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3 Parametric integrals

3.1 Continuity and differentiability
Problem 3.1.1 Let f(z,y) = log(2? + y?) for y € (0,1) and = > 0.

a) Prove that p(z) = fol f(z,y)dy is well defined and is derivable. Prove that ¢'(z) =
fol % dy and calculate ¢'(z).

b) Prove that ¢(z) is continuous at o = 0 and that ¢(0) = —2.

¢) Compute p(z) integrating by parts.

Hint: f(x,-) is continuous on [0, 1] for fixed x > 0. Besides }%[f(x,y)” < % € L'(0,1) for
x > x9 > 0. Hence, F is derivable on (z,00) for all xy > 0 and so it is derivable on (0, c0).

Problem 3.1.2 Let F,G : R — R defined as
x ) 2 1 67:1:2(1+t2)
F(z) = / e Vdt and G(z) :/ ———dt.
0 o 1412

a) F'(z)+G'(z) =0, for all x € R. Justify why you can apply the theorem on differentiation
of parametric integrals.

b) F(x)+ G(z) = w/4, for all x € R.
¢) Deduce that / e Pdt = /7)2.
0

Prove that:

e—r2(1+t2)

Hints: a) ‘%[ e 1| = 12z~ (H)| < 2 € L1[0,1] for # € R. ¢) Let z — oo in b) by
applying monotone convergence.

o
Problem 3.1.3 Calculate F(s) = / e “sin(sx) dx, and, justifying all the steps, from the
0

obtained result calculate

G(s) = /0 " w7 cos(sz) da

Hints: Use integration by parts to evaluate F'(s); G(s) is derivable since ‘% [e®sin(sz)]| <
re ® € LY0,00).
Problem 3.1.4

a) Assuming that we can apply the Fundamental Theorem of Calculus and the theorem on
parametric derivation, prove that:

f(z) f(2)
F(z) = / g(x,t)dt - F'(z) = g(x, f(x)) f'(z) +/ gi(x,t) dt.

b) Prove that

/(4a) 1 x
do = 7(7 ~1 2) R .
/0 costaz U 242\2 78 or a>0
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Hints: a) Consider the function G(u,v) = [ g(u,t)dt and apply the chain rule. b) Use the

w/(4a)

previous part to calculate the derivative of fo “9) tan az do with respect to a.

Problem 3.1.5 Prove that

“ dx T+ 2
J(a) :/0 (5 2272 =98 for a > 0.
Hint: ‘%[IQ}FGQH = (in‘fﬂ)Q < (Iﬂ\gg)g € LY0,00) for a € [, M].
® p—ar _ -
Problem 3.1.6 Let F(a) = / —dx.
0 X

a) Study when the integral converges.

b) Calculate F'(«) explicitly and then calculate F'(«).

oo
¢) Obtain the successive derivatives F(*)(a) and calculate / x"e *dx.
0

e~ oW _

e2=¢" = 1— a and so, fg#d‘r < 00. Also, [[7|=—|da <

Hints: a) lim,_,o+
Jo (e + e ") dx < oo if a > 0. b) ‘%[#” < e %% € LY(0,00) for @ > ag > 0

and so F is derivable on (ap,00) for all ag > 0. c¢) Derive both members of the identity
Flla) = — [y e *dx = —1/a.

Problem 3.1.7 Prove that for ¢ > 0 and b > 0:

Fla,b) = /O T eI gy = (b — a).

Hint: ‘% [e*az/”‘“2 — e*bQ/“QH < i—‘;e*“g/ﬁ € L'(0,00) for a > ag > 0. Hence, F is derivable on
[ag, 00) for all ap > 0 and so it is derivable on (0, 00). To compute %F (a,b) change variables to
t =1/x. Recall that [;* e dt = /7/2 and observe that F(a,a) = 0.

Problem 3.1.8 Explain in the following cases why we can differentiate the parametric integral
and why they are well-defined. Obtain explicitly the function deriving with respect to the
parameter and integrating later with respect to it:

/2 1 d
i) F(s) :/ log( —|—sc0sx> x , with |s| < 1.
0 1—scosz /) cosx

e 2
it) G(a) = / log <1 + a2> dz, with a € R.
0 T

Lap —1
iit) H(p) :/ ] dzx, with p > —1.
o logx

77/21 1 — \2gin2
iv) I(\) :/ og(l = ATSIT) ) ith [A] < 1.
0

sin x

o0
v) K(x) :/ e "=/ gt . with x € R.
0
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Hints: 1) ‘%[log (tecose) 1 ” < ﬁ € LY(0,7/2) if |s| < sg < 1. ii) Since G is an even
0

l—scosx/ cosx
function, it is enough to consider the case a > 0; |% [log(l + ;—z)]‘ = ngtllg < ng; € L1(0,00)
\2an2
if |a| € [e, M]. i) ‘%[ﬁg‘;” = 2P € LY(0,1) since p > —1. iv) |%[WH =

Psingl 2 __ ¢ p10,x/2) if [A] < Ao < 1. v) |&[e /]| < S N

1-A2sin?z — 1-),sin’z
e_€2/tzx(0,1)(t)) € L'(0,00) if x| € [¢, M]. To compute K'(x) change variables to s = z/t and
prove that K'(z) = —2K(x). Note that K (z) is even and so it is enough to compute it for z > 0.

