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CALCULUS – Sequences and series of real numbers

Filippo Terragni, Eduardo Sánchez Villaseñor, Manuel Carretero Cerrajero

Problem 2.1. Study whether the given sequences (an)n∈N of real numbers are
bounded, monotone, and convergent.

a) an =
1+ (−1)n

2
. b) an =

(−1)n+1

n
.

c) an =
n

n+ 2
. d) an =

⌊n/2⌋
n

.

e) an =
⌊nx⌋
n

, x ∈ R . f) an =
n+ sin(πn/2)

2n+ 1
.

g) an =
n

√
πn + (

√
7)n . h) an =

1

n2 + 1

n∑
k=1

k .

Problem 2.2. Calculate the limit, as n → ∞, of the given sequences (an)n∈N of real
numbers.

a) an =
n2

(n− 7)!
(n ≥ 7) . b) an =

n!

nn
.

c) an =
√

n3 − 1− n . d) an =

√
n3 − 1− n

5n2 − 7
√
n

.

e) an =
3n + 2n+1

3n+1 + 2n
.

Problem 2.3. Prove that the following recursive sequences (an)n∈N are bounded
and monotone. Then, calculate limn→∞ an .

a) a1 =
√
3, a2 =

√
3
√
3, a3 =

√
3

√
3
√
3, . . . .
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b) an = 5+
an−1

4
∀n ≥ 2 , a1 = 0 .

c) an =
1+ 3a2

n−1

4
∀n ≥ 2 , 1/3 ≤ a1 < 1 .

d) an+1 =
√

2an + 3 ∀n ≥ 1 , a1 = 1 .

Problem 2.4. Calculate the following limits.

a) lim
n→∞ n1/(n−1) .

b) lim
n→∞ (7n3 − 1)1/n .

c) lim
n→∞

(
3n2 + 1

3n2 + 2

)−n2

.

Problem 2.5. Study whether the given series of real numbers, with positive terms,
are convergent or not.

a)

∞∑
k=1

1

k2 + k
. b)

∞∑
k=1

3+ 2 cos(k)
k2 + k

.

c)

∞∑
k=1

k+ 1

k2
. d)

∞∑
k=1

7
√
k+ 323

k2 + cos(k)
.

e)

∞∑
k=1

arctan(k)
k2 + 7

. f)

∞∑
k=1

2k

3k + (−1)k
.

g)

∞∑
k=1

ln(k)
k4

. h)

∞∑
k=1

ln(k)
k

.

i)

∞∑
k=1

ln(k)
k2

. j)

∞∑
k=1

(k+ 1)k

kk+1
.

Problem 2.6. Study the convergence of the following series of real numbers.

a)

∞∑
k=1

(−1)k+1

k2 + k
. b)

∞∑
k=1

cos(k)
5k

.

c)

∞∑
k=1

(−1)k

k
. d)

∞∑
k=1

(−4)k

4+ k!
.

e)

∞∑
k=1

(−1)k 3k 5−
√
k . f)

∞∑
k=1

1

(ln(k))k
.

g)

∞∑
k=1

k!

kk
. h)

∞∑
k=1

ln
(

k

k+ 1

)
.
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Problem 2.7. Find all values of the parameters a, b, α ∈ R such that the given
series of real numbers are convergent.

a)

∞∑
k=1

ka

bk
, a > 0 , b ̸= 0 .

b)

∞∑
k=1

bk

k!
.

c)

∞∑
k=1

(−1)k
(2α)3k

7k 3
√
k2 + k

.
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