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2 Integration Theory

2.5. Lp-spaces

Problem 2.5.1 Let ϕ1, ϕ2, . . . , ϕk be functions such that

ϕi ∈ Lpi(X,A, µ) ,
1

p
=

1

p1
+

1

p2
+ · · ·+ 1

pk
≤ 1 .

Then ϕ1ϕ2 · · ·ϕk ∈ Lp(X,A, µ) and ‖ϕ1ϕ2 · · ·ϕk‖p ≤ ‖ϕ1‖p1‖ϕ2‖p2 · · · ‖ϕk‖pk .

Hint: If a1, · · · , ak ≥ 0 and λ1 + · · ·λk = 1, then aλ11 a
λ2
2 · · · a

λk
k ≤ λ1a1 + λ2a2 + · · ·+ λkak .

Solution: If ‖ϕi‖pi = 0 for some i, then ϕi = 0 a.e. and so the inequality is obvious. The result
is also trivial if ‖ϕi‖pi = ∞ for some i. Hence, we can assume that 0 < ‖ϕi‖pi < ∞ for all
i ∈ {1, . . . , k}. Also, by homogeneity it suffices to prove that

‖ϕ1ϕ2 · · ·ϕk‖p ≤ 1 , if ‖ϕi‖pi = 1, for i = 1, . . . , k .

From the convexity of the exponential function and using Jensen’s inequality it is easy to check
that

aλ11 a
λ2
2 · · · a

λk
k ≤ λ1a1 + λ2a2 + · · ·+ λkak , if a1, . . . , ak ≥ 0 . (1)

Let us take ai = |ϕi(x)|pi and λi = p/pi, i = 1, . . . , k. Then, using (1), we have

|ϕ1(x)ϕ2(x) · · ·ϕk(x)|p = |ϕ1(x)|λ1p1 |ϕ2(x)|λ2p2 · · · |ϕk(x)|λkpk

≤ λ1 |ϕ1(x)|p1 + λ2 |ϕ2(x)|p2 + · · ·+ λk |ϕk(x)|pk

=
p

p1
|ϕ1(x)|p1 +

p

p2
|ϕ2(x)|p2 + · · ·+ p

pk
|ϕk(x)|pk

and, as ‖ϕi‖pi = 1, we obtain integrating that∫
X
|ϕ1(x)ϕ2(x) · · ·ϕk(x)|p dµ ≤

k∑
i=1

p

pi

∫
X
|ϕi(x)|pidµ =

k∑
i=1

p

pi
= 1 .

Problem 2.5.2 Let 0 < p < r < q ≤ ∞ and let ϕ ∈ Lp(X,A, µ) ∩ Lq(X,A, µ).

a) Prove that ϕ ∈ Lr(X,A, µ) and

‖ϕ‖r ≤ ‖ϕ‖θp‖ϕ‖1−θq , where
1

r
=
θ

p
+

1− θ
q

.

b) Prove also that Lr(µ) ⊂ Lp(µ) + Lq(µ).

c) Prove that limr→∞ ‖ϕ‖r = ‖ϕ‖∞.

Hints: a) If q = ∞, then |ϕ|r = |ϕ|r−p|ϕ|p ≤ ‖ϕ‖r−p∞ |ϕ|p and 1
r = θ

p . If q < ∞, then p
θr

and q
(1−θ)r are conjugate exponents and |ϕ|r = |ϕ|θr|ϕ|(1−θ)r. Apply Hölder’s inequality. b) If

A = {x ∈ X : |ϕ(x)| ≤ 1}, then ϕ = ϕχA + ϕχ
Ac . c) By letting r →∞ in ‖ϕ‖r ≤ ‖ϕ‖θp‖ϕ‖1−θ∞

deduce that lim supr→∞ ‖ϕ‖r ≤ ‖ϕ‖∞. Also, we can suppose that ‖ϕ‖∞ > a > 0. Use Markov’s
inequality to deduce that ‖ϕ‖r ≥ aµ({x : |ϕ(x)| > a})1/r and by letting r →∞ and a→ ‖ϕ‖∞
deduce that lim infr→∞ ‖ϕ‖r ≥ ‖ϕ‖∞.
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Problem 2.5.3 Let (X,A, µ) be a measure space. For some measures the relation p < q implies
Lp ⊂ Lq. For others the relationship is reversed and there are some measures for which Lp does
no contain Lq for p 6= q. Give examples of these situations:

a) If µ(X) <∞ and 1 ≤ p < q ≤ ∞, then Lp(µ) ⊃ Lq(µ) and ‖f‖p ≤ ‖f‖q µ(X)
1
p
− 1

q .

b) If 0 < p < q ≤ ∞, then `p ⊂ `q and ‖xn‖q ≤ ‖xn‖p .

c) Show that Lp(R,B(R),m) * Lq(R,B(R),m) for p 6= q.

