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2 Integration theory

2.3. Integration on product spaces

Along this section (X, A, ) and (Y, B, v) will denote o-finite measure spaces. Let us consider the product
measure space (X XY, AQ B, u®v).

Notations.
If FEC X xY and z € X, we define the section FE, of E as

E,={yeY: (z,y) e E} CY,
and if y € Y, the section EY of E as
EV:={zeX: (z,y) e E} CX.

If f: XxY — R, given 2 € X, the section f, of f is the function f, : Y — R given by fo(y) = f(z,y),
and given y € Y, the section f¥ of f is the function f¥: X — R given by f¥(z) = f(x,y).

Proposition 2.1 (1) If E€ A® B then E, € B for allz € X and EY € A for ally €Y.

(2) If f : X XY — R is A®B-measurable then f, is B-measurable for allz € X and f¥ is A-measurable
forallyeY.

Proposition 2.2 (Cavalieri’s principle: Volume calculus by sections) Let E € A® B. Then
(1) The function g(x) = v(E,) is A-measurable and

[ gdn= [ v(EDdu=(ue ().
X X
(2) The function h(y) = p(EY) is B-measurable and
/ hdv = / p(EY)dv = (p@v)(E).
Y %

Theorem 2.3 (Tonelli-Fubini theorem) Let f : X x Y — [0,00] be a positive A @ B-measurable
function. Then

(1) The function F(x) = [, fo dv is A-measurable and

/Xqu:/Xxyfd(uQ@V).

(2) The function G(y) = [y fYdp is B-measurable and

/deV:/)(nydw@V)'

[, ftmen = [ e [ sepaw = [aw [ e,

Theorem 2.4 (Fubini’s theorem) Let f : X x Y — R be an A ® B-measurable function. Then the
integrals

Therefore,

(/) = /X 1) duta) vty

and

L(f) = /X dpu(z) /Y fa o), () = /Y du(y) /X () dpu(z)

exist and are equal (they can be finite or infinite). Besides, if they are finite, (i.e. if f € LY (u®v)) then

| sewdua i) = [ aue) [ @it = [ avt) [ ) dnt).



2.3.1. Integration on R" using polar coordinates

Given z € R™\ {0}, let us consider its polar coordinates (r,z’) where r = ||z|| € (0,00), 2’ = z/||z| €
Sp—1={x € R": |z|| = 1}. The mapping

p:R"\ {0} — (0,00) X Sp_1 given by p(z) = (r,2)
is a bijection. We have that:

a) If p is the image measure under ¢ of the Lebesgue measure on R™ \ {0}, then

w(ExU)= J(U)/ " Ldr for all Borel sets E C (0,00), U C Sp—1.
E

b) If f:R™\ {0} — [0, 00] is a positive measurable function, then
f(z)dx :/ r"fldr/ fra')do(z")
R™ 0 Sn-1

where o is the (n — 1)-dimensional Lebesgue measure on S, _.



