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(9. Primitives

Differentiating is an operation that transforms an appropriate function f into another function f”,
which we refer to as its derivative. It makes sense to wonder about the inverse operation, i.e., given
the function f” to determine f.

Definition 9.0.1 — Primitive. A function F is called a primitive of f if F/ = f. We denote this
operation

[ rwax=r. ©.1
(Function f is called integrand.)

The first question we can ask is whether the primitive, if it exists, is unique. According to
Corollary 7.3.4 the answer is no —but almost so. The reason is that if F and G are such that
F'=G' = f (ie., F and G are two primitives of f), then F(x) = G(x) + ¢ for some constant c.
Thus, primitives are unique up to an additive constant.

Some properties of primitives are inherited from those of derivatives. For instance, primitives
are linear; i.e., given functions f and g and constants a,b € R,

/[af(x)—I-bg(x)]dx:a/f(x)dx+b/g(x)dx. 9.2)

We can obtain a few elementary primitives by reversing the derivatives Table 7.1. The list is
shown in Table 9.1.

Some primitives have the pattern

[ £/(60)g/ @) dx = £ () +e. 93)

We call this primitives immediate.
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fx) F(x) fx)  F(x) f(x) F(x)
xOHrl 1
x% (a#—-1) 1 sinx —Cosx 52 arctanx
1
—1 . .
X log |x cosx  sinx arcsinx
g x| T
1
e e sinhx coshx — tanx
cos%x
a* . 1
a’ coshx sinhx — tanhx
loga cosh” x

Table 9.1: Primitives F(x) of some elementary functions f(x) (up to the additive constant) as
obtained by reversing Table 7.1. Here @ € R, a > 0.

Here are some important special cases:

a+1

¢ (x) B , a g g(x)
/g(x)dx_logg(xnﬂ, [ @lgtoax=E 2

g g'(x) .
/ s dx = arctang(x) +c, / dx = arcsing(x) +c. (9.5)

V1—g(x)?

m Example 9.1 The primitive

sinx
/tanxdx:/—dx
COSX

has nearly the form

')
[

because (cosx)’ = —sinx. Then
/ sinx dye _/ —sinx dye _/ (cosx)’ Ix.
cosx cosx cosx
Therefore
/tanxdx = —log|cosx| +c. (9.6)

By a similar argument

/cotxdx = log|sinx| +c. (9.7)

m Example 9.2 Here is a more involved example:

d
/secxdx - [

cosx’
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In order to find this primitive, let us first compute

sinx p 2
= secxtanx, (tanx)’ = sec” x.

!/
secx) =
(secx) cosZx

Adding up these two equations we get
(secx+tanx)’ = secxtanx 4 sec’ x = secx(tanx + secx).

Therefore

(secx+ tanx)’
secx +tanx

= S€CX

and from this we conclude

1+sin
/secxdx = log|secx+tanx| + ¢ = log sy +c. 9.8)
CcoSX
Similarly we obtain
sinx
cscxdx = —log|csc cot =log|—— 99
/ xdx g|cscx + cotx|+¢ g T oosx (9.9)
Notice that
<1 —|—sinx>2 _ (I+sinx)®>  l+sinx cos? £ +sin?3 +2sin3 cos §
cosXx 1 —sin%x I —sinx  cos?3 + sin® 5 —2sinjcos 3
_ Cos%—i—sin% 2: l—Haniz‘ Z:tanz (f+£)
cos5 —sinj 1 —tan3 2 4/
sinx 2 B 1 —cos?x _ l—cosx 25in2§ B anzx
l+cosx) — (L+cosx)> 1-+cosx 2cos?} 2’

therefore, we have the alternative expressions

log‘ I +sinx| llog <1+sinx> g <1+tan’2‘> :log‘tan <§+E)
cosx 2 1 —sinx 1 —tan3 2 471
log’Sinx = llog <1 — cosx) =log ‘tan{‘

14 cosx 2 1+4cosx 2

9.1 Integration by parts

Theorem 9.1.1 If f and g are two differentiable functions, then

[ 108 @) dx= @) - [ £ godx. 910

Proof. Since f(x)g(x) is the primitive of [f(x)g(x)]’, we have

1)) = [ [F@e] dr= [ [F @00+ 0] dx= [ £ d+ [ £x)g ().