Hints: a) Use Hölder’s inequality. b) Use part a) of problem 2.5.2. c) Consider the function
f(x) = |x(log2 |x|+ 1)|−1/p.
Solution: a) If q = ∞, it is obvious. If q < ∞, we use Hölder’s inequality with the conjugate
exponents q/p and (q/p)′ = q/(q − p):

‖f‖pp =

∫
X
|f |p · 1 dµ ≤

∥∥|f |p∥∥
q/p

∥∥1
∥∥
(q/p)′

=
(∫

X
|f |qdµ

)p/q
µ(X)(q−p)/q

and so ‖f‖p ≤ ‖f‖q µ(X)
1
p
− 1

q .
b) Obviously, ‖xn‖∞ = supn |xn| =⇒ ‖xn‖p∞ = (supn |xn|)p ≤

∑
n |xn|p = ‖xn‖pp and so

‖xn‖∞ ≤ ‖xn‖p. The case q < ∞ follows from problem 2.5.2 and the inequality just proved
‖xn‖∞ ≤ ‖xn‖p:

‖xn‖q ≤ ‖xn‖p/qp ‖xn‖1−p/q∞ ≤ ‖xn‖p/qp ‖xn‖1−p/qp = ‖xn‖p .

c) Let f(x) =
1

|x(log2|x|+ 1)|1/p
and let us assume that p < q. Then

∫
R
|f(x)|p dx =

∫
R

dx

|x| (log2|x|+ 1)
= 2

∫ ∞
0

dx

|x| (log2|x|+ 1)
<∞

since ∫ ∞
0

dx

|x| (log2|x|+ 1)
≤
∫ 1/2

0

dx

x log2x
+

∫ 2

1/2

dx

x log2x+ 1
+

∫ ∞
2

dx

x log2x
<∞

because using the monotone convergence theorem we have∫ 1/2

0

dx

x log2x
= lim

ε→0+

∫ 1/2

ε

dx

x log2x
= lim

ε→0+

[ −1

log x

]x=1/2

x=ε
= lim

ε→0+

1

log ε
− 1

log 1
2

=
1

log 2
<∞ ,∫ 2

1/2

dx

x log2x+ 1
<∞ , since

1

x log2x+ 1
is continuous in [1/2, 2] ,∫ ∞

2

dx

x log2x
= lim

n→∞

∫ N

2

dx

x log2x
= lim

N→∞

[ −1

log x

]x=N
x=2

= lim
N→∞

1

log 2
− 1

logN
=

1

log 2
<∞ .

We also have∫
R
|f(x)|q dx =

∫
R

dx

|x|q/p (log2|x|+ 1)q/p
= 2

∫ ∞
0

dx

xq/p (log2x+ 1)q/p
=∞
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since, limx→0+ x
δ log x = 0 for all δ > 0, and so (log2x + 1)q/p ≤ C(δ)/xδ in (0, 1/2], and using

the monotone convergence theorem we get that∫ 1/2

0

dx

xq/p (log2x+ 1)q/p
≥ C

∫ 1/2

0

dx

xq/p−δ
= C lim

ε→0+

∫ 1/2

ε

dx

xq/p−δ
= C lim

ε→0+

[ x1+δ−q/p

1 + δ − q/p

]x=1/2

x=ε

=
C

q/p− 1− δ
lim
ε→0+

( 1

εq/p−δ−1
− 2q/p−δ−1

)
=∞

if we choose δ > 0 small enough so that 1 + δ < q/p.
Let us assume now that q < p. Then the same function f verifies that f /∈ Lq, since limx→∞ log x/xδ =
0 for all δ > 0 and so (log2x+ 1)q/p ≤ C(δ)xδ in (1,∞). Hence, using again the monotone con-
vergence theorem we have that∫ ∞

1

dx

xq/p (log2x+ 1)q/p
≥ C

∫ ∞
1

dx

xq/p+δ
= C lim

N→∞

[ x1−δ−q/p

1− δ − q/p

]x=N
x=1

=
C

1− δ − q/p
lim
N→∞

(
N1−δ−q/p − 1

)
=∞

if we choose δ > 0 small enough so that q/p+ δ < 1.

