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1 Measure Theory

1.1. Measurable spaces

1.1.1 Measurability: Topological spaces versus Measurable spaces

Definition 1.1 A collection T of subsets of a set X is said to be a topology on X and also (X, T ) is said
to be a topological space, if

(a) ∅ ∈ T , X ∈ T .

(b) If V1, V2, . . . , Vn ∈ T then V1 ∩ V2 ∩ · · · ∩ Vn ∈ T .

(c) If {Vα}α∈A is an arbitrary collection of members of T , then ∪α∈AVα ∈ T .

The members of T are called open sets.

Example 1.2 (1) X = R̄ = [−∞,∞]; the open sets are (a, b), [−∞, a), (b,∞] and any union of sets of
these types.

(2) Given a metric space, i.e. a set X with a distance function d : X ×X −→ [0,∞) verifying:

• d(x, y) = 0⇔ x = y.

• d(x, y) = d(y, x) for all x, y ∈ X.

• d(x, y) ≤ d(x, z) + d(z, y) for all x, y, z ∈ X.

Given x ∈ X, r > 0, the open ball with center x and radius r is: B(x, r) = {x ∈ X : d(x, y) < r}.
The collection of all sets that are arbitrary unions of open balls is a topology on X.

(3) For example X = R = (−∞,∞) is a metric space with the distance d(x, y) = |x− y|. The open balls
are the intervals (a, b) and so the open sets are the arbitrary unions of intervals (a, b).

Definition 1.3 (Global continuity) Let (X, T ), (Y, T ′) be topological spaces and let f : X −→ Y be a
mapping. We say that f is continuous if f−1(V ) ∈ T for all V ∈ T ′.

A neighborhood of a point in a topological space is an open set containing it.

Definition 1.4 (Local continuity) f is continuous at x0 ∈ X if for all neighborhood V of f(x0) in Y ,
there exist a neighborhood W of x0 in X with f(W ) ⊆ V .

For metric spaces this definition of (local) continuity is equivalent to the usual ε− δ definition.

Proposition 1.5 Let (X, T ), (Y, T ′) be topological spaces. Then, a mapping f : X −→ Y is continuous
if and only if f is continuous at every x ∈ X.

Definition 1.6 A collection A of subsets of a set X is said to be a σ-algebra on X, if

(a) ∅ ∈ A.

(b) If A ∈ A, then Ac = X \A ∈ A.

(c) If {Aj}j∈N is a countable collection of members of A, then ∪∞j=1Aj ∈ A.

The pair (X,A) is called a measurable space and the members of A are called measurable sets.
If property (c) is verified only for finite unions, then A is called an algebra.

Example 1.7 Consider any set X.
(1) The power set P(X) of X (the set of all subsets of X) is a σ-algebra on X.
(2) {∅, X} is a σ-algebra on X.
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Definition 1.8 Let (Y, T ) be a topological space, (X,A) be a measurable space and let f : X −→ Y be
a mapping. We say that f is measurable if f−1(V ) ∈ A for all V ∈ T .

Proposition 1.9 Let (X,A) be a measurable space. Then

i) X ∈ A.

ii) A1, . . . , An ∈ A =⇒ ∪nj=1Aj ∈ A.

iii) {Aj}j∈N ⊂ A =⇒ ∩∞j=1Aj ∈ A.

iv) A,B ∈ A =⇒ A \B ∈ A.

Proposition 1.10 Let S ⊂ P(X). Then

σ(S) = AS =
⋂
{A : A is σ-algebra,S ⊆ A ⊆ P(X)}

is a σ-algebra. It is called the σ-algebra generated by S.

Special Case: If (X, T ) is a topological space, the σ-algebra generated by T , i.e. by the open sets, is
called the Borel σ-algebra B(X) and its members are called the Borel sets. Examples of Borel sets are
open sets, closed sets and unions and intersections of a countable number of open or closed sets.

Proposition 1.11 Let (Y, TY ), (Z, TZ) be topological spaces and let g : Y −→ Z be a continuous mapping.

i) If (X, TX) is a topological space and f : X −→ Y is continuous, then h = g ◦ f is continuous.

ii) If (X,A) is a measurable space and f : X −→ Y is measurable, then h = g ◦ f is measurable.

Proposition 1.12 Let u, v : X −→ R be real measurable functions on a measurable space (X,A). Let
Φ : Imag(u, v) ⊆ R2 −→ Y be a continuous mapping into (Y, T ) topological space. Then h = Φ(u, v) :
X −→ Y is measurable.

Corollary 1.13 • Let u, v : X −→ R be measurable functions, ϕ : R −→ R be a continuous function.
Then: u+ v, uv, |u|α (α > 0), ϕ ◦ u, 1/u (if u(x) 6= 0 for all x ∈ X) are measurable functions.

• If f = u+ iv and u, v : X −→ R are measurable, then f : X −→ C is measurable.

• If f = u+ iv is measurable with u, v : X −→ R, then u, v, |f | are real measurable functions.

• The first part also holds if we replace R by C.

1.1.2. Upper and lower limits

Definition 1.14 Let {an} be a sequence in R̄ = [−∞,∞] = R ∪ {−∞} ∪ {∞}. Then the sequence
bk := sup{ak, ak+1, . . .} is monotonically decreasing: b1 ≥ b2 ≥ · · · . Therefore:

∃ β := lim
n→∞

bn = inf
n∈N

bn .

We call β the upper limit of the sequence {an} and write

β = lim sup
n→∞

an = lim
k→∞

sup{aj : j ≥ k} .

The lower limit is defined similarly (only interchange the symbols sup, inf in the above definition).

• The upper limit is the largest number which is limit of a subsequence {anj
} of {an} and the lower limit

is the smallest number with this property. Both numbers always exist.
• It is easy to see that if {an} converges then

lim sup
n→∞

an = lim
n→∞

an = lim inf
n→∞

an .
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Definition 1.15 Let {fn} be a sequence of functions fn : X −→ R̄. Then, supn fn, infn fn, lim supn→∞ fn,
lim infn→∞ fn are the functions:

(sup
n
fn)(x) = sup

n
fn(x) , (lim sup

n→∞
fn)(x) = lim sup

n→∞
fn(x) , ∀x ∈ X ,

(inf
n
fn)(x) = inf

n
fn(x) , (lim inf

n→∞
fn)(x) = lim inf

n→∞
fn(x) , ∀x ∈ X .

If there exists limn→∞ fn(x) we define the function f = limn→∞ fn on the set of points where the
convergence holds and we say that f is the pointwise limit of fn on that set.

Theorem 1.16 If fn : X −→ R̄ are measurable functions for n = 1, 2, 3, . . . , then

sup
n
fn, inf

n
fn, lim sup

n→∞
fn, lim inf

n→∞
fn

are measurable functions. As a corollary, the limit limn→∞ fn, if there exists, is a measurable function.

Corollary 1.17 If f, g : X −→ R̄ are measurable functions, then max{f, g} and min{f, g} are also
measurable functions. In particular

f+ = max{f, 0} , f− = −min{f, 0}

are positive measurable functions. Let us observe that f = f+ − f−, |f | = f+ + f−.
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