From here equation (9.10) follows straight away. |
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This is one of the most useful integration techniques, as a few examples will reveal.

m Example 9.3 A classic example is the integral

/ xe*dx.

Since €' = (¢*)’ it is easy to recognise the left-hand side of (9.10). Therefore

/xe"dx:xex—/l-exdx:xex—ex—i—c: (x—1)e" +c.

This example can be generalised whenever we have a function g’(x) easy to integrate several
times (e.g., an exponential, a power, a trigonometric function. ..) multiplied by a polynomial. The
polynomial plays the role of function f(x), and we have to apply integration by parts as many times
as the degree of the polynomial. (The example above is one of those cases, in which the polynomial
has degree 1.)

Exercise 9.1 Calculate

/(x2+ 1)sin(2x— 1)dx.

= Example 9.4 Often we cannot see g'(x) explicitly because g’(x) = 1. For example, in the integral
/ logxdx.

If ¢’(x) = 1 then g(x) = x, therefore

1
/logxdx:xlogx—/x.fdx:xlogx—/dx:xlogx—xqtc.
X

Thus, we can add the primitive of yet another elementary function to our list:

/logxdx:xlogx—erc. 9.11)

We can generalise this example to obtain the primitive of an inverse f~! if we know that F(x)
is a primitive of f(x):

Butx = f(f~'(x)), therefore

[xtr Dy @dx= [ £ @) (1) @dx=F (17 )

because the last integral matches the pattern of an immediate integral. Thus, we can con-
clude:
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Theorem 9.1.2 If function f has an inverse f~! and F'(x) = f(x), then

/f*l(x)dx:xffl(x) ~F(F (). ©.12)

m Example 9.5 We know that
/tanxdx = —log|cosx| = F(x)
is a primitive of f(x) = tanx. Therefore
/arctanxdx = xarctanx + log | cos(arctanx)| + c.

We can simplify this expression if we rewrite the cosine in terms of the tangent. Since

1
cos’x = — = cosx = (1 +tan’x)~1/2,
1 4-tan-x
then
1
log| cos(arctanx)| = log |(14x?)~"/?| = —Elog(l +x?).
Thus

1
/arctanxdx = xarctanx — o log(1+4x%) +c. (9.13)

Exercise 9.2 Prove that
/arcsinxdx = xarcsinx+ V1 —x%+c. (9.14)

m Example 9.6 Another typical use of the integration by parts is to recover the same integral after
applying the formula. Such is the case of

1
/de_
X

since 1/x = (logx)’,

1 d
/gdx: (logx)? — /logx—x.
x

X

From this we conclude that

1
2/de= (logx)>
X

thus

1 1
/g dx = E(logx)2 +c.

X
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m Example 9.7 The integrals

/e)C sinxdx, /ex cosxdx,

are another example of the same technique, where we have to integrate by parts more than once. In
the first integration we identify g’(x) = sinx and get

/ex sinxdx = ¢*(—cosx) — /(— cosx)e* dx = —e*cosx+ /cosxe)c dx.
In the second integration we identify g’'(x) = cosx, so

/cosxex dx = e"sinx — /sinxex dx.
Therefore, if we denote

S= /ex sinxdx, C= /excosxdx,
what we have obtained are the equations

S=—¢e"cosx+C, C=¢"sinx—S.