Problem 2.5.4 Let (X,A, µ) be a measure space.

i) Prove that Hölder’s inequality holds for the exponents p = 1 and q = ∞: If f and g are
measurable functions on X, then ‖fg‖1 ≤ ‖f‖1‖g‖∞.

ii) If f ∈ L1(µ) and g ∈ L∞(µ), prove that ‖fg‖1 = ‖f‖1‖g‖∞ iff |g(x)| = ‖g‖∞ a.e. on the
set where f(x) 6= 0.

iii) Prove that if f ∈ Lp(µ) and g ∈ L∞(µ), then fg ∈ Lp(µ) and ‖fg‖p ≤ ‖f‖p‖g‖∞. When
equality holds in this inequality?

iv) Prove that ‖ · ‖∞ is a norm on L∞(µ).

v) Prove that if µ(X) < ∞ and f ∈ L∞(µ), then f ∈ ∩p≥1Lp(µ). Prove that the reverse
statement is false.

vi) Let f ∈ L∞(µ) and {fn} be a sequence in L∞(µ). Prove that ‖fn − f‖∞ → 0 if and only
if there exists E ∈ A such that µ(Ec) = 0 and fn → f uniformly on E.

vii) The simple functions are dense in L∞ if µ(X) < ∞: Each f ∈ L∞ can be approximated
by a sequence of simple functions {sn} ⊂ L∞(µ).

Hint: v) Consider the function f(x) = log x on X = (0, 1].

Solution: i) ‖fg‖1 =
∫
X |fg| dµ ≤

∫
X |f | ‖g‖∞ dµ = ‖g‖∞‖f‖1.

ii) ‖fg‖1 = ‖f‖1‖g‖∞ ⇐⇒
∫
X |f |(‖g‖∞ − |g|)dµ= 0 ⇐⇒ ‖g‖∞ = |g(x)| a.e. on the set where

f(x) 6= 0, as ‖g‖∞ − |g| ≥ 0 a.e.

iii) ‖fg‖pp =
∫
X |fg|

pdµ ≤
∫
X |f |

p‖g‖p∞dµ ≤ ‖g‖p∞‖f‖pp. Equality holds if and only if
∫
X |f |

p(‖g‖p∞−
|g|p)dµ = 0 ⇐⇒ |g| = ‖g‖∞ a.e. on the set where f(x) 6= 0, as ‖g‖p∞ − |g|p ≥ 0 a.e.

iv) a) ‖g‖∞ = 0 ⇐⇒ |g| = 0 a.e. ⇐⇒ g = 0 a.e. ⇐⇒ g = 0 ∈ L∞(µ). b) ‖λg‖∞ = |λ|‖g‖∞
because |λ g(x)| = |λ| |g(x)| ≤ |λ| ‖g‖∞ a.e. and µ({x : |λ| |g(x)| > |λ| ‖g‖∞}) = µ({x : |g(x)| >
‖g‖∞}). c) |f + g| ≤ |f |+ |g| =⇒ ‖f + g‖∞ ≤ ‖f‖∞ + ‖g‖∞.
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v) ‖f‖pp =
∫
X |f |

pdµ ≤ ‖f‖∞
∫
X dµ = ‖f‖∞µ(X) < ∞, ∀ 1 ≤ p < ∞. But, f(x) = log x /∈

L∞(0, 1] but f ∈ Lp(0, 1] for all 1 ≤ p < ∞:
∫ 1
0 | log x|pdx ≤ C

∫ δ
0

1
xεpdx +

∫ 1
δ | log x|pdx < ∞

choosing ε so that εp < 1.

