[INTEGRATION AND MEASURE| | TEST 2 - SOLUTIONS|

Problem 1 (2,5 points) Let (X, A, 1) be a measure space and let f,, : X — R be a sequence

of measurable functions such that
S [ ihddn <o,
n=1 X

Prove that:

a) The series ) f, converges almost everywhere in X to a function f: X — R:

Z fulz) = f(2), for almost every z € X .

b) f € L'(n).

c) /deM:i/andﬂ-

Hints: a) Consider the function F(z) := Y > |f.(2z)] and show that it belongs to L'(X). ¢)
Gn = f1+ -+ f, verifies lim,, o g, (z) = f(x) a.e. and |g,| < F.

a) Let F(x) =Y 0" |fu(z)] €0, oo]. Then, as a consequence of monotone convergence theorem

J Fau= | Jim Z!fn ) du( =N1gn;ofxi\fn<x>\du<x>

— Jim /|fn ) du(s /|fn|du<oo

by hypothesis. Therefore:

FeL'Y(y) = F(x) <o ae. :>Z|fn )| < o0 ae. :>an converges a.e.
b) As |f(z)| = ‘an ’ Z |fu(2)| = ) € L'(u) we conclude that also f € L'(u).
) Let sy(z an . Then:

sy (z \<nyn )| < F(z) e LYu)  and  sy(z) — f(z) as N — oo,

and so, by the domlnated convergence theorem:

N (%)
/X fdu = /X Jimy o)) = i [ ov@)auta) = i 3 /X =3 /X ful dir.

X




Problem 2 (2,5 points)

a) Prove that the sequence of functions {f,} defined as follows

1+ na?
o) = iy
is decreasing on n for every = > 0.
b) Calculate
e’} 1 2
L=lim | —" 4.

n—oo Jo (14 22)"

and say what theorem you used.

a) We have that
fu(@) > fopi(@) & (1+na®)(1+2°) > 14+ (n+ 12 < na* >0

and this is obviously true.

b) First, observe that

fe’e) o) 1+2£I§'2 1 ) 001+2$2
= —_ <
/0 fo(x) dx /0 (S dx_/o (1+2x)dx+/1 o dx

1 o) 0o
1 1
:/(1+2x2)dx+/ —4dx+2/ — dr < o0.
0 1 X 1 T

Hence, using the monotone convergence theorem for decreasing sequences:

L= lim fa() d:z;:/ lim f,(z) dx:/ 0dr =0,
0 0

n—oo 0 n—oo
since, for x # 0,

1 2 Lz 0+0
0 < lim fu(z) < lim =m0

Problem 3 (2,5 points) Consider p > —1.

P —1

log

1
a) Explain why we can derive the parametric integral H(p) = / dzx .
0

b) Obtain explicitly H(p) deriving with respect to the parameter and integrating later
with respect to it.



a) As p > —1 we have that

‘a% ﬁig_ﬂ ‘ — 2 ¢ L}(0,1)

and so, by the theorem on derivation of parametric integrals, we conclude that H(p) is derivable
in (—1, 00).
b) Also, this same theorem gives that

Yoo -1 ! Pt qe=1 1
H, e —_ —= D e = —_—
9 /0 0p[ logm]dx /0 o du [p—i— 1];;;:0 p+1’

1
Hp) = | —— dp=1 1 .
() /p+1 p=log(p+1)+c

As H(0) = folodx = 0 we obtain that 0 = H(0) = logl + ¢ = 0+ ¢ = ¢ and therefore
H(p) =log(p+1).

and therefore

Problem 4 (2,5 points) Solve, for w # wy, the initial value problem

P+ wir="Fksnwt, ift>0,
x(0) =2'(0) =0.

Hints: You can use the following properties and formulas for the Laplace transform:

L[f"](s) = s*L[f](s) = s£(0) = f'(0),
Llsin at](s) = —— (s>0).

52 + a?

Applying the Laplace transform to the equation we obtain:

L[z"](s) + wi L[7](s) = k L[sinwt](s) = s*L[z](s) — s2(0) — 2/(0) + wi L[z](s) = %
and therefore k
w
L = .
S A P )

Decomposing this fraction into simple fractions we obtain:

Lizl(s) = kw _As+B CUs+D

(24 w?)(s2twd)  s2Hw? 8?4 Wl
with "
A=C=0 and B=-D=—-_.
Therefore:
Llz] = B D = z(t) = B sin wt + D sinwopt = K wosinwt = wsinwol

= +
24+ w? 24w w wo Wo Wi — w?



