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2 Integrals depending on a parameter

3.3. Laplace transform

Problem 3.3.1 Given a,b € R, n € N, calculate the Laplace’s transform of the following
functions:

1) f(t) =1, 2) f(t) =t",

3) f(t) = cosat, 4) f(t) =sinat,

5) f(1) = sinat 6) 1(t) = e,

7) f(t) = e, 8) f(t) = esinbt,

9) f(t) = e cosbt, 10) f(t) = e*sinhbt,

11) f(t) = e* cosh bt , 12) f(t) = tcosat,

13) f(t) = t2e"tcost, 14) f(t) = tfg e Tsinxdr,

15) £(t) = cos’t, 16) f(t) = FOSI=L e

(t—1)F ift>1,

Problem 3.3.2 a) A function f is said periodic with period P > 0, if f(¢) = f(P +t) for
all t € (0,00). Prove that the Laplace transform transform of a periodic function with period
P > 0 verifies

1 P
LG = 1= [ @t
b) Calculate the Laplace transform of the function f(¢) =t — [t], being [t] the integer part of .

Problem 3.3.3 Calculate the inverse Laplace transform of the following functions:

632 6_3Z

1)F(Z):ma 2)F(2):m7
1 z
5) F(z) =log(1+1/2).

(Z):m7

Problem 3.3.4 a) If F(z) denotes the Laplace transform of f and f € L'(0,00), prove the

identity
/0 — dx—/o F(s)ds.

00 ,—ax —Bx
e — €
— dx.
0 X

cosxt
1422

b) Use this identity to calculate

Problem 3.3.5 Calculate the integral f(t) = / dx .
0

Hint: Calculate F'(z) = L[f](z) using Fubini’s theorem. Then, calculate the inverse Laplace
transform of F(z).
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Problem 3.3.6 Solve the following initial value problems, obtaining first the Laplace transform
Y (2) of the solution y(t) and then, anti-transforming Y (z):

Yy — 5y = cos 3t , Yy’ + 16y = cos 4t ,

1) 2) /
y(0) =1/2, y(0)=0, y'(0)=1,

3) y" — 6y + 9y = t2e3, 1) v+ 4y +6y=1+e",
y(0) =2, y'(0) =6, y(0) =0, y'(0)=0.

Problem 3.3.7 Solve the initial value problem for the system of differential equations:
2 — 62 + 3y = 8t ,
Yy —2x —y = 4et,
2(0) = —1, y(0) = 0.

Problem 3.3.8 Solve the following initial value problems:

"y = t+1 if 0<t<1, "y dy — cos2t if 0<t < 2w,
DY T T 32t i1, 2 LY T 0 it ¢ o,
y(0) = —1,4'(0) =0. y(0) =4'(0) =0.

Problem 3.3.9 Let us consider the differential equation ta” + 22’ + tx = 0 for ¢t > 0.

a) Find the differential equation that verifies the Laplace transform X (z) of x(¢) with the
initial data x(0) = 1.

b) Solve the differential equation for X (z) using the property lim X(z)=0.

Z—>+00

c) Calculate the Laplace anti-transform z(t).

Problem 3.3.10 Solve the following initial value problems:

1) Y = da, 2) Y + 8y = 61 + da,
y(0) =0, ¢'(0)=0. y(0) =0.

Problem 3.3.11 a) Let us consider the Volterra integral equation

y(t) + /0 Bt — o) y(a) de = (1),

where f and k are known functions and y(¢) is the unknown function. Calculate the Laplace
transform of y(¢) in terms of the transforms of k and f.
b) As an application, solve the Volterra equation

y(t) — 2/0 cos(t — z) y(z) dz = €*.

Problem 3.3.12 Solve, for w # wyq, the initial value problem
" +wir =ksinwt, ift>0,
z(0) =2/(0) =0,

which describes the forced oscillations of a mass in a not damped spring. What happens if
w = wo? Explain physically the obtained results.
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LAPLACE TRANSFORMS TABLE

f)y ="
flt) =1
f(t) =sinat

f(t) = cosat

sin at

f) =1,
(HEN),

(a> _1)7

(a €R),
(a €R),
(a €R),

(a €R),

ft)=e® (aeR,b>-1),

f(t) =e"sinbt (a,b€R),

f(t) = e cosbt
at _ ,—at
f(t) =sinhat = ¢ 26
at —at
f(t) = coshat = ¢ —;e
f(t) = da

f(t) = sinat — at cos at

f(t) =tsinat

(a,b € R),

(a €R),

(a €R),
(a €R),

(aER),

(CLER),

LA = (Rez>0),
LUIG) = iy (Rez>0),
£ = Tt (Rez >0
L) = 5im Rez>0),
L) = g7 (Rez>0),
Lf](2) = arctang (Rez > 0),
LIf(z) = (Rez>a),
£ =ty (Rez>a),
L[f](z) = (Z_a;w (Rez > a) ,
LG = = rgp (Rez>a),
L)) = = (Rez>al),
L) = 5= (Rez>lal),
LIfI=) = e,

2a®
L[f](z) = (EEYDP (Rez > 0),
L) = —2%  (Rez>0).

(22 +a?)?