vi) (⇐) As fn → f uniformly on E, given ε > 0, ∃ N = N(ε) such that |fn(x) − f(x)| < ε,
∀n > N , ∀x ∈ E and therefore, as µ(Ec) = 0, we have that ‖fn − f‖∞ ≤ ε, ∀n > N . Hence,
‖fn − f‖∞ → 0 as n→∞.
(⇒) If ‖fn − f‖∞ → 0 as n → ∞, then ∀ k ∈ N, ∃ N = N(k) such that ‖fn − f‖∞ < 1/k,
∀n > N(k). Hence, the set Eck,n := {x ∈ X : ‖fn − f‖∞ ≥ 1/k} has µ(Eck,n) = 0. Hence, the
set E := (∪k,nEck,n)c = ∩k,nEk,n verifies µ(Ec) = µ(∪k,nEck,n) = 0 and |fn(x) − f(x)| < 1/k,
∀n > N(k), ∀x ∈ E. Therefore, fn − f → 0 as n→∞ uniformly on E, and µ(Ec) = 0.

vii) If f ∈ L∞(µ), then we can choose a bounded representative of f , i.e. we can assume that
|f | ≤ ‖f‖∞, ∀x ∈ X. Also, it is enough to prove it for f ≥ 0. In this case, there exists a
sequence {sn} of simple functions such that 0 ≤ s1 ≤ s2 ≤ · · · ≤ sn · · · ↗ f , as n → ∞. But
then ‖sn − f‖∞ → 0 as n→∞.

Problem 2.5.5 Let 1 ≤ p <∞.

a) Show that if ϕ ∈ Lp(RN ) and ϕ is uniformly continuous, then lim|x|→∞ ϕ(x) = 0.

b) Show that this is false if one only assumes that ϕ is continuous.

Hint: a) Prove it by contradiction: if {xn}∞n=1 ⊂ RN is such that |xn| → ∞ and |ϕ(xn)| ≥
δ > 0 for every n, then the uniform continuity of ϕ implies the existence of R > 0 such that
|ϕ(x)| ≥ δ/2 in B(xn, R). Show that this yields

∫
RN |ϕ|pdx = ∞. b) Consider the function

ϕ(x) =
∑∞

n=1 fn(x− n), where

fn(x) =


nx+ 1 , if − 1/n ≤ x ≤ 0 ,

1− nx , if 0 ≤ x ≤ 1/n ,

0 , if x /∈ (−1/n, 1/n) .

Solution: a) Let us suppose that lim|x|→∞ ϕ(x) 6= 0. Then, given δ > 0, there exists a sequence

{xn}∞n=1 ⊂ RN such that |xn| → ∞ and |ϕ(xn)| ≥ δ for every n ∈ N. As ϕ is uniformly
continuous we have that there exists R = R(δ) such that for all n ∈ N, if |x − xn| < R then
|ϕ(x)− ϕ(xn)| < δ/2. But then, if |x− xn| < R,

∣∣|ϕ(x)| − |ϕ(xn)|
∣∣ ≤ |ϕ(x)− ϕ(xn)| ≤ δ

2
⇒ |ϕ(xn)| − |ϕ(x)| < δ

2

and so

|ϕ(x)| > |ϕ(xn)| − δ

2
≥ δ − δ

2
=
δ

2
, ∀x ∈ B(xn, R) , ∀n ∈ N .

Therefore, ∫
RN

|ϕ(x)|pdx ≥
∞∑
n=1

∫
B(xn,R)

|ϕ(x)|pdx ≥
∞∑
n=1

(δ
2

)p
m(B(xn, R)) =∞ ,

since all the balls B(xn, R) have the same Lebesgue measure. But this is a contradiction with
the assumption that ϕ ∈ Lp(RN ).
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b) Let us consider the function ϕ(x) given in the hint. Note that fn(0) = 1 and fn is continuous,
for all n ∈ N. Since the supports of the functions fn(x−n) are [n− 1

n , n+ 1
n ] for all n ∈ N, they are

disjoint. But then, for each k ∈ N, we have that ϕ(k) = fk(0) = 1 and so limk→∞ ϕ(k) = 1 6= 0.

Problem 2.5.6 Suppose that fn ∈ Lp(µ), for n = 1, 2, 3, . . . and ‖fn − f‖p → 0 and fn → g
a.e., as n→∞. What relation exists between f and g?

Solution: As ‖fn − f‖p → 0 as n → ∞ we now that there exists a subsequence {fnk
}∞k=1 such

that fnk
→ f as k → ∞ almost everywhere. Let A := {x ∈ X : limk→∞ fnk

(x) 6= f(x)} and
B := {x ∈ X : limn→∞ fn(x) 6= g(x)}. Then A ∪B has zero µ-measure and, if x /∈ A ∪B, then
limk→∞ fnk

= g(x). Hence, f(x) = g(x) for x ∈ A ∪B and so, f = g almost everywhere.