Solving this system we obtain

e’ e
S= E(Sinx— cosx) +c, C= E(sinx%—cosx) +ec.

m Example 9.8 Another technique associated to the integration by parts is the construction of
recurrence formulas. This is illustrated by the example

dx
In(x) = /(l—i—xz)”’

whose case n = 1 is straightforward: /; (x) = arctanx. In order to find the recurrence we proceed as
follows:

dx 1 4 x? x2 1 2x
In+1(x):/ (1+x2)nHT :/ (14x2)nt1 dx—/(1+x2)n+1 dx:ln(x)_z/x(1+x2)n+1 dx

We now integrate by parts

/ 2x 4 x 1 N 1 / dx I,(x) X
X————dx=—=———+— = — .

(14 x2)nt1 n(l+x3)" n) (1+x2) n n(l1+x2)"
Thus

1 X 2n—1 1 X
I =I(x)(1-— = 1 (2
w1 (x) = In(x) < 2n> + 2n(1+x2)" 2n () + 2n (14x2)"

For instance,

h(x) = 5 arctanx 4 L
X) = —arctanx -~ - —/—>—
2 2 2 (1+x2)’
3 1 X 3 3 0x 1 X
B(x) = Th(x) + ; 75 = garctanxy+ o 4
3(x) 4 2(x)+4 (1+x2)2 Sarc anx -+ 8 (1+x2) +4 (1 +x2>2,

etc. [ ]
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Primitives of rational functions

Rational functions can be integrated thanks to a partial fractions decomposition. First of all, we can
focus on rational functions
P(x)
R(x) = =2 (9.15)
W= 0w
where the degree of P(x) is smaller than the degree of Q(x), and Q(x) is a monic polynomial. The
reason is that if this is not true, then we can divide P(x) by Q(x), obtain a quotient polynomial C(x)
and a remainder M(x), so that we can write

P(x) M (x)
O(x) 0(x)
In the last rational fraction the degree of M (x) is smaller than the degree of Q(x), and the polynomial

C(x) can be readily integrated.
Any monic polynomial Q(x) can be factored out into a series of elementary factors, i.e.,

R(x) = =C(x)+

Ox) = (x—a)" - (x—a,)" (P +pixtq1) - (P+paxtg)™. (9.16)

Numbers ay,as, .. .,a, are real roots of the polynomial and n,n,,...,n, their respective multiplic-
ities. The quadratic factors (x2 +pix+gq j)mj are irreducible (i.e., p? < 44;) and correspond to
complex roots of the polynomial. Numbers m; are their respective multiplicities.

It turns out that the rational function (9.15) with denominator (9.16) can be expanded as

R(x) :; [

These partial fractions are easier to integrate. A few examples will illustrate the method.

A
il R

Aini i lex—i-Cﬂ Bjij+ijj
X

i ot (917
(x—a)n| =[x+ pix+g; (X2 +pjx—+q;)mi ©-17)

= Example 9.9 Calculate

232 —4x+6
/wdx,

(x—1)°
According to the partial fractions decomposition (9.17),

2 —4x+6 A LB C
(x—173 (x—1P3  (x—-1)2 x-1

There are several ways to find A, B, and C. For instance, we can multiply the equation above by
(x—1)* and get

26> —4x+6=A+B(x—1)+C(x—1)%.

Then setting x = 1 we obtain A = 4. Substituting this value of A in the previous equation and
simplifying yields

2% —4x+2=B(x—1)+C(x—1)? = 2x— 1) =B(x—1)+C(x—1)%,

hence B=0and C = 2.
An alternative is to obtain the Taylor polynomial for 2x*> — 4x + 6 in powers of x — 1. It is
4+2(x— 1) Then
26 —4x+6 4+ (x—1)> 4 2

Go1)F -1 G0 et
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Finally

2x> —4x+6 2

- —dx= s dx 2log|x—1
/(x—1)3 * / x—1)3 +/ o T Hleeh -1t

= Example 9.10 Calculate

x+2
/x(x— 1)(x—2) dx.

The partial fraction decomposition yields

x+2 _A+ B n C
x(x—1)(x-2) x x—1 x-2

Multiplying by x(x — 1)(x — 2) leads to
x+2=A(x—1)(x—2)+Bx(x—2)+Cx(x—1).

