) = L[cos 3t|(z) = (2—=5)Y(z)—1/2= 2'1 ;-
z
Hence,
1 1 2
Y =5 .
S R Gy
Decomposing into simple fractions we get
G52+ z-5 2yo 3007 T 3

Therefore, from the table of Laplace transforms, we get

y(0) = 5 L0+ 2 L o |0 - o D7 g | 0+ g 2 g

2 z—5 34 251" 34 2249 2249
1 5 5 91 11 5 3
:§e5t+3—465t—3—40053t+§§sin3t: 1—765t—§cos3t+ﬂsin3t.

2) Transforming the equation, using the property (5) of Laplace transforms and denoting Y (z) =
Lly(t)](2), we have:

z

zQY(z) —29(0) — 4/ (0) + 16Y (2) = L[cos 4t](z) = (22 +16)Y(2)—1= 2116

and solving for Y (z) we obtain that:

1 z

Y(2) = .
()= 2376 T rr 162
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Hence, using the table of Laplace transforms and the part 4) of problem 3.3.3, we get:

1 1
y(t) = 1 sin 4t + §t sin 4t .

3) Transforming the equation, using the property (5) of Laplace transforms and denoting Y (z) =
Lly(t)](2), we have:

2Y (2) = 2y(0) — y/'(0) — 62Y (2) + 6y(0) +9Y (2) = L[t?™|(2),

that is to say,

(22— 624+9)Y(2) —22+6 = G35

and so 5 9 )
Y(s) = — t) =2e3 + —tle¥.
() z—3+(z—3)5 ylt) = 2e +12 ¢

4) Transforming the equation, using the property (5) of Laplace transforms and denoting Y (z) =
Lly(t)](2), we have:

22Y (2) — 2y(0) — /' (0) + 42Y (2) — 4y(0) + 6Y () = L[1](2) + L[e~"](2)
that is to say,
1 1 2z+1

FErazrOVe=c+ =g = YO-gimGearey

Decomposing into simple fractions, we obtain that

11 1 1 (-1/22-5/3 11 1 1 Z42
z z

1 1
T3 1T T Ge2P+2 6z 3241 2(:+22+2

(z+2)242°

Y(2)=

1 2
6 3

Hence, using the table of Laplace transforms, we deduce that

1 1 1 2
y(t) = 6+§6_t—§€_2tCOS\/§t— \3[6_%8111\/515.

Problem 3.3.7 Solve the initial value problem for the system of differential equations:

2 — 62 + 3y = 8t ,
Yy —2x —y = 4et,
z(0) = -1, y(0) = 0.

Solution: Transforming the equation, using the property (5) of Laplace transforms and denoting
X(s) = L[z(t)](s), Y(s) = L[y(t)](s), we obtain the system of algebraic equations:

{zX(z)—x(O)—GX(z)+3Y(z) =8LI)z), _ {(z —6)X(2) +3Y(2) = =1+ &,
2Y (2)—y(0)—2X (2)—Y () = 4L[e'](2), —2X(2)+ (2 — 1Y (2) = -2

z—1"

Multiplying the first equation by 2 and the second one by z — 6 and then summing the two new
equations, we deduce that

2(z — 6) X (2) + 6Y (2) = 8=22 B 22-6
{_2(2 COX () (2 1)s —16)Y(z) g = (22 =Tz +12)Y(2) = — 1

z—1
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and so,
22 —6 2
H R e Ve e R e e

Decomposing into simple fractions

Hence,
2 2 2
t)=—-el 4 et =2 (e —eh).
To obtain z(t) it is not necessary to compute X (s) and then to anti-transform, since, from the
second differential equation of the system we obtain that

z(t) = = (v (t) — y(t) — 4e?) = et — 26t

DN | =

Problem 3.3.8 Solve the following initial value problems:

Py — t+1 if 0<t<1, " gy — cos2t if 0 <t < 2m,
IR SO ST YT T it e o,
y(0) = —-1,4'(0) =0. y(0) =4/'(0) =0.

Solution: 1) Let us express the function in the second member of the equation in terms of the
Heaviside function:

t+1 if0<t<l1
g(t):{+ PUSTS L o HE-1).

