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Filippo Terragni, Eduardo Sdnchez Villasefior, Manuel Carretero Cerrajero

Problem 1. Consider the recursive sequence (a,)nen defined as

1
a=1; angq = 3—a—, withn=1,2,....

(a) Prove that the sequence is increasing and bounded above by 3.

(b) Calculate lim a,,.

SOLUTION

(a) Let us prove that the sequence is increasing, namely a,;; > a, for alln € N, by
applying the principle of induction. First, a; = 2 > a; = 1. Now, assuming that
a1 > ag forn =k € N, we get —1/ax;1 > —1/ax . Then, we obtain (forn =k + 1)

1 1
>3— — = Ag+1 -
Qi1 Qax

Q2 =3 —

By the same principle, we can prove that a, < 3 foralln € N. First, a; =1 < 3.
Moreover, assuming that ay < 3forn =k € N, we get —1/ax < —1/3. Then, we can

write (forn =k + 1)
1 1T 8

ak+1:3—a—k<3—§:§<3.



(b) Let lim,_, a, = L € R, which exists since the sequence is increasing and bounded
above. Thus

o[

n—oo an

lim a7 = lim (3—l> — LzS—% — Lz%:l:
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Due to the behavior of the sequence, the desired limit valueis L = = +
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Problem 2. Analyze the convergence of the series Z

— m+1)°
SOLUTION
Let a, be the general term of the series. Then
anr|  [BIn((m+1)3) (n+1)!  In(n+1)
an | (m+2) 3Inm?)| m+2)Inn)

as n — oo. Thus, thanks to the ratio test, the series converges.



Problem 3. Let f(x) = sin(x).

(a) Use the Taylor polynomial of degree 2 about a = 7/2 for f(x) to approximate
sin(7t/2 4 0.1) and find an upper bound for the involved error.

(b) Consider the Taylor polynomial of degree n € N about a = 7/2 for f(x) and apply
the change of variable s = x — 7t/2. Then, do you recognize the resulting Taylor
polynomial?

SOLUTION

(a) We can write
(x— %)

. o
sin(x) 3

+ RZ(X) )

which yields the approximation

(0.1)2

sin(m/2 +0.1) ~ 1=

= 0.995.

Furthermore, the involved error can be upper bounded by using the remainder
R,(x) as
(0.1)*

~ 4 e,
2 x 10

IRy (1t/240.1)] <

(b) By means of the suggested change of variable, we get

SZ 54 Szn

sin(s + 71/2) ~ ]_Z+E+”'+(_” o)

whose right-hand-side is the Taylor polynomial of degree n € N about a = 0 for the
function cos(s) .



Problem 4. Calculate the exact number of real solutions of the equation
1 2
arctan(x) — zln(l +x)+a =0,

depending on the value of the parameter o« € R.

SOLUTION

Let fi(x) = arctan(x) — %lnﬂ +x?) + oo, which is continuous and differentiable in R .

Its first derivative is
1 1 2x 1—x

TT2 2142 T+
Hence, independently of «, f,(x) is increasing in the interval (—oo, 1) (positive derivative)
and decreasing in the interval (1, +00) (negative derivative). In addition, we have

fo(x)

o Jim i) = —oo;
B In(2) B . In(2)
e f (1) = arctan(1) —T+oc = oc+Z—T.
Thus, the exact number of real solutions of the equation f,(x) = 0 depends on the value
of f4(1). Specifically, if «x > @ — 7 (fx(1) > 0) there are two solutions, if ¢ < @ -7
(f«(1) < 0) there is no solution, if &« = @ — % (f«(1) = 0) there is a unique solution.