Setting x =0 we get 2 = 2A, i.e., A = 1. Setting x = 1 we get 3 = —B, i.e., B = —3. Finally, setting
x=2wegetd=2C,ie., C=2. Thus

/x(x—xlt(i Z)dx_/dx_3/x—1

=log|x| —3log|x— 1|+ 2log|x —2| +c.

s Example 9.11 Calculate

x+1
/xz(x )(x+1) dx.

The partial fraction decomposition yields

41 A, B C D
Rx—1Dx+1) x x2 x—1 x+1°

Multiplying by x?(x — 1)(x+ 1) leads to
K H1=Ax(x—1D)(x+1)+Bx—1)(x+1)+Cx*(x+ 1) +Dx*(x—1).

Setting x =0 leads to 1 = —B, i.e., B= —1. Setting x = 1 leads to 2 = 2C, i.e., C = 1. Setting
x=—1leads to 2 = —2D, i.e., D = —1. Now, substituting these constants

Hl=Ax(x—Dx+1D)—x—DE+D+x2x+1) —x*(x—1)
=Ax(x—1)(x4+1) - +1+3+2 -2 =Ax(x— D(x+ 1) +2>+1,

soA=0.
Now,

/ el / / / 1—|—10 |x—1|—log|x+ 1|+
- x—1]—log|x c.
x2(x—1)( x+1 x—1 xrl x &
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m Example 9.12 Calculate

/5x2—x—|—3
————dx.
x(x2+1)

The partial fraction decomposition yields

5x2—x+3_é Bx+C
x(x24+1)  x  K2+17

Multiplying by x(x? + 1)leads to
502 —x+3=A0(*+1)+ (Bx+CO)x.
Setting x = 0 leads to A = 3. Substituting this value

5% —x+3=3(*+1)+ (Bx+C)x = 2x% —x = (Bx+C)x =

2x—1=Bx+C,
soB=2and C=—
Then
5x2 —x+3 dx dx
/ x(x2+1) dx _3/ /2+1 /ﬁ—310g|x|+10g( +1) —arctanx +c.

m Example 9.13 Calculate

/ 2x+4 d

—————dx

x2+2x+2

In order to perform a partial fraction decomposition we need to find the roots of the denominator.
However these roots are —1 i, so x> 4 2x+ 2 is an irreducible square factor. The way to proceed

in these cases is to take the first two terms and complete the square. In other words, we write
x*42x = (x+1)? — 1. Thus,

2x+4 2(x+2) 2(x+1) / dx
S S P B A S 8 B O, 2
/x2+2x+2 * ./(x+1)2+1 ! /(x+1)2+1 R Gr A
=log [(x+1)2+1]+2arctan(x+l)+c
= log(x* +2x+2) + 2arctan(x + 1) +c.

= Example 9.14 Calculate

/ 2x+4 d
———————dx
(x2+2x+2)?

Using the same transformation as in the previous example

B ok S G VR dx
/<x2+2x+2>2d /[(x+1)2+1]2d +2/[(x+1)2+1]2'

The first integral is immediate,

/ 2+ 1 1

[+ 1)2+1] (x+ 1241 242x+2
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The second integral can be done using the recurrence derived in Example 9.8,

d 1
2/—x2:arctan(x+1)+2L.
[(x+1)2+1] x242x+2
Thus,
2x+4 X
—d g t 1 — .
/(x2+2x+2)2 ¥ =arctan(et )+ G s e

Change of variable

Let F(x) be one primitive of f(x), and let x = g(¢) be a change from variable x to the new variable
t. By the chain rule

CF(50)) = £(50)g 1)

thus, integrating this equation,
F(g) = [ £(s0)g w)ar

But using the change x = g(r) and the fact that F(x) = / f(x)dx, we can rewrite this identity
as '

/ flx)dx= / f(g())g (t)dr. (9.18)

This is the equation ruling a change of variable in the calculation of a primitive.