3—t ift>1,

Hence, using the property (4) of the Laplace transform:

Ligt)|(z) = Lt +1)(z) —2L[(t — 1)H(t — 1)](2) = 2—12 + % —2e*L[t)(2) = é + % - 26_'2% .

Therefore, applying the Laplace transform to the differential equation, we obtain that

Ly')(2) + LI )(2) = Llgl(s) = Y (2) = 2(0) =/ (0) + ¥ (2) — y(0) = - — 267,

and so, substituting the initial values, we arrive at

1 1 e ”?
V()= ——~—-2-°
(2) 2z T2(z+1)

But, decomposing into simple fractions we have that

1 A B C D
—_—— =t =+ -+ — ithA=-B=C=-D=1
23(2+1) z+z2+z3+z+l’ A ’
and so
Lflﬁ——l——ﬁ(ﬂ 1 t+t2 -t
=1—-t+——e
23(z+1) 2
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Hence, using again the property (4) of the Laplace transform, we obtain finally that:

e 21+ 1)]@ ~ 1) H(t - )

y(t) =5 —1- 2(]:1 {T

_ t2 (75—1)2 —(t-1)
f§—1—2<1—(t—1)+T—e )H(t—l)
2
:%—17 (4—2t+(t—1)% =2 V) H(t 1)
2
:%—1—(t2—4t+5—261_t)H(t—1).

2) Let us express the function in the second member of the equation in terms of the Heaviside
function:

2t — 4 if t<?2
g(t):{cos( T MO<E<IM, ot — 9m) — cos2(t — 2m) H(t — 27).

0, ift > 2m,
and so its Laplace transform is

L[g](t) = Llcos2(t — 2m)](z) — L[cos2(t — 27) H(t — 27)](z)
z(1 — e727%)
ErYe

z

— —27z —
= m — € i L[COS Qt](Z) =
Hence, applying the Laplace transform to the differential equation, we obtain that

Lly"|(2) + 4L[Yl(2) = Llgl(z) = 2°Y(s) —2y(0) —/(0) + 4Y (z) = W

)

and so, substituting the initial values and solving for Y(z), we arrive at

~z2(1— e?™)
Yo ="
Therefore, B B
y(t) =L [m] (ty— L' {e_zmm} (t)

! [m] () — L [ﬁ} (t — 2m)H(t — 27),

where we have used the property (4) of Laplace transform. Using the part 4) of problem 3.3.3
finally we get

1 1
y(t) = Ztsith ~1 (t —2m)sin2t H(t — 2m).
Problem 3.3.9 Let us consider the differential equation tz” + 22’ + tx = 0 for ¢t > 0.

a) Find the differential equation that verifies the Laplace transform X (z) of x(¢) with the
initial data x(0) = 1.

b) Solve the differential equation for X (z) using the property EI_P X(z)=0.
z oo

c) Calculate the Laplace anti-transform z(t).



Problems of Integration & Measure: Laplace transform 10

Solution: a) We have that
Lita" (t)](2) + 2L[2' ()] (2) + L[tz (t)](2) =0,

and using the properties (5) and (7) of the Laplace transform, we obtain that

(L)) + 2(L0)(2) — 2(0)) — = (Lle()(2)) = 0

and using the property (6):
——(2*X(2) — 22(0) — 2/(0)) + 22X (2) — 2 — X'(2) = 0.

Simplifying, since z’(0) is a constant,

L (2X(2) —2) +2:X(2) 2 - X'(2) =0,

that is to say,

(Z2+1D)X'(2)+1=0.
Let us observe that, from the differential equation, we immediately deduce that 2’(0) = 0, but
this fact is irrelevant, since the derivative of such constant is zero independently of its value.

b) Hence, X'(z) = —1/(2%2 + 1), and so X(z) = C — arctan z. But, from Riemann-Lebesgue
theorem for the Laplace transform, we know that lim, , ;. X(z) = 0, and so we obtain that
necessarily C' = 7/2. Therefore, X (z) = 7/2 — arctan z = arctan(1/z).

int
c) By the problem 3.3.1 we deduce that z(t) = Sl%

Problem 3.3.10 Solve the following initial value problems:

3 y" = da, 2) y' +8y =01+ 02,
y(0) =0, y'(0) =0. y(0) =0.