Problem 2.5.7 Suppose µ(X) = 1, and suppose f and g are positive measurable functions on
X such that fg ≥ 1. Prove that ∫

X
f dµ ·

∫
X
g dµ ≥ 1 .

Hint: Use Cauchy-Schwarz ineguality.

Solution: By Cauchy-Schwarz ineguality and, since
√
fg ≥ 1, we get that(∫

X
f dµ

)(∫
X
g dµ

)
≥
(∫

X

√
fg dµ

)2
≥
(∫

X
1 dµ

)2
= µ(X)2 = 1 .

Problem 2.5.8 Suppose µ(X) = 1 and h : X −→ [0,∞] is measurable. If A :=
∫
X h dµ, prove

that √
1 +A2 ≤

∫
X

√
1 + h2 dµ ≤ 1 +A .

If µ is Lebesgue measure on [0, 1] and h is continuous, h = f ′, the above inequalities have a
simple geometric interpretation. From this, conjecture (for general X) under what conditions
on h equality can hold in either of the above inequalities, and prove your conjecture.

Hint: The first inequality follows from Jensen’s inequality. The second one follows from the
inequality

√
1 + x2 ≤ 1 + x for x ≥ 0.

Solution: The function ϕ(x) :=
√

1 + x2 is convex because ϕ′′(x) = (1 + x2)−3/2 > 0. Hence, by
Jensen’s inequality:√

1 +A2 = ϕ(A) = ϕ
(∫

X
h dµ

)
≤
∫
X

(ϕ ◦ h) dµ =

∫
X

√
1 + h2 dµ .

On the other hand, for x ≥ 0: 1 + x2 ≤ (1 + x)2 =⇒
√

1 + x2 ≤ 1 + x. Therefore,∫
X

√
1 + h2 dµ ≤

∫
X

(1 + h) dµ = µ(X) +

∫
X
h dµ = 1 +A .

If X = [0, 1], µ is Lebesgue measure and h = f ′ is continuous, then A =
∫ 1
0 f
′(x) dx = f(1)−f(0).

Hence, the second inequality means that the length of the graph of f is ≤ than the length of
the longer path from (0, f(0)) to (1, f(1)) which is 1 + (f(1)− f(0)), the sum of the legs of the
right triangle with vertices (0, f(0)), (1, f(0)) and (1, f(1)). The first inequality means that the
shortest path is the straight line joining (0, f(0)) with (1, f(1)).
These facts suggest that the second inequality is an equality iff h = 0 a.e., that is to say, iff
f is constant a.e., and the first one is an equality iff h = A a.e.. Indeed, second inequality is
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equality ⇐⇒
√

1 + x2 = 1+x , for x ≥ 0 ⇐⇒ x = 0; first inequality is equality ⇐⇒ we have
equality in Jensen’s inequality ⇐⇒ ϕ(A) = (ϕ ◦ h)(x) a.e. ⇐⇒

√
1 +A2 =

√
1 + (h(x))2 a.e.

⇐⇒ h(x) = A a.e..

Problem 2.5.9 Let f be a complex function, f 6= 0. Let us define the function ϕ(p) = ‖f‖pp
for 0 < p <∞ and let E = {p : ϕ(p) <∞} = {p : f ∈ Lp(µ)}. Prove that

a) If r < p < s and r, s ∈ E, then p ∈ E.

b) logϕ is convex in E.

c) Part a) implies that E is connected. Is E necessarily open? and closed? Can E be
constituted by a single point? Can E be a any connected subset of (0,∞)?

d) If r < p < s, then ‖f‖p ≤ max{‖f‖r, ‖f‖s}.

Hints: a) tp ≤ max(tr, ts) ≤ tr + ts. b) If p = λr + (1 − λ)s with 0 < λ < 1, apply Hölder’s
inequality (with the conjugate exponents α = 1/λ and β = 1/(1 − λ)) to bound ϕ(p) in terms
of ϕ(r) and ϕ(s). d) Apply part b).

