[INTEGRATION AND MEASURE| [ INTERMEDIATE CONTROL 1 - SOLUTIONS |

Problem 1 (4 points) Let (X, .A, ;1) be a measure space.
1) Give the definition of o-algebra and measure.
Prove that:

2) If {A;}32, C A, then (2, 4; € A.
3) f A,Be A, then A\ B € A
4) If A,B e A, A C B, then u(A) < u(B) and, if u(A) < oo, then u(B\ A) = u(B) — u(A).

5) 1t {4;}22, C A, then M(GAi) < i (A,

=1 =1

1) A collection A of subsets of a set X is said to be a g-algebra on X, if
(a) @ € A
(b) If A€ A, then A°= X\ Aec A
(c) If {Aj}jen is a countable collection of members of A, then U2, A; € A.

The pair (X,.A) is called a measurable space and the members of A are called measurable sets.
Let (X, .A) be a measurable space. A set function p: A — [7,00] is called a (positive) measure
on X if the following two conditions hold:

a) u(@) =0.

b) p is countably additive, i.e. if {A;}32, is a disjoint countable collection of members of A,

then . .
M(UAi) = ZM(Az‘) :

We also say that (X, A, ) is a measure space.

2) As A;j € A then by properties (b) and (c) of a o-algebra: X \ A; € A and U2, (X \ 4;) € A.
Applying again property (b) we conclude that N2, A; = X\ (U2, (X \ 4))) € A

3) We have that A\ B= AN (X \ B) € A by property (b) and part 2).

4) As A C B we have that B = AU (B \ A) and this union is disjoint. Hence, by property b)

of a measure we conclude that u(B) = pu(A) + u(B\ A) > p(A). Now, if u(A) < co we can
substract it from both members and so u(B \ A) = u(B) — u(A).



5) Let By = Ay, Bo = As\ Ay, ..., B, = A, \ (A1 UA3U---UA,_1). Then, it is easy to check
that the collection {B;} is disjoint, A; C B; and U2, A; = U2, B;. Hence, by property b) of
a measure and part 4)

u( UAJ) = U B;) = ZM(BJ') < ZM(AJ)

Problem 2 (3 points) Let (X, A, 1) be a measure space and let f : X — R be an integrable
function.

a) Prove Markov’s inequality:
e € X2 1@ =) < 2 [ 1l
b) Using Markov’s inequality, show that if f is a measurable function, then

bl) [Iflde =0 = u(f#£0)=0,
b2) [lflde <o = u(lfl=o00)=

8) u({z € X - If(fv)|26})=/{f|>}1du§/{f|>} fldu< /|f|du

b1) () [ fldu= [ ifldn+ [ jfldu=0+0-0.
X {If1=0} {If1#0}
(=) Using part a) we have that u({z € X : |f| > 1/n}) =0 for all n € N, and so

pl{z € X : f(w) #0}) = (U{xex (@)= 1/n}) €3 u(fw e X1 |f] = 1/n}) = 0.
n=1
b2) Using part a) we have that for all n € N, and since [ |f|dp < oo:

u({z e X : f@) = ool < pl{z € X : |f] 2 n}) < /rf|cz/Ho as n - o0

Hence, p({z € X : f(z) = o0}) = 0.

n

Problem 3 (3 points) Prove that lim (1 + £>ne_2wd;g =1
0 n

n—o0

Let g,(z)=(1+3)" _wa[o’n] (). Aslim, (1 + %)n , we have lim g,(x)=e"". Hence, we

n—o0

guess that:

?}LIEO i (1 + %)ne_%dx = nhi& i gn(x) dx = /0 (Jg{}o gn(m)> dx = /0 e "dr=1.



To prove it, we will show that |g,(z)] < e™® € L'(0,00) and then our conjecture will be a
consequence of the dominated convergence theorem. To do that it is enough to prove that
(1+2)" <e”if z € [0,n]. This inequality is equivalent to nlog(l 4 %) < z. If we define
G(z) ==z —nlog(l + %) for x € [0,n], then we must prove that G(x) > 0 for x € [0,n]. But

1
G'(x)=1- = x/nx >0 = G is increasing = G(z) > G(0) =0.




