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2 Integrals depending on a parameter

3.2. Fourier transform

Problem 3.2.1 Prove that if f € L'(R) and f > 0, then |f(w)| < f(0) for every w # 0.

Hint: The 1nequahty | fw)| < fo ( ) is easy. If a denotes the complex argument of f(w), then
|f(w)| = et =L [* fx ewr=)dz. Now, take real parts in the equality |f(w)| = f(0)
to conclude that a fortlorl W= O

Solution: First of all, as f > 0, we have that

fl < 5= [ lr@lieldn = o= [~ fwyde= fl0).

A~

On the other hand, let f(w) = |f(w)| " (a is the argument of the complex number f(w)). Then

fl = fwyeie = o [~ jlayeiter

/f gilwr—a) x:;T/_Zf(:c)dx

Taking now real parts, we obtain that

/Z f(x) cos(wx — o) dx = /O; f(x)dx

/_OO f(z)(1 — cos(wz —a))dx =0.

But f(z)(1 — cos(wx — ar)) > 0 for all z. Hence, we must have that

and so

l—cos(wr —a)=0 aexr = wr—oa=2rk aex, forsomekecZ = w=0.

Problem 3.2.2 Given a > 0, compute the Fourier transform of the following functions:

1) fla)=e 2) f(z) =22,

3) (@) =X 0w(@), 4) f(@) =zx_, (@),

5) f(@) = X0 (%) = X_a (%) 6) flz) = lzlx_ou (@),

7) f(@)=/do(x), 8) f(x) =",

9) f(l') = (a |(IZD X[,aya] ’ 10) f(x) = (z—0)2+a? + (x+x(§12+o¢2 )
1) f(e) = /Z eI 1) (@) = i~ e
13) f(2) = rran@es 14) f(z) =3,

15) f(x) = 0ug + 0ay , 16) f(x) = 0ap—0—aq ,

17) f(x) = e*”($*3)2, 18) f(x) = e~im(at1)?
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Solutions: 1) Applying directly the definition of the Fourier transform we obtain

1 [ ; 1 [ ; 1/ :
f-[e—a\ad] (w) _ / e—a\x|€zwxdx _ / e LWL 0 | T LIWT .
27 J_ o 2 Jo 21 J_
1 [ . 1 [0 .
- = e(zwfa)mdl,_f_ / e(szra)a:dx
2 Jq 27 J_o
B 1 ([e(iwa)w]m:oo N [e(iw+a)x]m:0 ) B 1 ( -1 N 1 )
27\l iw—a Ja=0 iw+ o la=—co/ 2T \iw—a  iw+a
(0%
- m(w?4a?)’

2) Using the previous problem, we have:

Fi [ﬁ} (z) =e ol = Fl [m} (w) = eall,

Taking this result into account and using the theorem on the inverse Fourier transform, we get

a5 el -7 e

3) Applying the definition of the Fourier transform we obtain

1 - WwT 1 @ iwr
f[X[foc,a] (aj)] (w) / X[fa,a] (II;) (& d{]}‘ = — e dx

}(—w) = e olwl = galvl,

27 J_ 2 J_,

1 [e”””} r=o e — e ginaw
mliw le=—a iy T '
2 1w 2miw w

4) As F [X[—a,a] (w)](w) = % by the previous problem and the property 7 of the Fourier
transform, we conclude that

. d . d /sinaw . sin aw — aw cos aw
f[xx[fa,a] (z)](w) =1 %(‘F[X[fa,a] (x)](w)) =t @( w ) = ) :
5) Applying the definition of the Fourier transform we obtain
1 [ ;
F X0, (%) = X (Lo ()] (w) = %/ (Xpora () = X[y (7)) "l
—o0
= S aeiwxd:ﬁ _ 1 ' e“rdx
2 0 2 —a
1 eiuw =0 1 eiwm =0 eiaw ~1-14+ e—iaw
7ﬂ[iw}x:0_%[iw}x:—ai 2miw
. 1—cosaw
N w '

6) As F[X[O,oc] (T) = X(_an ()] (w) = i =559 Ly the previous problem and

|$’X[,aya] (x) = x(X[oya] (‘T) - X[,a,o] (‘T)) ’
the property 7 of the Fourier transform we conclude that

'FUJ?‘X[_Q,Q] (l‘)] (w) = F[.%’ (X[o,a] (x) ~ Xi—a,0] (.7}))] (w)

= i (F @)~ Xy @]@)) =

aw sin aw + cosaw — 1
5 .