Problem 3.1.9 Obtain explicitly the function F'(t) justifying all the steps:

0 .
F(t):/ et Smxd:ﬂ, Vt>0.
0 Z

Hint: As |% [etesiiz] ) < el < == ¢ [1(0, 00) for t € (g,00), we have that F(t) is derivable
on (g,00) for all € > 0 and so it is derivable on (0, c0).

Problem 3.1.10 Prove that

2

0] e
[
0

X

a2
Hint: Consider the function F(t) = [;° 172; dx for t > 0 and proceed in a similar way to the

previous problems.

Problem 3.1.11 Let FI(\) = / fi)\ Write the derivatives of F', and later prove that for
o T
all A > 0,
/Oo dx _1-3--@2n-1) 7 2n)!lT
0 (582 + )\)n—H - aMpl 2)\n+1/2 - ('I’L!)2(2\/X)2n+1 .

Hints: First of all, it is easy to calculate F(\) and then all its derivatives F(™()). Also,
!%[ajgi/\” = (xz}r/\)g < (xQJrlAO)Q € L'(0,00) for A > Ao > 0. Hence, F is derivable on (\g, o)
for all Ay > 0 and so it is derivable on (0,00). Similarly, we can see that F' is infinitely
derivable on (0,00), and its derivatives can be calculated by parametric derivation: F((\) =

0 o ) 4.

Problem 3.1.12 Let

22 Jog(1 + 2
F(l‘):/ Wdt, x>0.
0 +1

a) Check that F is derivable on (0, 00) and prove that

_ log(1 + 4a?) 4x

L a2 + T 422 arctan 2z .

F'(x)

b) Using the previous part, prove that

F(z) =log+/1+ 422 arctan 2z .
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Hints: a) ‘6% [1°g(11+t§“)]| < (1+t2)(21t+2x0t) € LY(0,00), for > ¢ > 0. Hence, F is derivable on
(x0,00) for all g > 0 and so it is derivable on (0, 00). To calculate F’(x) use decomposition on

simple fractions. b) Integrate by parts.

Problem 3.1.13* Prove that

r=—)

/7r log(1 + cos z) d 2
0 cosx 2

calculating first

Tlog(l+¢
F(t) ::/ log(1 +tcosz) oy it <1.
0 cosx

Hints: ‘% [bg(lcizzow)]‘ = 1+tlcosm which is continuous for || < 1, and so it belongs to L(0, 7).

This means that F(t) is derivable on (—1,1). Compute F(t) by using parametric derivation
and calculate F'(t) = w/v/1 —t? (change variables to u = tan(z/2)). Now, if 0 <t < 1, we
have that f(z,t) = W verifies, for x € [0,7/2), that f(z,t) < W which is

continuous at z = 7/2 and so it belongs to L'[0,7/2), and for € (7/2,7) that f(x,t) <
g(z) = |Colsm| log 17‘610893'. But g(x) is continuous at z = 7/2 and logm € Lir/2,7)

log(1+cos x)
(m—z)=¢

since lim,_,, - = 0 for each ¢ > 0. Hence, F(¢) is continuous on [0, 1] and F(1) =

limtﬁl— F(t)

Problem 3.1.14* Let us consider the function

1 (1o — 2t))2
o - [ L0,

a) Find the values of x such that F(z) is defined.
b) Calculate F'(z) justifying why you can derive. Evaluate the resulting integral.
¢) Study the increasing and decreasing intervals of F.

Hints: a) As lim,_,o+(log(l — 2))/z = 1 we have log(l — z) < Cz for 0 < z < §. As

lim, _,o+ 2°log z = 0 we have |log z| < z7¢for0 < z < ¢'. b) If z < zp < 1, then %(M) <

217; ; log 171 ; which is continuous for ¢ € [0, 1]. To evaluate F’, integrate by parts.
0 xo
Solution: a) F(x) < oo for z € (—o0,1]. b) F is derivable for x € (—o0,1) and F'(z) =

(log(1 — z))?/z. ¢) F decreases on (—00,0) and increases on (0, 1).

Problem 3.1.15"* Given a > 0, b > 0, prove that

> cos ax — cos bx ™
Hints: Consider the function f(z,t) = COS‘W:E;QCOSM e~ Then |%f($,t)‘ < Wwe_tox €
LY(0,00) for t > tg > 0. Hence, F(t) = fooo f(z,t)dx is derivable on (0,00). Even more, as
|g—;f(:c,t)‘ < 2e %% ¢ L1(0,00) for t >ty > 0, we also have that F(t) is twice derivable on
(0,00). Also, as |f(z,t)| < Wﬂi_zcom € L'(0,00) for t > 0, we have that F is continuous
on [0,00) and so, F(0) = lim,_,o+ F(t). To compute F”(t), integrate by parts and prove that

F'(t) = m# - ﬁ. Hence, F'(t) = log iii‘;ﬁ + ¢;. By dominated convergence we have

that lim_,oo F'(t) = 0 and so we deduce that ¢; = 0. Integrate again by parts to obtain
F(t) = tlog 2+a? | aarctang - barctan% + co. Finally, again by dominated convergence

t2+b2
lim; o0 F'(t) = 0 and so ca = §(b — a), since lim; o t log gi‘gi = 0 by L’Hopital Rule.