Solution: a) As tp ≤ max(tr, ts) ≤ tr + ts =⇒ |f |p ≤ |f |r + |f |s =⇒ ϕ(p) ≤ ϕ(r) + ϕ(s) <∞.
Hence, p ∈ E.
b) Let p = λr+(1−λ)s with 0 < λ < 1. As α = 1/λ and β = 1/(1−λ) are conjugate exponents,
by Hölder’s inequality we get∫

X
|f |pdµ =

∫
X
|f |λr|f |(1−λ)sdµ ≤

(∫
X

(|f |λr)1/λdµ
)λ(∫

X
(|f |(1−λ)s)1/(1−λ)dµ

)1−λ
=
(∫

X
|f |rdµ

)λ(∫
X
|f |sdµ

)1−λ
.

(2)

Hence, ϕ(p) ≤ ϕ(r)λϕ(s)1−λ and so logϕ(p) ≤ λϕ(r) + (1− λ) logϕ(s), i.e. logϕ is convex.

c) E can be open, closed, unbounded and, even a single point, as the following examples show:
• X = [0, 1], f1(x) = 1/x1/a =⇒ E = (0, a).
• X = [1,∞), f2(x) = 1/x1/b =⇒ E = (b,∞).
• X = [0, 1/2], f3(x) = 1/(x log2x)1/c =⇒ E = (0, c].
• X = [e,∞), f4(x) = 1/(x log2x)1/d =⇒ E = [d,∞).
• X = (0,∞), f5(x) = 1/(x(log2x+ 1))1/p =⇒ E = {p}.
d) If ‖f‖r ≤ ‖f‖s then, by (2), ‖f‖pp ≤ ‖f‖λrr ‖f‖

(1−λs
s ≤ ‖f‖λrs ‖f‖

(1−λs
s = ‖f‖λr+(1−λ)s

s = ‖f‖ps.

Problem 2.5.10∗ Let (X,A, µ) be a probability space, i.e. µ(X) = 1.

a) Prove that if ϕ is strictly convex: ϕ(λx+ (1− λ)y) < λϕ(x) + (1− λ)ϕ(y) for 0 < λ < 1,
then equality holds in Jensen’s inequality,

ϕ
(∫

X
f dµ

)
≤
∫
X

(ϕ ◦ f) dµ , for f ∈ L1(µ) ,

if and only if f is constant almost everywhere.

b) If 0 < p < q ≤ ∞ prove that ‖f‖p ≤ ‖f‖q .

c) Use part a) to prove that ‖f‖p = ‖f‖q if and only if f is constant almost everywhere.
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d) Assume that ‖f‖r <∞ for some r > 0, and prove that

lim
p→0
‖f‖p = exp

(∫
X

log |f | dµ
)

if exp (−∞) is defined to be 0.

Hints: a) If f 6= 0 a.e., then there exists c ∈ R such that A = {x : |f(x)| > c} has 0 < µ(A) < 1.
Take λ = µ(A), x = 1

λ

∫
A f dµ, y = 1

1−λ
∫
Ac f dµ and apply Jensen’s inequality. To bound ϕ(x)

and ϕ(y) apply again Jensen’s inequality. Finally, deduce that Jensen’s inequality for this f is
strict. b) Apply Jensen’s inequality to the convex function ϕ(x) = xt with t = q/p > 1. c)
ϕ(x) = xt is strictly convex. d) Apply Jensen’s inequality with ϕ(x) = − log x and use that
log x ≤ x− 1 for x ∈ (0,∞) and that (tp − 1)/t→ log t as p→ 0. Use a convergence theorem.

Problem 2.5.11∗∗ Suppose 1 < p <∞, f ∈ Lp((0,∞),B,m) and let us define

F (x) =
1

x

∫ x

0
f(t) dt (0 < x <∞).

a) Prove that the mapping f → F carries Lp into Lp and more concretely, prove Hardy’s
inequality:

‖F‖p ≤
p

p− 1
‖f‖p .

b) Prove that equality holds in Hardy’s inequality iff f = 0 almost everywhere.

c) Prove that the constant p/(p− 1) cannot be replaced by a smaller one.

d) If f > 0 and f ∈ L1, prove that F /∈ L1.

Hints: a) Assume first that f ≥ 0 and f ∈ Cc((0,∞)). Integration by parts gives∫ ∞
0

F p(x) dx = −p
∫ ∞
0

F p−1(x)xF ′(x) dx .