1 — cos ozw)
W

e
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7) Applying the definitions of the Fourier transform and the Dirac delta, we obtain that

1 > T _ 1 wT o 1
Flo(2)](w) = 27T/_Oo5(a:)e dx = 5 € o= o
8) %X[fa,a] (w). 9) 1=tompw 1) el cos zow. 11) e 12) je=! sin zqw.
13) m(ae—ﬂlw\ — ﬂe—alwl), 14) —i/2ifw < 0,0ifw=0,14/2if w> 0. 15) %cosxow.
16) % sin xow. 17) % i3w o—w?/(4m) 18) % o—ilwtm/4) yiw?/(am).

Problem 3.2.3 Calculate the Fourier transform of the Gaussian function f(z) = s

Hint: Note that the imaginary part of f (w) is zero. To compute the real part use the theorem
on derivation of parametric integrals (‘8% [6*12 cos(wz)]| < lzle™** € LY(R)). Integrating by
parts prove that - [f(w)] = —% f(w). Recall that [, e dr = /7.

Solution: We have that

—Z‘Z 1 e —CEQ wx 1 o —SCQ 1 > _x2
Fle™* |(w) et edr = — e coswrdr = — e coswrdr,
0

T o oo 27 J_ o T

. o0 2 . _ 2 . . .
since ffoo e~ sinwzx dr = 0 because e”* sinwx is an odd function. Now, as

0
‘E)—(e*x2 coswx)‘ = ‘e*xz (—z)sinwz| < ze e LY(0,00),
w
we can use the theorem on differentiation of parametric integrals obtaining
d 1 [ 0 22 -1 [ 2
—(flw)) = — — (™" coswz)dr = — xe ¥ sinwzdr.
dw(f( ) 71'/0 8w( wz) T Jo

T

Integrating by parts with v = sinwz, v = ze™ 2, and using the dominated convergence theorem,

we obtain that

i(f(w)) = lim S [e_xz sinwz] zzN Y e coswrdr = —% fw).

Problem 3.2.4 For a > 0, calculate the integral
00 Gin2
/ sin 204:10 .
o T
Hint: Use Plancherel’s theorem and part 8) of Exercise 3.2.2.
Solution: Applying Plancherel’s theorem and part 8) of Exercise 3.2.2 we obtain that

07

/OO (Sinxax>2dx B QW/OO (% Xi-asal (w)>2dw = g/ dw = am.

—0o0 —00 —Q

Problem 3.2.5 Find a particular solution of the equation u” —u = f(z) by taking Fourier
transforms in both sides of the equation.
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Solution: Taking Fourier transforms in both members of the equation u” — u = f(z) we obtain

that 1
w241 FlIw).

As we know by the part 1) of problem 3.2.2. that ]:[e_‘x'] (w) = 1/(7(w?+1)), we deduce using
the property 6 on the Fourier transform of a convolution, that

F[u] (w) = —ﬂf[e_‘xl] (w)}"[f] (w) = —7r.7-"[e_m * f] (W),
u(w) = ~n(e @) = 5 [ ) dy

—w?Flu|(w) = Flu](w) = F[fl(w) = Flu](w)=

Problem 3.2.6 Find a solution of the initial value problem for the heat equation on R x (0, c0)
by taking Fourier transforms in the z-variable in both members of the equations:

(,0) = f(z if x eR.
Solution: Let us denote by U(w,t) and F(w) the Fourier transforms in the variable x of the

functions u(z,t) and f(x), respectively. Applying the Fourier transform in the variable z to
both members of the equations, we obtain

{(% u(z,t) = kaa—;u(x,t), ifreR,t>0,
)

{atU(w ) = —kw?U(w, 1),
U(w,0) = F(w).

