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Problem 1 (4 points) Let (X,.A, ;1) be a measure space.
1) Give the definition of o-algebra and measure.
Prove that:

2) If {A;}32, C A, then 72, 4; € A.
3) If A,Be A, then A\ B € A.
4) If A,Be A, AC B, then pu(A) < u(B) and, if u(A) < oo, then pu(B\ A) = u(B) — pu(A).

o0

5) 1t {4;}22, C A, then u([jAZ) <3 uA
i=1 =1

Problem 2 (3 points) Let (X, A, ) be a measure space and let f : X — R be an integrable
function.

a) Prove Markov’s inequality:
e € X 1@l 2 ) < 2 [ 1fldn.
b) Using Markov’s inequality, show that if f is a measurable function, then

bl)  [|fldp =0 = p(f#0)=0,
b2)  [|fldp < oo — pu(lf] = o0) =

n

Problem 3 (3 points) Prove that lim (1 + E)ne_?””dx =1
0 n

n—o0

X n
Hint: Prove that <1 + —) < e" for x > 0 and use an adequate convergence theorem.
n