R) A simple way to remember this rule is to rewrite dx according to

dx
dx=—dtr=g(1)dr.
= g (1)

s Example 9.15 Calculate

e.x
/ e+ 1 dx.

Here the obvious change of variable is ¢* =t or x = log¢. Then dx = dt /t and

/ < d / rdi / di arctanf + ¢ = arctan(e*) +
X = _— = = C = e C.
eX+1 241t 2+1

m Example 9.16 Calculate

/ dx
V(=22 —T-2x
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Here the change of variable is " = 1 — 2x, choosing m so that all roots disappear. The simplest
choice is the least common multiple of 2 and 3 in this case, i.e., m = 6. So x = (1 —¢°)/2 and
therefore dx = —3t7 dt. Then,

—31‘5 1
/ = — _/ i 3 3/7dl‘ —3/ t+1+j dt
V/(1—2x)2 ¢1 2x =t f

3
_§(t+l) —3loglt—1|+c¢

3 2
-2 (1+\6/1—2x) —310g‘1—\6/1—2x‘+c

m Example 9.17 Calculate

/ dx

xV1—x2

Whenever we have an expression like v/1 — x2 one possible change of variable is x = sinz, for then
V1 —x% = cost and dx = cost dt. In this case thls leads to

/x\/l— /smtcost ) sint

cost dt ) sint
= =lo
£ 1+ cost

:10g<1+\‘/1|—7x>

Suggested changes of variables:

(I) If there appear v/1 +x2 then x = tant transforms

1 dt
1+2=—, dx=—y,
Cost Ccos“t

or x = sinht transforms

V1 +x% = cosht, dx = coshtdt.

(IT) If there appear v/x* — 1 then x = sect transforms

Vx%—1=tant, dx = secttant dt,

or x = cosht transforms
x2 —1 = sinht, dx = sinhz dt.

(ITI) As alast resource, in rational functions of sines and cosines we can use ¢ = tan(x/2), which
transforms

2t 1—1¢2 2dt

sinx = —— COSX = —— x=——.
1+12’ 1+1¢2’ 1+12
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Problems

Problem 9.1 Obtain the following immediate (or nearly so) primitives:

) 14 smx - 1++/1—
() /COS2 (IV) / (Vll) /—i_\[x\/;dx,

1+cosx
sinx — cosx
dx; cos>
() /s1nx+cosx * ) /l—smx o (viii) / .4xdx;
sin®x
(11t) /(x2+1)5/2 dax: vi) /\/1+x2 dx; (ix) /x3\/1—x2dx.

HINTS: (iv) multiply and divide by 1 — cosx and expand; (v) idem with 1+ sinx; (vii) alternatively ¢ = /1 — /x; (viii)

cos® x = (1 —sin?x) cosx and expand; (ix) write x> = x(x2 — 1) 4+ x and expand.

Problem 9.2 Obtain the primitives of the following rational functions:

. x? 20243 4x47x3746x2—20x+153

@ / ﬁdx; (i11) / fdx; ) / 2x2 9x+ 18 ax;
- 7d

@) / x2+x—|—1) ) /x2 2x+2 v / 2x2+1

HINTS: (i) X2 4+x+1=(x4+1/2)24+3/4; (v) X =282 =9+ 18 = (x —2)(x = 3)(x +3); (vi) x* =22 +1 =
(x—=1)2(x+1)%

Problem 9.3 Obtain the following primitives doing an appropriate change of variable:

@) / x*vVx—1dx; (ix) / m;;f/m; (xvii) / \/Vx+ 1dx;