For each fixed w, we can see the equation %U (w,t) = —kw?U(w,t) as an ordinary differential

equation. The general solution of this equation is U(w,t) = Ae_k“’Qt, where A is a constant
(with respect to the variable ¢, and so A can depend on the variable w). Substituting the initial
condition U(w,0) = F(w) we obtain that A = F(w) and so U(w,t) = F(w) e ¥ If we define
the function K;(x) through the following formula, using the result of problem 3.2.3 it is easy to
obtain that:

T
Kt(.’E) = ﬁ 6712/(41{:2&), f[Kt] (CU) — efk'th'

Then, using the property on the Fourier transform of a convolution:
Flu](w) = F[K;) (w) F[f] (w) = [Kt . f]( ),
u(z,t) = (K¢ = f)(x)

2 /(4kt)
VKI%ZT' fly) dy.

Problem 3.2.7 Find a solution of the initial value problem for the diffusion equation with
convection:
(,) 68 u(z,t) +c 88u(x,t), fzeR,t>0,
( 0) = f(z), ifz €R.

Solution: We denote by U(w, t) and F(w) the Fourier transforms in the variable x of the functions
u(z,t) and f(x), respectively. Applying the Fourier transform in the variable z to both members
of the equations, we obtain

{gtU(w 1) = —kw?U(w,t) —icwU(w,t),
U(w,0) = F(w).
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For each fixed w, we have the differential equation %U(w,t) = —(kw? + icw)U(w,t), whose
general solution is U(w,t) = Ae (o +iew)t where A is a constant (with respect to the variable
t, and so A can depend on the variable w). Substituting the initial condition U(w,0) = F(w)
we obtain that A = F(w) and so U(w,t) = F(w)e **te=ic If we define the function K;(z)
through the following expression (as in the previous problem), using the result of problem 3.2.3

it is easy to obtain that:

Ki(a) = [ 1 e /0, FIK(w) = e k™.
Hence, using the property 3 of the Fourier transform, we obtain F [Kt(az—i—ct)] (w) = e hw?tg—ictw,

Finally, using the property on the Fourier transform of a convolution, we get

f[u] (w) = ]-'[Kt(:z; + ct)] (w) f[f] (w) = ]-'[Kt(x + ct) * f] (w),

1 > 2
u(z,t) = (Ki(x +ct) x f)(z) = / e~ (wtet—y)"/(4kt) dy .
(@.1) = (il et) s« ) = —— [ £w) dy
Problem 3.2.8 Find a solution of the initial value problem for the diffusion equation with
convection: )
%u(x,t): %u(m,t)—2a%u(a:,t), ifreR,t>0,
u(x,0) = e, ifzeR.

Solution: Using the previous problem we know that

e—(x—?t)Q/(4t) 00

VAt — 00

—(@=2=)?/(40) = gy, _ o (1402 —2(a—20)5]/(41) 4

1 00
(
\Y 47Tt /—oo ¢

u(x,t) = Y.

As

&/ T ara?  Arane
r—2t\2 (z—2t)?
~ (1 4t( - ) 7
A wwm 1+ 4t

We have with the change of variables v = y — (z — 2t)/(1 + 4t) and w = v\/1 + 4t/\/4t, and
using again the problem 3.2.3 that

(1+4t)y? — 2(z — 2t)y = (1 + 4¢) <y2 g2 (x—2t)% (z— zt)2)

—(z—2t)%/(4t) oo

2
u,t) = — = [ O (s=(e—20/(1+40) " (a1) o202 a0(1440) g,
_ TR [ a0 g,
VAnt —o0
_e’(z*2t)2/(1+4t) o2 V4t 1 —(z=2t)?/(1+4t)

S e dw = e
VAt o v1+4t v1+4t

Problem 3.2.9 Find a solution of the initial value problem for the diffusion equation with
absorption:

%u(x,t) = k%u(x,t)—cu(w,t), ifreR,t>0,
u(z,0) = f(x), itz eR.
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Solution: We denote by U(w,t) and F(w) the Fourier transforms in the variable z of the functions
u(z,t) and f(x), respectively. Applying the Fourier transform in the variable x to both members
of the equations, we obtain

{gtmw,t) = kU (o,t) = Ul ).
U(w,0) = F(w).

