[INTEGRATION AND MEASURE| [ INTERMEDIATE CONTROL 2 - SOLUTIONS |

Problem 1 (2,5 points)
a) (1 point) Let X = {a,b,¢,d}. Construct the o-algebra generated by & = {{a}} and

& = {{a}, {b}}.

b) (1,5 points) Let E € A be a fixed measurable subset of X. We define pug(A) = p(ANE)
for any A € A. Using that u is a measure in X, prove that pg is also a measure in X.

a) To construct them we must add the necessary subsets so that the o-algebra properties are
verified: Ag, ={@,{a},{b,¢c,d}, X}, Ae,={2,{a},{b},{b,¢,d},{a,c,d},{a,b}, {c,d}, X}.

b) Since p is a measure: pup(Q) = w(@NE) = u(@) = 0;

Let {A;}32, be a disjoint countable collection for sets in \A. Then the collection {A; N E}52, is
also disjoint and, as p is a measure,
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Problem 2 (2,5 points)

a) (1 point) State the monotone convergence theorem.

b) (1.5 points) Prove that the function f(z) = \/LE if z € (0,1], and f(0) =
Lebesgue-integrable in [0, 1] and calculate its integral.

a) Let {f,}72, be a sequence of measurable functions such that
0< fi(z) < folz) <+ < o0, VeeX.

Then
/ lim f, = lim fn
X
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b) As \/L;Xu/zv,u(x) S \/LEX(O,I] () = f(z) when N — oo for x € [0,1], by the monotone
convergence theorem,
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But f(x) is continuous in the bounded interval [1/N,1] and so it is Riemann-integrable in
[1/N, 1] and its Lebesgue integral coincide with its Riemann integral, and to compute it we can
use Barrow’s rule. Hence,
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Problem 3 (3 points)

a) (1 point) State the dominated convergence theorem.
b) (2 points) Using this last theorem, compute the limit
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a) Let {f,}22, be a sequence of complex measurable functions such that f,(x) — f(x) as
n — oo a.e. on X. If there exists a function F' € L'(p) such that

|ful2)| < F(x), VneN, aere X,

then f € L'(p),
lim/]fn—f\du:() and lim fndu:/fd,u.

b) Let f.(z)= (1—%)”6’3/2)([07”] (). As lim, o0 (1 — £)" =77, we have lim,_,o f,(2) =e"%/2,
Hence, we guess that:
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To prove it, we will show that |f,(z)| < e=*/2 € L'(0,00) and then our conjecture will be a
consequence of the dominated convergence theorem. To do that it is enough to prove that
(1—2)" <e®if v € [0,n]. This inequality is equivalent to nlog(l — £) < —x. If we define
F(z) := z +nlog(l — %) for x € [0,n], then we must prove that F'(x) <0 for z € [0,n]. But
, 1 x/n _ .
Fl(z)=1- = <0 = Fis decreasing = F(x) < F(0)=0.
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Problem 4 (2 points) Let us consider the measure space (N, P(N), 1), with p the counting
measure and the product measure space (N x N, P(N x N), 4 ® p). Let us define the function

1+2=™ if m=n,
glm,n)=¢ —1—2"" if m=n+1,
0 otherwise.
Check that [ ( [y f(m,n)du(m))du(n), and [(( [y f(m,n)dv(n))du(m)) exist and are distinct

and that [ . |f(m,n)|d(p® p) (m n) oo. What is the relevance of this result?




For fixed n we have:
/f<m7n)d:u(m) = Zf(man) = f(nan) +f(n+ 17”) = 1+27n —1 _2*71*1 = 27”717
N m=1
and, for fixed m,

f(171)7 1fm:1,
/fmndu men {f(m,m—1)+f(m,m), ifm>2,

_{1+21, ifm:1,_{3/2, ifm =1,

—1—-2""4+14+2"", ifm>2. 0, ifm>2.
Hence,
== = 1&1 1
N( Nf(m,n)d,u(m))du(n):ZZf(m,n):Z2 :522_:_ =5
n=1 m=1 n=1 n=1
and
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Hence, the iterated integrals do not coincide also in this case. Therefore, Fubini’s theorem can
not be applied and since (N, P(N), u) is o-finite the only possibility is that f ¢ L'(u ® u) (as
it can be easily verified).




