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2 Integrals depending on a parameter

3.2. Fourier transform

Problem 3.2.1 Prove that if f € L*(R) and f > 0, then |f(w)| < f(0) for every w # 0.

Hint: The inequality ] Flw)| < f(0 ( ) is easy. If a denotes the complex argument of f(w), then
|fw)] = flw)e™ =L [F f(x e!@r=a)dg. Now, take real parts in the equality |f(w)| = f(0)
to conclude that, a fortlorl w = O

Problem 3.2.2 Given a > 0, compute the Fourier transform of the following functions:

1) f(z)=e ok, 2) fla) =

3) (@) =X 0u(@), 4) f(@) =zx, (@),

5) f(l‘) = X0,q] ((L‘) ~ Xi—a0] (x) ) 6) f({L') ‘x’X[,aya] (x) )

7) f(x) =do(x), 8) flz) ==,

9) f(z)=(a—|z) Xi—a,a] ® 10) f(z) = (x_$52+a2 + ($+xf2+a2 )
11) fla) = T e/t /0) | 19) fla)= Sy - e
13) f(x) = @1 @2+ 59) ° 14) f(:l:) >

15) f(ZU) = 0z + 0z 16) f(x) = 0gy—0-2,

17) f(z) = e ™@3)% 18) f(x) = e~im(at1)?

Problem 3.2.3 Calculate the Fourier transform of the Gaussian function f(x) = e

Hint: Note that the imaginary part of f (w) is zero. To compute the real part use the theorem
on derivation of parametric integrals ( ‘88 E ~7* cos(w) )| < lzle=*" € LY(R)). Integrating by
parts prove that <L [f(w)] = —% f(w). Recall that [ e 7y = /7.

Problem 3.2.4 For o > 0, calculate the integral
00 Gin2
/ sin 2043: d
o T
Hint: Use Plancherel’s theorem and part 8) of Exercise 3.2.2.

Problem 3.2.5 Find a particular solution of the equation u” —u = f(x) by taking Fourier
transforms in both sides of the equation.

Problem 3.2.6 Find a solution of the initial value problem for the heat equation on R x (0, c0)
by taking Fourier transforms in the z-variable in both members of the equations:

{ (:Et)—k'aQu(:nt) ifreR,t>0,
(z,0) = f(z), ifzeR.

Problem 3.2.7 Find a solution of the initial value problem for the diffusion equation with
convection:
{&t (xt)—k62u(x t)+c 88u(x,t), ifreR,t>0,

(x,0) = f(x), if z € R.

Problem 3.2.8 Find a solution of the initial value problem for the diffusion equation with
convection:

2

Du(z,t) = (xt)—288u(xt) ifreR,t>0,
(330): x, if x e R.
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Problem 3.2.9 Find a solution of the initial value problem for the diffusion equation with
absorption:

%u(x,t):k%u(aﬁ,t)—cu(x,t), ifreR,t>0,

u(z,0) = f(x), ifzeR.

Problem 3.2.10 Find the solution of the initial value problem for the wave equation on

R x (0, 00): . i
%u(m,t) = CZ%U(x,t), ifreR,t>0,
u(z,0) = f(x), if r € R,
%u(:ﬁ,O) = g(z), if v € R.

Problem 3.2.11 Prove that if f is of C?-class (continuous with two continuous derivatives)
on R and g is of C'-class (continuous with one continuous derivative) on R, then D’Alembert’s
formula

x+ct
u(x,t)—;(f(x—i-ct)—i-f(:r—ct))—i—1/ g(s) ds,

2c —ct

which has been obtained in the previous problem, is effectively a solution of the initial value
problem for the wave equation on R x (0, 00).

Problem 3.2.12 Find the solution of the initial value problem for the non-homogeneous wave
equation on R x R:

2w t) = Lpu(a,t)+6, ifzcR, teR,
u(r,0) = 22 ifreR,

%u(m,()):él:n, if x e R.
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FOURIER TRANSFORMS TABLE

(TF1) Fle ' ](w) =

(TF2) F

|
(TF3) Fle“](w) =
|

(TF4) F

(TF5) f[X[_a,a] (:E)] (w) = ] if X[a,b] (w) = {

(TF6) F

sin ow — o Cos aw
:I:X[fa,a] (x)] (CU) =1 7TCL)2 )

1 —cosaw

(TF7) F|
(TFS) ‘F[X[oﬁa] (.73) - X[fa,o] (1.)] (w) =l
[

e

aw sin aw + cos aw — 1

(TF9) F

’x‘X[_a’a] (.’B)] (w) = 7.{.WQ

1 — cos aw

(TF10) J(w) = =

(o € R,a, 3> 0)

1, if € [a,b],
0, if x ¢ [a,b],

sin?(aw/2)

Tw?

(TFll) f[efia:ﬁ] (w) — e*iﬂ'/4 61’0.)2/(401)’

I T —in/4 iz?/(4c) _ —iaw?
_\/;e e }(w) e ,

F
(TF13) F|
f

(TF12)

L(x —z0)?+a® (z+z0)’+a
[ (6 o

[z —20)2+02 (z+x0)%+02

- 1 1
(TFL) Py aym ) @ = m(

—i/2,
(TF16) F —} (w) =<0,
i/2,

(TF14)

if w<0,
if w=0,
if w>0,

(TF17)
(TF18)

(TF19)

2mw?

2}((,41) = e Wl cos zow,
}(w) = je Ml gin pow,

aePl _ gemell),

(it’s understood as the principal value),