For each fixed w, we have the ordinary differential equation%U (w,t) = —(kw?+c)U(w,t), whose

general solution is U(w,t) = Ae~ (R0t where A is a constant (with respect to the variable
t, and so A can depend on thea variable w). Substituting the initial condition U(w,0) = F(w)
we obtain that A = F(w) and so U(w,t) = e “F(w)e ", If we define the function Ky(z)
through the following expression, as in the previous problems, using the result of problem 3.2.3
it is easy to obtain that:

Ki(z) = /% e—ac2/(4kt)’ ]:[Kt] (w) = okt
Then using the property on the Fourier transform of a convolution, we deduce that

f[u] (w) = e_Ct]:[Kt] (w) }'[f] (w) = e_Ct]:[Kt * f] (w),

e—ct 00 9
w(z,t) = e (K, f)(x) = / o—(@=)2/ (kD) £ g
(1) (Kex o) = == | fy) dy
Problem 3.2.10 Find the solution of the initial value problem for the wave equation on
R x (0, 00):

g—;u(:):,t) = 6238—;211(33,75), ifzeR,t>0,
u(x,0) = f(x), ifreR,
%U(LO) = g(x), if v e R.

Solution: Let us denote by U(w,t), F(w) and G(w) the Fourier transforms in the variable x of
the functions u(z,t), f(x) and g(z), respectively. Applying the Fourier transform in the variable
x to both members of the equations, we obtain that

g—;U(w,t) = —wU(w,t),

U(w,0) = F(w),

%U(w,O) = G(w).
For each fixed w, we have the ordinary differential equation g—;U (w,t) = —c*w?U(w, t), whose
general solution is U(w,t) = Acos(cwt) + B sin(cwt), where A and B are constants (with

respect to the variable ¢, and so A and B can depend on the variable w). Substituting the initial
conditions U(w,0) = F(w) and %U(w, 0) = G(w) we obtain that A = F(w) and B = G(w)/(cw);
Hence, U(w,t) = F(w) cos(cwt) + G (w) St

cw

If we define the function Ej(x) through the following expression, the part 3 of problem 3.2.2
gives:
T

@) = DX @), FIE@)]@) =

sin(cwt)

cw
From this last equality and property 9 of the Fourier transform we deduce

P20 w) = 2 (FIE) @) = o (L) = coseat)
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Then, using the linearity of the Fourier transform and the property on the Fourier transform of
a convolution, we get

]-"[u](w) —f[eyaEtt}(w)f[f](w)+.7-"[Et}(w).7:[g](w) —.F[a;?*f—i—Et*g}(w),
u(z,t) = (aa? * f) () + (Et * g)(x) = ;(Et * f)(m) + (Et *g)(m)
As
1 00 T 1 ct 1 x+-ct
(Et*g)(x)z%/_ g(xy)cx[ct,cﬂ(y)dyz%/_ tg(x*y)dyZ;c » g(s)ds,
x+ct
(B f)o)=g [ fe)ds, (B f)@) =5 (Fa+et) + fla =),

we obtain that

x+ct
u(a:,t):;(f(x—l—ct)—kf(x—ct))ﬂ—;c/ g(s) ds.

This expression is known as D’Alembert’s formula.

Problem 3.2.11 Prove that if f is of C?-class (continuous with two continuous derivatives)
on R and g is of C'-class (continuous with one continuous derivative) on R, then D’Alembert’s

formula
1

x+ct
u(x,t) = % (f($—|—ct)+f(x—ct)) +2C/_ 1; g(s) ds,

which has been obtained in the previous problem, is effectively a solution of the initial value
problem for the wave equation on R x (0, 00).