Solution: 1) Applying the Laplace transform to the equation and using the table of transforms,
we have that:

2V (2) - 2y(0) —y/(0) = LIt —a))(z) —> 22V ()= e,

and so 1
Y(z)= e_‘w; =e “*Lt|(2)

and by the property (4) of the Laplace transform we finally obtain that
y(t) = (t—a) H(t — a).

b) Applying the Laplace transform to the equation and using the table of transforms, we have
that:

2Y (2) —y(0) +8Y(2) = L[6(t — D)](2) + L[§(t — 2)](2) = (2+8)Y(2)=e % +e **,

and so

Y(z) = (e + e %) = (e " 4 e ?*) Le ®(2)

z+8
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and by the property (4) of the Laplace transform we finally obtain that

yt) = eV — 1)+ e 32D gt —2).

Problem 3.3.11 a) Let us consider the Volterra integral equation

u(t) + /0 Kt — ) y(a) de = (1),

where f and k are known functions and y(t) is the unknown function. Calculate the Laplace
transform of y(t) in terms of the transforms of k and f.
b) As an application, solve the Volterra equation

y(t) — 2/0 cos(t — z) y(z) dx = e .

Solution: Let us observe that the equation can be written as y + k *y = f where * denotes the
convolution. Hence, applying the Laplace transform to the equation and using Proposition 3.7,
we obtain that

Y(z) + Lk[(2)Y (2) = LIfl(z) = Y(2)= % '

In particular, in the case of the indicated Volterra equation we obtain

1 1 2241

Yo = miwmsy — YO - eoe—y

Decomposing into simple fractions we get

5) 4 2
z—2 z—-1 (2—-1)2"

and, using the table of Laplace transforms, we finally obtain

y(t) = 5e* — (44 2t) et

Problem 3.3.12 Solve, for w # wy, the initial value problem

" +wir =ksinwt, ift>0,

z(0) =2/(0) =0,
which describes the forced oscillations of a mass in a not damped spring. What happens if
w = wy? Explain physically the obtained results.

Solution: Applying the Laplace transform to the equation we obtain:

LI)(2) 4 Lizl(2) = b Lisinwi](2) = L[a](2) — #2(0) — #'(0) + e Llzl() = 5

and therefore,
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Decomposing this fraction into simple fractions we obtain:

Lz](2) kw Az+B Cz+D
z)(2) = —

(22 +w2)(22+w§) 22 4 w2 22+w§
with .

wg —w
Therefore:
Llz)(z) = + 5 = z(t) = —sinwt + — sinwpt = — 0 smw2 W S1n Wo
22 +w? 224wl w wo wo wE — w?

If w = wyp, then

kwo

X(z) = "0
(2) (22 + w})?

and using the part 3) of problem 3.3.3, we obtain that

k
z(t) = — sinwgt — —— Tt coswyt .
( ) 2("}8 0 2o 0
In the first case, we obtain a periodic response of the spring to the periodic forcing ksinwt. In
the second case the response is not periodic and the reason is that the natural frequency wg of
the spring coincides with the forcing frequency w. This phenomenon is known as resonance.
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LAPLACE TRANSFORMS TABLE

f =1, LAE)=2  (Rez>0),
=1 (meN), L)) = g (Rez>0),
f=t (@>-1. £fe="0" Rezso),
f(t) =sinat (a €R), L[f](z):ﬁ (Rez > 0),
f(t) =cosat (a €R), E[f](z):ﬁ (Rez > 0),
£(t) = Siiat (0cB), L)) =arctan® (Rez>0),
f)=e (@eB), L) = (Rez>a),
FO) =t (@R b>—1), L[f]() = (f(_b :)blﬁl (Rez > a),
F(O) = e sinbt (a,beR),  L[f](z) = (z—a§2+b? (Rez > a) ,
F(t) =ecosbt (a,beR),  L[f](z) = e _za;2“+ 5 (Rez>a),
£(t) = sinhat = & ;e_at (€R), LI = 5oy (Rez>lal),
£(t) = coshat = © *;eat (eR), Lif(:) = 5oy (Rez>lal),
f(t)=0da (a€R),  L[fl(z) =€,
f(t) = sinat — atcosat (a € R), c[f](z):(Z22+C‘;)2 (Rez > 0),
fO) =tsinat (@€R), L) = 2 (Rez>0).

(22 + a?)?



