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[INTEGRATION AND MEASURE| | TEST 3 - SOLUTIONS|

Problem 1 (2,5 points)

a) What type of measure is a Borel-Stieltjes measure? What is a distribution function?

b) Let us consider the function

0 if z<1
Flz)=¢ z if 1<xz<3
4 if >3

Let pr be the Borel-Stieltjes measure with distribution function F'. Calculate:

,UF<{1})7 NF({Q})v ,UF((L3])> NF((LB))? NF<[1>3]>7'

c¢) Give an example of a distribution function F' such that

pr((a,b)) < F(b) — F(a) < prp([a,b]), for some a and b.

Solution: a) p is a Borel-Stieltjes measure is p is a Radon measure (the compact sets have finite
measure) in R such that

p(la,b)) = g(b7) —gla™),  Va,beR,

where g : R — R is an increasing function. This function is known as the distribution function
of p and we write p = .

b) We have:

pr({1}))=FO1") —F17)=limx— lim 0=1-0=1,
z—1+t z—1—
pr({2}) = F@2") - F(27 )= lim z — lim x =0—-0=0,
x—27F x—2~
pr((L,3))=F@BT) —F(1") = lim 4— lim 2 =4—1=3,
z—3+1 z—1t
pr((1,3)=F@3)—F(1") = lim z— lim 2=3-1=2,
=3~ z—1t
pr([1,3)=F@BT) —F(17)=lim4— lim 0=4—-0=4,
T—3~ r—1-

¢) It holds for the function F' above and a =1, b = 3:
2= ur((1,3)) < F(3) = F(1) = 3 < 4 = up([1,3)).

Problem 2 (2,5 points)

a) Prove that the sequence of functions

falt) = (H%)", >0,

verify that f3(t) < f,.(t) for n > 3.



b) Calculate
1

) n + n’x
lim ——dzx
n—oo fo (14 z)"

State correctly the results and theorems you need to arrive at the solution.

Hint for b): To start, do the change of variable t = nz.

Solution: a) We have that
t\3 t\" t t
<1+—> §(1+—> & 3log<1+—>§nlog<1+—>
3 n 3 n
and if we define F'(t) = nlog (1 + %) — 3 log <1 + %) we have

t/3—t/n

O = ama T am

> (0 = F is increasing.

Hence F(t) > F(0) = 0.
b) Doing the change of variable t = nx we obtain that:

! 2 nol4t "ot
/mdx:/ ;tdtg/ B
o (I4z)" o (I4)" o (1+3)

using the part a) we obtain for n > 3

1+1¢ 1+t )
(1 + %)n X[O»n] (t) < (1 + %)3 X[o,oo) (t) S [0,00)
since
14t ! 14t ! < dt < dt
——dt < 1+¢)dt dt = 1+¢t)dt + 27 — + 27 — < 0.
/o(1+§)3 _/0(+)+/1 o /o(+)+/1t3+/1t2 o0
Hence, since
t\"
hm(1+—) ¢t >0,
n—00 n

using the dominated convergence theorem we obtain

1 2 o) 0o
1+t
lim wdw:/ hm%dt:/ (1+t)etdt.
n—oo Jo (1+m)" o noo (L+ )" 0

Now, the sequence of positive functions Gy (t) = (1 +t)e™ x,, ,,(t) is clearly increasing, and
so, by the monotone convergence theorem:

1 2 1 N
lim [ 2, / lim Gy(t)dt = lim [ (1+¢t)etdt.
n—oo Jo (14 x)" o N—oo N—oo



But (14 t)e™" is continuous in [0, N] for all N and therefore is Riemann-integrable in [0, N].
Hence we can use Barrow’s rule. By using integration by parts we can compute easily a

primitive: u =1+t = du=dt,dv=e¢"! = v=—c!,

/(1+t) etdt=—(1+t)e" +/e_tdt:—(1—l—t)e_t—e_t:—(2+t)e_t

Finally
! 2 2+ N 1
im [ 2 g i 24 e =Y =2 lim S — 2~ fim — —2-0=2,
n—oo [ (1 + ,],’)n N—oo N—oco e N—oo eV

where we have used L’Hopital rule.

Problem 3 (2,5 points)

a) State Fubini’s theorem for general functions.
b) Prove that the function f(z,y) = e™¥sin 2zy is integrable in A = [0, 1] x [0, c0).
c¢) Prove that

b eV < 2
/0 e Ysin2xy dr = 7 sin“y, /o e Ysin2xy dy = Tr 12

d) Using Fubini’s theorem, prove that:

e i 2 1
/ ey ydy:—logf).
0 Y 4

Solution: b) First

cos(2zy)1*=t 1 —cos2y e7¥
—2y :|_:€ —:—Slny

1
/ e Ysin2xydr =e Y [ —
0 0 2y

Secondly, using Fubini’s theorem for positive functions we have that

// xy|dxdy<// xdxdy—/dy/ “Pdr < c0.

c¢) Integrating by parts with u = sin(2zy) = du = 2xcos(2zy)dy, dv = e ¥dy — v =
—e Y, we have

/ e Ysin2xydy = A}im ([—e’y sin(ny)]Zzév+/ 2ze™Y cos(2zy) dy) = 2:1:/ e Y cos(2zy) dy .
0 oo 0 0



Using parts again: u = cos(2zy) — du = —2zxsin(2zy)dy, dv = e Vdy — v = —e ¥, we

have

oo o0 oo
/ e Ysin2xydy = 2:10/ e Y cos(2ry) dy = 2z lim ([—e_y cos(2:vy)]zzév - / 2xe Y sin(2zy) dy>
0 0 0

N—o0
= 2 — 4a° / e Ysin 2xy dy
0

and so
2z

14 422"

/ e Ysin2zy dy =
0

¢) Using now part b) and Fubini’s theorem, we have:

o] o] a2 1 o]
/ sm J dy = / / e Ysin2xydr dy = / ey Y dy = / / e Ysin2xy dy dx
0 Y o Jo

1
:/0 1+4x2dx—[ log(1+4x)} :Ozzlogf).

Problem 4 (2,5 points)

a) Calculate the Laplace transform of the function f(¢)
erties you are using.

= t?sin(at). Indicate what prop-

b) Solve the following initial value problems, obtaining first the Laplace transform Y (z)

of the solution y(t) and then, anti-transforming Y (z):

y// . y/ o 2y — (t3 —i—tQ) th7
y(0) =2, ¢y'(0)=4.

fort >0,

Solution: a) Using the property (7) and the last Laplace transform in the table, and writing

f(t) = tsin(at), we have that

i sin(an)(s) = LRFO)(5) =~ LU ON) =~ [ o] = T2
b) Transforming the equation using the Laplace transform, we have:
SE0) =/ (0) = 5Dl + 9(0) ~ 2] = g + g
(0] = 9(0)) = /(0) = 5Ll +0) = 2£ls] = s + 5
(s — s — 2Ly — 25— 2 = (8_62)4 + (3—22)3
(s+1)(s—2)L[y] = G _62)4 + E _22)3 +2(s+1)



Hence

2 1 6 2\ 2 64 2(s — 2)
‘C[y]—S_2+s+1<(s—2)5+(s—2)4> s—2  (s+1)(s—2)°
2 25 + 2 2 2

—s—2+(s—|—1)(s—2)5—s—2+(s—2)5

Finally, using the table of transforms we arrive at y(t) = 2e* + 25te? = 2¢? + Ltte?.