Note that xF ′ = f −F and apply Hölder’s inequality to
∫
F p−1f . Then derive the general case.

b) If equality holds for f ≥ 0 deduce that we must have equality in∫ ∞
0

F p(x) dx = q

∫ ∞
0

f(x)F p−1 dx ≤ q‖f‖p
(∫ ∞

0
F p(x) dx

)1/q
and therefore that ∃ α ≥ 0 such that αfp = F p, and from this that f is constant a.e. c) Take
f(x) = x−1/p on [1, A], f(x) = 0 elsewhere, for large A. d) If f ∈ L1 and f 6= 0 a.e., then ∃ x0
such that

∫ x0
0 f(t) dt > 0.

Problem 2.5.12 Let (X,A, µ) be a measure space, 1 ≤ p <∞ and let {fn}∞n=1 be a sequence
of functions in Lp(µ) such that fn → f almost everywhere, as n→∞.

a) If, for some M ≥ 0, ‖fn‖p ≤M for all n ∈ N, then f ∈ Lp(µ) and

‖f‖p ≤ lim inf
n→∞

‖fn‖p .

b) If, for some F ∈ Lp(µ), |fn(x)| ≤ |F (x)| for all n ∈ N and almost every x ∈ X, then
f ∈ Lp(µ) and ‖fn − f‖p → 0 as n→∞.
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c) Prove that b) is false for p =∞.

Hints: a) Use Fatou’s lemma. b) Use dominated convergence theorem. c) Consider the sequence
fn = χ

(0,1/n)
in (0, 1).

Solution: a) By Fatou’s lemma:∫
X
|f |pdµ =

∫
X

lim
n→∞

|fn|p dµ ≤ lim inf
n→∞

∫
X
|fn|p dµ ≤Mp <∞ .

Therefore, f ∈ Lp(µ) and ‖f‖p ≤ lim inf
n→∞

‖fn‖p .

b) By the dominated convergence theorem:∫
X
|f |pdµ =

∫
X

lim
n→∞

|fn|p dµ = lim
n→∞

∫
X
|fn|p dµ ≤

∫
X
|F |p dµ <∞ .

Therefore, f ∈ Lp(µ) and, as |fn(x)− f(x)| ≤ |fn(x)|+ |f(x)|, then

|fn(x)− f(x)|p ≤ 2p−1
(
|fn(x)|p + |f(x)|p

)
≤ 2p|F (x)|p ∈ L1(µ) ,

and again, by the dominated convergence theorem,

lim
n→∞

‖fn − f‖p = lim
n→∞

∫
X
|fn − f |p dµ =

∫
X

lim
n→∞

|fn − f |p dµ =

∫
X

0 dµ = 0 .

c) Let X = [0, 1], fn = χ
(0,1/n)

. Then fn(x) → 0 as n → ∞ almost everywhere, ‖fn‖∞ = 1,
‖fn − f‖∞ = ‖fn‖∞ = 1 and so ‖fn − f‖∞ does not converge to 0 as n→∞.
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Problem 2.5.13∗ Let 0 < p <∞ and f, fn ∈ Lp(X,A, µ).

a) If 1 ≤ p ≤ ∞ and ‖fn − f‖p → 0 as n→∞, prove that ‖fn‖p → ‖f‖p.
b) Let cp = max{1, 2p−1}. Prove that

|a− b|p ≤ cp (|a|p + |b|p)

for arbitrary complex numbers a and b.

c) If fn → f a.e. and ‖fn‖p → ‖f‖p as n→∞ prove that limn→∞ ‖fn − f‖p = 0.

d) Prove that the conclusion of c) is false if the hypothesis ‖fn‖p → ‖f‖p is removed, even if
µ(X) <∞.

e) Prove that the conclusion of c) is false if p =∞

Hint: a) Prove that
∣∣‖f‖p − ‖g‖p∣∣ ≤ ‖f − g‖p for f, g ∈ Lp(µ). b) Prove the cases 0 < p ≤ 1

and 1 < p < ∞ separately. For the first one, consider the function φ(x) = (x + y)p − xp − yp
for x ≥ 0 and fixed y ≥ 0 and prove that ϕ is decreasing. For the second case, consider the
function ψ(x) = 2p−1(xp + yp) − (x + y)p for x ≥ 0 and fixed y ≥ 0 and prove that ψ has an
absolute minimum when x = y. c) Consider the function hn = cp (|f |p + |fn|p) − |f − fn|p and
use Fatou’s lemma as in the proof of the dominated convergence theorem.