Gi) [ x%sinV3dx; dx )
/ ) /1+€/1—x’ Govin) /1+\/F

(i) [ coslogx)dx: o [ e i [VaTea
e X

(iv) /sin(logx) dx; dx smx—|—3cosx
(xii) / L (xx) / oy
] sinx +2cosx
) / cos?(logx) dx; (xx) / sinx+ 3cosx dx
Vi (xiii) /V e’ — ldx; sinxcosx + 2sinx
. dx:
Vi) x+3 o sin?xcos® x ) (xxii) / V 1+/x dx
(x+ 1 (xiv) / an x dx; 7\3/; ;
i) [ dx
\/1— (x+1)? (xv) /7; (xxiii) /—3;
34+2x+5 (x+1)Vx+2
(viii) / ————dx; 1 ) dx
(1 +x2)3 (xvi) / [dx. (xxiv) / oy

HINTS: (i) # = /x—1 (or int. by parts twice); (i) 2 = x3; (iii)~(v) t = logx; (vi) t = \/x; (vii) 1 = /1 — (x + 1)2;
(i) =142 ((X) 2 = 14+x;, X) 2 =1 —x; (xi) r = €% (xii) 2 = ¥ — 1; (xiii) 12 = €' — 1; (xiv) t = cosx; (xV)
t=34+2x+5; (xvi)t = \/W; (xvii) t = \/7, (xviil) # = Vx+2; (xix) t = /2 + €*; (xx) f = tanx;
(xxi) ¢ = tan(x/2); (xxii) £ = v/ 1 +x1/3; (xxiii) £ = x+2; (xxiv) = &*

Problem 9.4 Obtain the following primitives with the help of some trigonometric identity:
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1) / sin® xdx; (vi) / sin® xcos® xdx; (xi) / cos® xsin® xdx;
(i1) / cos® xdx; (vii) / tan’ xdx; (xi1) / sec® xdx;
(iii) / sin® xdx; (viii) / tan® xdx; (xiii) / sin® xcos” xdx;
@iv) / cos* xdx; (ix) / e : (xiv) / tan’ xdx;

cos
) / cos6xdx; (x) / sin’ xdx; (xv) / tan> xsec* xdx.

HINTS: Identities to use: 2cos?x = 1+ cos2x; 2sin?x = 1 —cos 2x; cos? x+ sinfx = 1; sec?x =1+ tan?x.

Problem 9.5 Integrate by parts to obtain the following primitives:

) / xtan®(2x) dx; %) / tan®(3x) sec’ (3x)dx; (ix) / (logx)® dx
(i1) /e"sinn’xdx; (vi) /eSinxCOSBXdX; (x) /x(logx)zdx;
. . . 2 . . xlogx )
(ii1) / €' cos2xdx; (vii) / x“logxdx; (xi) / mdx,
(iv) / sec® xdx; (viii) / K" logxdx; (xii) / arctan /xdx.

Problem 9.6 Obtain the following primitives by performing a trigonometric substitution:

2_|_1 dx
@) /\/xzi (111)/ 3/2d (v) /)@\/9—7
. X ' ) )
(i1) /de, (iv) /x2\/71—x2’

Problem 9.7 Find recurrence formulas for the following integrals:

1 —1
1) 1 :/sinmxdx — Im:——sinm_lxcosx—i—milm,g
m m

(i) 1, :/(logx)’"dx — Iy, =x(logx)" —ml,_1;
(iii) 1, :/x’”e_xdx — IL,=—x"e " +ml,_1;

@iv) I, :/tanmxdx — I,= 1tanmflx—lm_z;

2
w) I :/secmxdx — I, = m_ltanxsecm 2x+ L_llm 2
1 —1
i) I, = /x’”ex2 dx — I,= Ex’”_lex2 — m2 2
- s om n 1 - om—1 n+1 m—1
(vii) Iy, = [ sin”xcos"xdx — I,,=— sin”” " xcos"T x4+ —1,,_0,.
’ ’ m—+n m—+n ’

Problem 9.8 Without calculating the integral, prove that

/ acosx+ bsinx

———————dx =Ax+ Blog|ccosx + dsinx| + const.
ccosx+dsinx

by determining the constants A and B as functions of a, b, ¢, and d.