Solution: As f belongs to the class C? and g to the class C', we have that

g;t(a:,t) = % (f'(z+ct)+ fl(z — b)) + % (9(z +ct) — g(z —ct)) ,
giﬁj(:c, t) = % (f"(z+ct)+ f(z —ct)) + 2% (¢ (x+ct)—g(x—ct)),
g—?(x,t) - g (f'(x +ct) — f'(z — ct)) + % (9(x + ct) + gz — ct))
(Zs(wv t) = 622 (f"(z+ct) + f(z —ct)) + g (¢'(x+ct) = g'(z—ct)),
and so,
aa?;(x,t) = C2g:;(x,t)

Substituting ¢ = 0 in u(z,t) and %u(m, t) we get

u(w0) = 3 (1) + F@) + 5 [ o) ds = fio),
O 0,00 = £ (/') — /@) + 5 (90) + (2) = o).

Hence, D’Alembert’s formula provides a solution of the initial value problem for the wave equa-
tion on R x (0, 00).
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Problem 3.2.12 Find the solution of the initial value problem for the non-homogeneous wave
equation on R x R:

géu(x,t):%u(x,t)+6, ifreR,teR,
(m 0) = 2=, ifreR,
2u(z,0) = 4z, ifxeR.

Solution: It is easy to check that ug(z,t) = 3t is a particular solution of the non-homogeneous
equation thu(ar t) = (%_QU(x t) + 6, since thu(a: t) =6 and 62u(x t) =0.
It is also easy to see that the function v defined as v(z,t) = u(x t) — uo(w,t) = u(x,t) — 3t2 is

a solution of the initial value problem for the homogeneous wave equation:

%v(m t) = da2v(x t), ifzxeR,t>0,
(a: 0)—u(:v 0) — ugp(z,0) = 22, ifreR,

(1: 0) = 8t u(x,0) — atuo(x,()) =4z, ifzeR,

since o2 o2
U m
ﬁ(xat) = W(xﬂs) +6
0% 9%ug 0% &%
) 2y 0%v 0%v
= a2 v(z,t)+6 = e 5@t +6 = ﬁv(x,t)—@(x,t).

Hence, D’Alembert’s formula (see previous problems) gives

-+t
o(et) = = (F@+t)+ [z —1) + 2 / o(s) ds

2 Jo s

l\’)\r—‘ l\D\H

(x+1)?*+ (z — 1)) +;/zi_t4sds

N 22 + 12 + 4ot .

= [132 + tQ + [82] s=x—t
Then our solution v is

w(z,t) = v(z,t) + uo(z,t) = 22 + 4% + ot = (z + 2t)%.
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FOURIER TRANSFORMS TABLE

(TF1) Fle ' ](w) =

(TF2) F

|
(TF3) Fle“](w) =
|

(TF4) F

(TF5) f[X[_a,a] (:E)] (w) = ] if X[a,b] (w) = {

(TF6) F

sin ow — o Cos aw
:I:X[fa,a] (x)] (CU) =1 7TCL)2 )

1 —cosaw

(TF7) F|
(TFS) ‘F[X[oﬁa] (.73) - X[fa,o] (1.)] (w) =l
[

e

aw sin aw + cos aw — 1

(TF9) F

’x‘X[_a’a] (.’B)] (w) = 7.{.WQ

1 — cos aw

(TF10) J(w) = =

(o € R,a, 3> 0)

1, if € [a,b],
0, if x ¢ [a,b],

sin?(aw/2)

Tw?

(TFll) f[efia:ﬁ] (w) — e*iﬂ'/4 61’0.)2/(401)’

I T —in/4 iz?/(4c) _ —iaw?
_\/;e e }(w) e ,

F
(TF13) F|
f

(TF12)

L(x —z0)?+a® (z+z0)’+a
[ (6 o

[z —20)2+02 (z+x0)%+02

- 1 1
(TFL) Py aym ) @ = m(

—i/2,
(TF16) F —} (w) =<0,
i/2,

(TF14)

if w<0,
if w=0,
if w>0,

(TF17)
(TF18)

(TF19)

2mw?

2}((,41) = e Wl cos zow,
}(w) = je Ml gin pow,

aePl _ gemell),

(it’s understood as the principal value),



